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PREFACE. 


The present work has grown out of my attempts to make 
Algebra attractive and easy to my pupils. It is meant to 
afford the F. A. Student all the information and exercise in 
Algebra that he needs for the First Examination in Arts of the 
Calcutta University. I have endeavoured to reason out in a clear 
and accurate manner the leading propositions in the different parts 
of the subject and to illustrate and apply these propositions in 
practice so as to enable the average student to grasp the prin¬ 
ciples without the aid of a teacher. Besides the illustrative ex¬ 
amples there is a much larger number of others which are meant 
as exercises for the learner. Particular care has been taken in 
the choice and arrangement of these exercises. Occasional hints 
have been furnished in cases where students of ordinary mathe¬ 
matical ability are likely to be puzzled, but not to such an extent 
as to do away with all stimulus to exertion. There is ample 
scope left for the exercise of ingenuity on the part of the more 
zealous mathematical workers. I have thus tried to meet the 
requirements of different degrees of intelligence and ardour 
among the students. 

The F. A. Examination Papers of the Calcutta University 
for the last 28 years are reprinted in chronological order at the 
end of the book and references are given to the pages in the 
body of the work, where the more interesting problems from 
these papers are to be found either actually worked out or left 
to be solved with occasional hints. 

There are several other features of the present work which 
seem to call for special mention : — 

(1) By introducing suitable variety in the types used, I 
have tried to enable the student to take in the contents of a 
chapter at a glance for the purpose of recapitulation. 

(2) Equations and Examples are brought under separate 
he^ds according to the methods employed in their solution. 

• (3) Interesting examples in exceptionally large numbers 

are brought together in the chapters on the Progressions and 
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on Permutations and Combinations . This latter is a highly 
entertaining and instructive subject, and has been, it is. be¬ 
lieved, more thoroughly and copiously treated here than in 
any other work accessible to students. 

(4) A number of miscellaneous examples is appended in 
•the form of separate examination papers, and the student is 

recommended to set himself systematically to answer each of 
these groups at a sitting of about two hours. 

(5) All the latest improvements in this branch of Analytical 
Science have, so far as has been judged suitable for F. A. 
students, been incorporated into the work. Most of the recent 
treatises on Algebra have been consulted for the purpose. 

(0) While many of the examples have been devised 
especially for this work, T have drawn largely from existing 
collections, as well as from published papers of Indian and 
English Universities. 

Though the book has been written with great care, it has 
had, I am sorry to say, to be hurried through the press, and 
has not, therefore, been subjected to a sufficiently critical 
revision. Several errors and short-comings may thus have 
escaped observation. 

Any corrections or suggestions for increasing the useful¬ 
ness of the book will bo thankfully received. 

K. P. Babu. 

Calcutta : June , 1888. 


PREFACE TO THE SECOND EDITION. 

The favour with which this work has been received—the 
rirst edition having been exhausted in a few months—seems 
to show that it has been found useful to those for whom it was 
intended. During the last session it has also, I understand, 
been in use in several colleges as a text-book. Owing, however, 
to certain pressing engagements, I was not able to bring out 
the present edition early enough to prevent disappointment on 
the part of many students. 
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No material changes have been made in this edition. I 
have thought it,«indeed, desirable to add a chapter on Logarithms 
and to enlarge the chapter on the Exponential Theorem with 
an article on Logarithmic series. The questions on Algebra 
in the last F. A Examination of the Calcutta University have 
also been appended, hints for the solution of most of which 
wiH be found in their proper places. The book has, moreover, 
been subjected to a careful revision, so as to eliminate several 
errors which the last impression contained. 

In the preface to the first edition I spoke in general terms 
of my having consulted with profit many recent treatises and 
collections of examples in Algebra. I take this opportunity, 
however, to express in particular my obligations to my friend 
Babu Saradaranjan Ray, m. a , for some useful suggestions 
derived from his “Algebraical Artifices” and also for some 
beautiful methods of solution which, so far as I am aware, 
were first made known to the public in that admirable 
little book. 

K. P. Ba.su. 

Calcutta : June , 1889. 


PREFACE TO THE FOURTH EDITION. 

In this edition the subject of Identities, to which great 
importance is generally attached, has been introduced, and the 
article on Elimination has been considerably improved. A 
chapter on Ratio and Proportion has been added, and some 
prominence has been given to the chapter on Variation by 
shifting it to an earlier position. The most important articles 
on Variation, as well as a few others which seemed wanting in 
clearness or otherwise defective, have been re-written. Besides 
these, several other important additions and alterations have 
been occasionally made. It is therefore hoped that the work 
in its present form will be found considerably more useful than 
the previous editions, to which a gratifying reception has already 
been accorded. 

K. P. Basu. 

Dacca : September , 1891. 
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PREFACE TO THE FIFTH EDITION. 

* 

In thiB Edition the bulk of the work has increased by 
about 80 pages. Several additions have been made, of 
which the following may be specially mentioned :—(1) a 
Resume of important theorems and examples from the 1st 
volume of the work ; (2) a chapter on Square and Cube 
Roots, with a clear exposition of the methods of extracting 
the square and cube roots of numbers; (3) a chapter on 
Surds ; (4) a chapter on Mathematical Induction ; and (5) a 
collection, in chronological order, of the F. A. Papers of the 
later years of the Universities of Madras, as well as of the 
corresponding Papers of the Universities of Bombay, Punjab 
and Allahabad. On the other hand, as a partial compensation 
for the increase of bulk due to these additions, the Calcutta 
University F. A. Papers of some of the earlier years, which 
are comparatively of much smaller importance, have been 
removed. Illustrative examples, as well as examples for exer¬ 
cise, with occasional hints, have r.ow been chosen not only from 
the Papers of the ' University of Calcutta but also from those 
of the other Indian Universities. These additions and 
alterations have been made chiefly with a view to the require¬ 
ments of the Universities of Madras and Bombay, and it is 
hoped that the preseut edition will be received in those provinces 
with greater favour than the previous one. For the improve¬ 
ments effected in this edition l am largely indebted to the kind 
suggestions of S. Padmanabha Aiyar, Esq., b. a., Mathematical 
Lecturer, Hindu College, Vizagapatam. 

K. P. Basu. 


Calcutta ; June , 1893. 
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ALGEBRA MADE EASY. 




INTRODUCTORY CHAPTER. 


Resume, of important theorems and examples from tub 
EARLIER roliTIONB OF THE SU1IJECT. 


1. To prove that a x b = Le», b multiplied 
by a gives the same result as a multiplied by 6. 

(i) First let a and b be auy two positive integers. 

Place b units in a horizontal row and write down a Mich 
rows in such a manner that units in similar positions in the 
different rows may be in the same vertical column; thus:— 

1 I 1 1 1 . . b times 

111 l 1 . . b times 

1 1 1 1 1 . . b times 


i » i ■ » » • • 

to a lines. 

This being done, evidently it may also be said that we have 
written down b columns each containing a units. 

Now let us count up the total number of units thus written 
down. 

Since we have got a rows each containing b units’, the total 
number of units = (the number in the first row) + (the number 

in the second row) +.+ (the number in the a th row) = b + 

£ + & +.to a terms = ax b ... ... (1) 

Also, since we have b columns each containing a units, 
the total number of units = (the number in the 1st. column) 
+ (the number in the 2nd. column) + (the number in the 3rd. 

column) +.+ (the number in the b th column ) = a + a + 

a +.to b terms — bx a . (2) 

Hence, from (1) and (2), we have ayb = b x a, i.e ., b taken 
a times = a taken b f lines. 
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[l 


NT. 


(ii) Next let a and b be two positive fractions; suppose 
a = -* and b — ^ , where m, n, p , 7 are positive integers. 

?i 7 

Then axfi= ~ x ^ = m x (( n ) 

• « 7 l\ 7 / J 


and 


bx a = 


V 

<1 



— m x 

= J)X 


p mp 

U(f nq 



\ 


(i) 


Wi pm 
= » X ■ as 

(fn v w 


(H) 


1 »nt m and jo are positive integers, therefore = 7>w., and 
similarly wy — qn. 

Hence, from (I) and (If) we have a x b — h x a. 

Thus it is established that for all positive values of a and b 
we must have a x b — bxa. ... ... ... (A) 

Cor. 1. We have .r x ( - y) = - (.ry), and (- y) x x = - (yx) ; 

but zy - yx, .'..ex (-y) = (-y)xa- ... ... (B) 

Cor. 2 . ( - x) x ( - y) -= + ay, and ( - y) x ( - a) = 4 y* ; 

but«y = yr, .'.(-a 1 ) x ( - y) (-y)x(-a-) ... (C) 

Hence, from (A), (Ii) and ((!) we conclude that for all values 
of a and b, ax b = b x a. 

2. To prove that (ah) x v --= a x (be) or - b x (ac), 
i.e., to multiply c by the product of a and b is the 
same as to multiply c first by either of them and 
then that result by the other. 

Place b brackets in a horizontal row each containing c units 
and write down a such rows in such a manner that the brackets 
in similar positions in the different rows may be in the same 
vertical column ; thus :— 


c 

M M 


c 

c 

c 

fcj |c 

[«l [«. 


c 

c 



to a rows. 


b times 
b times 
b times 
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This being .done, it may also be said that we haveAvritten 
.down b columns each containing a brackets. 

As we *have got altogether a x b brackets and as each 
bracket contains c units, the total number of units = (a6) x c...(a) 

Again, since we have got b brackets in a row each contain¬ 
ing c units, the number of units in a row = be, and as there 
are a rows altogether, therefore the total uumber of units 
= ax(£c) ... ... ... ... ... (/?) 

Again, since we have got a brackets in a column each 
containing c units, the number of units in a column = ac, 
and as there are b columns altogether, therefore the total 
number of units = 6 x (ac) (y) 

Hence, from (a), ( j3) and (y) we have 

(ab) x n — a x (be) — b x (ac). 

3. Formulse to be committed to memory. 


1 . 

(a + b) 2 

■= 

a 9 + 2ab + b 2 . 

2 . 

(a-by 

= 

a 2 -2 ab + b 2 . 

3. 

(a + b)(a - b) 

= 

a 2 -b 2 . 

4. 

(a + by 


a 3 + 3 a 2 b + 3a £ 2 + b 9 ^ 
a 9 + b 9 + 3nb(a + b). J 

5. 

( a + b + c) 9 

“ 

a a + b 9 +c 3 + 3a 2 (6 + c) + 3 h' 
+ 3c 2 (a + b) + Qabc. 

6 . 

(a — b) :i 

— 

a 9 _ 3 a *b + 3ab* b :i \ 
a 9 - b 9 — 3 ab{a - b). J 

7. 

a 3 + b 9 

— 

(a + b) 9 — 3 ab(a + b) ] 

(a + b)( a 2 - ab + b 2 ).J 

8 . 

a 3 -b 9 

=2 

(a — b) 9 + Sab (a - b) \ 

(a - b)(a 2 + ab + b 2 ), / 

9. 

(x + a)(x + b) 

= 

x 2 + (a + b) x + ab. 

10 . 

(x - a)(x + b) 

— 

x 2 +. (b — a)x — ab. 

11 . 

(x - a)(x - b) 

— 

x 2 - (a + b)x 4 ah. 

12 . 

(x + a)(x + b)(x + c) 

■~ ■ 

a 3 +■ (a + 6 + c)x 2 

+ (ab + ac + bc)x + abc. 

13. 

(x — a)(x - b)(x - c) 

ss 

X s — (a + b + c)% 2 

+ (ab + ac + bc)x — abc. 

14. 

(a + b + cy 

- 

a 2 + 6* + c 2 + 2 ab + 2 ac + 2 be. 
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16. 

17 . 

18. 
ltf. 

20 . 


[Int. 

L • 


(a + b + c + d) 2 = a 2 + 6 2 + c 2 + d 2 + 2 a( 6 - + c + d) 

+ 26(c -»- d) + 2 c<£.. 

(a + A ) 4 «= a 4 + 4a 3 6 + 6 a 2 6 2 + iab a + 4 4 . • 

(a + 6 ) fi =a r * + 5 a 4 6 + 10a 3 6 2 + 10a 2 A 3 + 5a & 4 + t B . 

a 3 + b a + c® - 3u&c = (a + 6 + c)(a 2 + b 2 + c 8 - ai - ac - be). 

a 2 (6 - c) + b“{c - a) + c B (a - 6 ) = (a - 6 )(a - c)(t - c) \ 

= - (a - £)(& - c)(c - a).J 

a 6 (a - 6 ) + Ac (6 - c) + ca(c - a) = (a - 6 )(a - c )(6 - c) \ 

= - (a - £)(& - c)(c - a) J 


i 


4. The expression x n - <«" is divisible by x - a for 
all positive integral values of a. 


Since a n -a" = x n - ax n ~ l + ax n ~ l - a* 


= x n ~ 1 (a; - a) + a(x” 1 - a” 1 ), 


we have — 
x — a 


x n ~ a* _ a” ~ 1 - a* 1 


= as tl “ 1 +«. 


x - a 


which shews that x -a will divide x n - a”, if it divides 


x”~ l - a"- 1 , 


Hence, x - a will divide a 4, - a 4 , because we know that it 
divides x 3 - a 3 (i.e , a: 4 " 1 -a 4 *); and since x - a divides r 4 - a 4 
(i.i9. f a;® -1 -a r ’“ l ), therefore it will divide x R -a r ‘ ; and so on. 

Thus for all positive integral values of n, x n -a n is divisible 

by x-a, 

Again, since x n + a n = (x n - a") +‘2a n , of which x n -a n is 
divisible by x — a and 2a” is not, a” + a” is not divisible by 
x - a. 


Thus when n is a positive integer, 
x - a always divides x n - a n j 
but never divides x n + a n ) 

ifOY, !• (x + a ) divides a'* —a” only when n is 


(A) 


an even 


integer. 

For, when n is even, (-«)" = a”, and /. x n -a n = x u -(- a ) n ; £ 

when n is odd, ( - a) n = - a", and x n - a” = x n + ( - a) n ;$ 

also x + a = x-(-a). 
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Now, from (A), we know that x-(-a) divides x n -(-a) n 
but not as" + ^-a) M . Hence x + a divides x r - a n when n is even, 
but not when n is odil ; i.v., x + a divides x n - a n only when n is 
an even integer. 

Cov. 2, x + a divides x n + a n only when n is an odd integer. 

For, when n is odd, ( - a) n = - a”, and x n + a n = x n - ( - a)'*; | 
when n is even, ( - a)” = a”, and a” + a n = a 7 ' + ( - a) 7 ' ;/ 

also x + a = x - ( - a). 

Now, from (A), we know that x-(-a) divides x n -(-a) n 
but not :r“ + ( - a) 7 ’ Hence, x + a divides x n +■ a" when n is odd, 
but not when n is even ; i.t,, x+a divides x v +a n only when n is 
an odd integer. 

Thus we have obtained the following results : — 

x - a divides x n — a n always, ) 
x n + a n nev»r. / 

x + a divides x n — a n only when n is erm, \ 
x n + a n only when n is odd. / 

5. Examples in Factorisation. 

Example 1. Resolve into factors a *-+a' i b“ + b t . 

a*+aH‘ 2 +b 4 = <a 4 + 2a a £ a + A 4 )-a a A a 
= (o a +6*)*-(aA) a 
= {(« 2 + 6 2 ) +al\\{a' i + b 2 ) - ab\ 

=--- (a*+ab + b 2 )(a* -ab + b*). 

Example 2. Resolve into factors a 4 +4. 

x 4, +4 - (a: 4 + 4x 2 + 4) - 4z 2 
= (x* + 2)* -(2x)* 

= \(x* + 2) + ‘2x}\{x'-+‘2)-2x\ 

= (x 2 + 2x + 2)(jc 2 - 2a: + 2). 

Example 3. Resolve into factors a- 2 + 2 xy - Sy * - 4 z l + 12^3. 

The given expression 

= (x 2 + 2xy + y 2 ) - (9y a + Az* - \2yz) 

= (*+y) 2 -(%-2 Z ) 2 
= {(^ + y) + (3y-22)}{(« + y)-(3y-23)] 

. = (x + 4y - 2z)(x -2 y + 2z). 
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[Ikt, 1 

Example ,4. Resolve into factors 2a a + 5ab - 124®. 

+ hab - 126® » 2^a 8 + ?ab - 66 8 ) 



= (a + 46)(2a - 36). 

Example 5. Resolve into factors 

4(.r 3 + 2m + o)- + 17 (jc 2 + ‘2e + 5)(x 2 + 6x) + 4(« 2 + 6r) 2 . 

Putting a for x 2 4- 2« + 5 and 6 for as 2 + 6r, the given express¬ 
ion becomes 4a 2 + 17«6 + 46 2 ; and it is easy to see that 4a 2 + 
17a6 + 46 2 = (a + 46), 4a 4-6). 

Hence, the given expression 

« {(i* + 2jc + D) + + 6r)}{4(s 2 + 2x + 5) + (x* + 6*)} 

= (5jc 2 + 26j? + 5)(5.r 2 + 1 4 j: + 20) 

= (x + 5 )(5jc + l)(5a: 2 + 14a; + 20). 

Example 6. Resolve into factors 

6x* + 17 jty + 7y 2 - 2x - 23y - 20. 

The given expression arranged according to descending 
powers of x 

- 6 js 2 + (17y - 2 )j? + (7y 2 - 23y - 20) 

- e{* s + ';(] 7y -n)r + '.(V - 23y - 2o)} 

- 6{**+-g(l7y-2)» +l J- 4 (l7y-2)’ 

- , L(uy - 2 )* + 1 (7y* - 23y - 2<>)} 

- e[{* + ^(uy - 2)}* - ,j ? {(289y> - 68y + 4 ) 

-24(7y*-23y-20)}l 

- G [{* + T2(' 7y - 2 )} 2 -lw( y + 2 ) 4 ] 
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■ x[{*+ 1 1 2(>7y-2)}-}‘(s' + 2)] 

“ 6 ( r + h + s)(* + ^ ~ 2 ) 

= 2(x + Jy +1) x 2(x + *y - 2) 

=* (3x +7y+ 5)(2x + y - 4). 

Example 7. Resolve into factors x 3 + 7x 2 - 21a: - 27. 

The given expression 

= (x 3 -27) +(7a: 2 -21a.) 

= (x - 3)(x 2 + 3x + 9) + 7x(x - 3) 

= (x - 3){(x 2 + 3x + 9) + 7x[ 

= (x -3)(x 2 + 10x+9) 

= (x - 3)(x + 9)(x + 1). 

Example 8. Resolve into factors 

(a + A f c) (ab + be + ca) - abc. 

Arranging the expression within brackets according to 
powers of a w T e have the given expression 

= \a ± (b + c))\a(Jj + c) + hc\ - abc 

= a 2 (A + c) + a(A + c) 2 + Ac(A + c) 

= (A+c){a 2 +a(A + c) + Ac} 

= (b + c)(a + b)(<t +c). 

Example 9. Resolve into factors 

a 3 (A-c) + A 3 (c-a) + c 3 (rt-A). 

a 3 (A — c) + A 3 (c - a) + c 3 (a - b) 

= a r '(b - c) - a(b :i - c 3 ) + bc(b 2 - c 2 ) 

f [arranged according to powers of a] 

= (A - c){a 3 - a(b 2 + Ac + c 2 ) + Ac(A + c)} 

= (6 - c){ - A 2 (a - c) - bc(a - c) + a(a 2 - c 2 )} 

[arranged according to powers of 6] 

= (A -c)(a -c)[ -A 2 - Ac + a(a + c)} 

- (A - c)(a - c)[c{a - A) + (a 2 - A 2 )} 

[arranged according to powers of ej 

= (A - c)(a - c)(a - b)(c + a + A). 
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Example 10. Resolve into factors 

a 3 (A 2 - c 2 ) 4 6 3 (e 3 - a 2 ) + c 3 (a 2 6 s ). 

In this expression also the letters occur in cyclic order and 
we can at once proceed as in the last example. 

u 3 (A 2 — c 2 ) + 6 3 (c 2 - a a ) + c a (a, 2 -A 2 ) 

= a 3 (A a - c 2 ) - a 2 (A 3 - c 3 ) + A 2 c 2 (A - c) 

[arranged according to powers of o'] 

= (A - c){a 3 (A + c) - a 2 (6 2 + 6c + c a ) + 6*c*} 

= (A - c){ - 6*(a* - c 2 ) + 6a*(r* -- c) + a*c(a - c)J 

[arranged according to powers of ft] 

= (A - c)(a - c)J - 6 2 (a 4- c) 4- 6a 2 +a 2 cj 

= (6 - c)(a - c)[c(a 3 - A 2 ) 4- aA(a - A)} 

[arranged according to powers of c] 

= (A - e)f« - c)(a - 6){r(a + A) + ah] 

= (b - c)(a - c)(a - b)(ab + be + ca). 

Example 11. Find the quotient of a 3 + A 3 + c 3 - 3aAc by 
a + b + c. 

Since A 3 + c 3 = (A 4- c) 3 - 3Ac(A + c), we have 
a A 4- b ;i + e 3 - 3aAc 

= a 3 + (A + c)" - 3Ac(A + c) - 3a6c 
= {a 3 4- (A 4- r) 3 } — 3 Ac [a 4* (A + c) J 
= {a 4- (A 4- c)} (a 2 - a(b + c) + (A + c) 2 } - 3Ac(a 4- A + c) 

= (a +■ 6 + c){a 2 - a(A 4- c) -t- (A 4- c) 2 - 3Ac} 

= (a 4- A 4- c)[a 2 - a(A + c) + (A 2 + 2Ac + r 2 ) - 3Ac} 

= (a 4- A 4- c)(a 2 4- A 2 4- c 2 - ab - ac - be). 

Hence, the required quotient— a 2 4-A 3 4 -c 2 - aA - ac - Ac. 
Example 12. Resolve into factors as 3 4- 7x 2 4- 1 ix 4- 8. 

On inspection it is observed that wo can split up the given 
expression into parts each of which is divisible by x 4- 2 in 
either of the two following ways : — 

(i) (a 3 + 8) 4- 7x(x 4-2) ; 

(ii) x“(x + 2) 4- bx(x + 2) 4- i(x 4- 2). 

Hence, choosing the latter way, we have 
a: 3 4- 7as 2 4- 14a: 4- 8 

= (x + 2)(z 2 + 5x + 4) 

- (a? 4- 2)(« 4* 1)(# + 4). 
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Example 13. liesolve into factors 8.r y + I6x - 9. 

We find that the given expression can be split up into parts 
divisible by 2x - 1 in cither of the two following ways :— 

(i) (8«»-l) + S(2*-l); 

(ii) 2x(lx* - l) + 9(*-\r- 1). 

Hence, choosing the former way, we have 

8x s + 16jc - 9 = (8r‘ - l) + 8(2.«~ 1) 

- (2*-l){<4* 3 + 2,e+l) + 8} 

= (2x - 1)(4jc 2 + 2jc + 9). 

Example 14. Resolve into factors a :l + 7ab 2 - 22b !i . 

We find that the expression can be split up into parts each 
of which is divisible bv a - 2b in either of the two following 

ways :— 

(i) (« 8 -86 3 ) + 76*(a-2/#); 

(ii) a(a 3 - 46 3 ) + 1 \b-(a - 2b). 

Hence, choosing the former way, we have 

tt 3 + 7^,6* _226 :{ = (* :i -8b*) + 7b-(a-2b) 

- (a - 26){(« 2 + 2 ah + 44*) + 76-J 
= (a - 26)(« 2 + 2ab +116*). 

Example 15. Resolve into factors (a 2 — 6 2 )(jc* - y 2 ) + Aabxy. 
The given expression 

— a'-ar 3 - a 2 y 2 - b 2 x 2 + b 2 y 2 + Aabxy 

— (<i 2 j 2 +- b 2 y 2 -+* 2abxy) - (a ~y~ + b~x 2 - 2 abuy) 

= (ax +• by) 2 — (ay - bi )* 

= {(ax + 6y) 4. (ay _ 6-c)}{(«^ +• by) - (^y - hx)) 

= {(a - 6)r + (a + b)y){{a + b)c - (a - b)y). 
Example 16. Resolve into factors 

x 4 + 2.r J y + 3 x 2 y 2 + 2xy Vt + y x . 

The given expression 

= (x x + 2 x 2 y 2 + y x ) + x s y 2 + (2x !i y + 2 xy 9 ) 

= (**+y 2 )*+ (*?)*+ 2 (ry)(x* + y 2 ) 

= {(x 3 + y 2 ) + #y} 2 
= (* 2 +zy + y a ) a . 
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algebra made easy. 


riiw. 

1 a 


Example 17. Resolve into factors 

(as - l)(as - 2)(x + 3)(x + 4) + 4. 

(x - l)(as - 2)(z + 3)(as + 4) 

= {(*- l)(*+3)}{(a;-2)(as + 4)} 

- = (x a + 2x - 3)(x 9 + 2x - 8). 

Hence, putting z for x 9 + 2a?, the given expression 

= (z - 3)(z - 8) + 4 

« 2 2 — lls + 28 

- (z-i)(z-7) 

= (x 9 + 2x - 4)(x 2 + 2x - 7). 

Example 18. If x + y = a and xy — i 2 , find the value of 
(i) a 4 +y 4 and (ii) x !i - x 9 y - xy 9 + y n in terms of a and b m 
(i )x 4 +y 4 (x 2 +y 9 ) 9 - 2x' 2 y 9 

= {(x + y) 9 - 2 .iy) 9 - 2 x 9 y 9 , 
and the required value 

= (a 2 - 26 2 ) 2 - 26 4 
= a 4 — 4a 9 b 9 +2b 4 . 

(ii) x a - x 9 y - xy 9 + y' A 

= x 9 (x-y) -y 9 (x-y) 

« (x-y)(x 9 - y 9 ) 

- (x-y) 9 (x+y) 

- {{* + y)* - 4 ry}(x + y) 

- (a 2 -4//-)a. 

Example 19. Find the value of x 4 - x s +x 9 + 2, when 
x 9 + 2 = 2x. 

x*-x : ‘ +x 9 +'2 = (x 4 + x 3 + ar 2 ) - 2(x n - 1) 

— x 2 (x 2 +x + 1) - 2(.r - l)(x 2 +x + 1) 

- (x 3 4- x + 1 ){x 2 - 2(x - 1)J 
= (x 2 +x+l)(x 3 -2x + 2), 

and the required value 

«= (* 2 +ai+l)x0 = 0. 

'Example 20. Find the value of 

a 4 + 4 4 + c 4 - 2 b 9 c 9 - 2 c 9 a 9 - 2 a 9 b 9 , when a + b = c. 
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The given expression 

= a 4 - 2(6 2 +c 2 )a 2 +6 4 -fc 4 - 26®c 2 
= {a 4 -2(6 a +c 2 )a 2 +(6 2 +c 2 ) 2 } 

-(6 a + c 2 ) 2 +6 4 + c 4 -26 2 c 2 
«= {a 2 -(6 2 +c 2 )} 2 -4/> 2 c 2 
= {(a 2 - 6 2 - c 2 ) + 26c}{(a 2 - A 2 - c 2 ) - 26c} 

= {a 2 -(6-c) 2 }{tt 2 -(6 + c) 2 } 

= (a + 6 - c)(a - b + c)(a + 6 + cj(a - h - c), 
and = 0, when a+ 6 = c. 

6. The ordinary method of finding the H. C. P. 
of two multinomial expressions which have no 
monomial factors. 

Let A and B stand for two such expressions both arranged 
according to descending powers of some common letter, and 
let the index of the highest power of that letter in A be not 
less than the index of the highest power of that letter in B. 

Divide A by B, and let Q bo the quotient and C the 
remainder. 

Then we must have C = A - BQ . (1)} 

or, A = BQ + 0 . (2)/ 

From (1) it is clear that every common factor of A and B 
is a factor of 0 [for if A — p'l and B — pb, we have C = 
p(a - 6Q)J. Hence, if H denote the II. C F. of A and B, H also 
is a factor of C, and is therefore a common factor of B and C. 

It is clear therefore that the H. C F. of B and C is either 
H or an expression of higher dimensions than H . (a) 

Now, from (2) it is evident that every common factor of B 
and C is a factor of A and is therefore a common factor of B 
and A. Hence, the II. C. F. of B and (’ also is a common 
factor of B and A, and therefore cannot be of higher dimen¬ 
sions than H. 

Hence, from (a), the H. C. F. of B and C is H. 

Thus the H. C. F. of B and (J is the H. C. F. required. 

Similarly, if B Vie divided by C, and D be the new remainder, 
the H. C. F. of C and D is the same as the H. C. F. of B and 
and is therefore the H. C. F required. 

Now, divide C by D and let there be no remainder. Then 
D is the II. C. F. of P and D and is therefore the H. C. F. 
•required. 
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Cov . 7. As the H. 0. F. of any divisor and the correspond¬ 
ing dividend is the H. C. F. required, it is oleqr that, for the 
sake of convenience, either of them may be multiplied or 
divided by any monomial expression which is not a factor of 

the other . 

* 

Cov, 2, In dividing A by B if we stop before the complete 
quotient is obtained so that </ is the partial quotient and C' 
the corresponding remainder, then the H. C. F. of B and 
O', just as the II. C. F. of B and C, is the H. C. F. required. 
Hence, by Cor. 1. in dividing C' by B (or if convenient, B by 
C' when C' is not of higher degree than B) wo can multiply or 
divide either of them, if neeessaiy, by any monomial expression 
which is not a factor of the other. 

Hence, we have the following rule :— 

Arrange the two erpressions according to descending powers 
some common tetter ; divide the expression which is of higher 
degree in that letter hy the other , or if they he of the same d-gree, 
either of them by the other ; if there he any remainder take it 
for a new divisor and the preceding divisor for the dividend, 
and continue the process till there is no remainder The last 
divisor will he the U. C. F. required. Of any divisor and the 
corresponding dividend either may he multiplied or divided hy 
any number which is not a factor of the other. 

Example. Find the II. 0. F. of 

4x 4 + llr 3 -*• 27r 2 + 17*+ 5 and Gjc 4 + 14r 3 + 36 c 2 + Hr + 10 
The 2nd expression = 2(3t 4 +• 7r 3 + 18a? 2 + 7r + 5), but 
2 is not a factor of the 1st expression. Hence, the II. C. F. 
required is the H. C F. of the 1st. expression and 3r 4 + 7x :l 
+ 18c 2 + 7r + 5. 

4jc 4 + 1 Ijc 3 + 27jc 2 + I7ac + 5 
3 


3jj 4 + 7a: 3 4- 18r 3 + 7 a: 


+ 5\l2r 4 + 33r 3 + 81r a + 51r +15/4 
/ 12r 4 + 28r 3 + 72r a + 28r + 20\ 


5x 3 + 9x 2 + 23a: - 5 
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3a: 4 + 7 a: 3 + ]8x a + 7x+ 5 
5 

» __ 

5a; 3 + 9a: 2 + 23a; — 5\15* 4 4- 35a: 3 + 90a: 3 + 35a: + 25/3* 
* /15a: 4 + 27a: 3 + 69* 2 - 15* \ 

8* 3 + 21* a + 50*+ 25 
5 

40a- 3 + 105* 54 + 250* + 125/8 
40* 3 + 72* a + 184*- 40\ 

33^33** + 66* + 165 

x~ + 2* + 5 

x‘ l + 2* + 5\5* 3 + 9 r 2 + 23r - 5/5* — 1 
/ r >e 3 + 10x 3 +25* V 



Thus the required H. C. F. = * a + 2* + 5. 

7. An important principle. 

If A and B denote two expressions having no monomial 
factors and if r«, n, p, q he any four numerical quantities such 
that mq - np is not equal to zero, then the H. 0. F. of 
A and B is the same as the H. O. F. of jwA + mH and pA + </B, 
numerical common factors , if any, being left out. This may be 
proved as follows 

Let H denote the 11. C. F. of A and B, and 11' the II. C. F. 
of wA + wB and pA + gdl after removal from them of any 
numerical common factor that may occur. 

Now, since every common factor of A and B is a factor of 
»*A + mB and also of p A + q\\ therefore II is a common factor 
of wiA + wB and pA + q B. 

Hence, H' is either equal to H or is an expression of higher 
dimensions than H ... ... ... ... ( a ) 

Again, since q(mA + mB) - n(pA + qB) = (mq-np) A, and 
m(pA + qB)-p(mA + nB) = (mq-np) B, it is clear that every 
common factor of mA + nB and pA + qB is a factor of 
{mq-np) A, and also of (mq-np) B. Hence, as mq-np is 
only a numerical quantity, every common factor of those 
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expressions other than numerical must be a factor of A as well 
as of 13. Hence H' is a common factor of A and 13 aud therefore 
cannot bo of higher dimensions than H. 

Hence, by (a), H' = IT, which proves the proposition. 

(lor, 1 . The H. C. F, of A and 13 is the same as the H. 0. F. 
of A + B and A - 13. Here m = 1, n - p = l and q = - 1. 

Cor. 2» The H. C. F. of A and 13 is the same as the H. C. F. 
of A ± B aud B ; here m — I, n— ±1, p = 0 and q = 1. Similarly* 
it is the same as the II. C. F. of A ± B and A. 


Example 1. Find the II 0. F. of 

x‘ l + x :i - 5x a - 3 jc + 2 and x i - 3js" + a 2 + 3x - 2. 
Let A = x* +jl :} - Tixr - 3r + 2, 

and 13 = * 4 -3i :J +a-~+ 3a. - 2. 

Then A + B = 2x 4 - 2x* - 4x 2 
= 2.'*(x* -x~2), 
and A - B — 4x :i - Gj. 2 - lir + 4 


Hence, by 
of x*(x 2 -x-2) 


— 2(2x :i - 3ac" - 3a; + 2). 
Cor. 1, the required FT. 0 
and 2r ;J - 3t“ - 3r +• 2, 


F. 

aud 


— x — 2 and 2x mi — 3a; 2 - 3a- + 2. 

Let A' = x 2 - x - 2, 

and 13' = 2x :i - 3a; 2 — 3x + 2. 

Then A' + B' = 'Ik* - 2x~ - 4x 


is the TI. C. F. 
therefore of 


= 2x(x* - x - 2). 

Hence, the required H. (J. F. 

= the H. 0. F. of A' and A' + B' [Cor. 2.] 

= x 2 -x- 2. 

Example 2. Find the H. C. F. of 

4js 4 + 1 1«b : * + 27x' 2 + 17a; + 5 and 3a; 4 + 7x :i + 18x 2 + 7x + 5. 

Let A = 4ac 4 + 1 lx 3 + 27x* + 17a: + 5, 

and B = 3x* + 7x !i + 18a 2 + 7a:+ 5. 

Then A - B =* x 4 + 4x 3 + 9jc 8 + 10a: 

= x(x* + 4x 3 + 9x +10), 
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and 3A - 4B* 5a: 3 + 9a: 2 + 23a; - 5. # 

Hence, the H. C. F. of x 3 + 4a: 2 + 9 a: + 10 and 5a: 8 + 9a? 3 + 
23a; - 5 is the H. C. F. required. 

Let A* = a: 3 + 4a: 2 + 9ar + 10, 

’ and B' = 5a: 3 + 9 oj 3 + 23a:- 5. 

Then A' + 2B' = llx* + 22a; 2 + 55a; 

= llar(a: 2 + 2a: + 5), 

and 5A' - B' - 11a: 2 + 22a; + 55 
= 11 (a: 2 + 2x+ 5). 

Hence, the H C F. required is the H. C. F. of ar(x 2 + 2a; + 5) 
and a: 2 + 2a; + 5, and is therefore -- a. 2 + 2a; + 5. 

8. The H. O. F. of three or more expressions 
whose factors cannot be easily found. 

Let A, B, C stand for any three expressions of which the 
H. C. F. is to be found. 

Let G denote the If. C. F. of A and B and II that of G 
and C. 

Then G being the product of all the elementary common 
factors of A and B, every factor of G is a common factor of 
A and B, and therefore every common factor of G and C is 
a common factor of A, B and 0. 

Hence, IT also is a common factor of A, B and Therefore 
the H. C. F. required is either H or an expression of higher 
dimensions than H ... ... 

But, since every common factor of A and B is a factor of 
G, every common factor of A, 15 and C if a common factor of 
G and 0. Hence, the H. C. F. required is a common factor of 
G and C and therefore cannot be of higher dimensions than If. 

Hence, by (/:!), the H. C. F. required = 1J. 

By a similar reasoning it follows that if D be a fourth 
expression, then the H. C. F. of IT and 1) is the II. C. F. of 
A, B, C and D. 

Thus we have the following rule To find the If. C. F. 
of any number of expressions A, i>, C, D, <bc., first find the 
II. C. I 1 , of A and B, then the II. C. F. of this result and C t 
and so on; the result obtained last of all is the II. C. if', 
required. 
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9. L. 0. M. of two expressions whose factors are 
not obvious by inspection. 

Let A and B stand for two such expressions, and suppose 
their II. C. F. is found to be H. 


Divide A and B by H and let the respective quotients be 
a and 6. Then we have 

A = «H\ 

B = 6HJ 

Hence, since a and b have no common factor, every common 
multiple of A and B must necessarily contain a x H x b as a 
factor. 


Hence, the L C. M. 

required = «H b. 


But 

alib = a(H6) 

A 

= H XB 


or = (all)6 

= Ax H - 

Hence, the required 

L. C. M. = 

A H 

or = A x . 


Thus, to find the L. C. M. of any two expressions we have 
to divide one of them by their II. C. F\ and multiply the quotient 
by the other. 

Cov. Tf L denote the L. C. M. of A and B we have 
Lxll = A x B; that is, the product of the L. 0. M. and 
II. C. of any two expressions is equal to the product of those 
expressions. 

Note. If any two expicsNiona have no common factor, their L. (J. M. 
is evidently equal to their product. 

10. L. 0. M. of three or more expressions whose 
factors are not obvious by inspection. 

Let A, B, C stand for three such expressions; to find 
their L. C. M. 

Let L deuote the L. C. M. of A and B, and M that of L 
and C. 

Then evidently every common multiple of L and C is a 
common multiple of A, B, C ; (1) 

also every common multiple of A, B, C is a common 
multiple of L and C. ... ... ... (2) 
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l 

From (1) M is a common multiple of A, B, C. IJenee, 
■either M or an expression of a lower degree than AI is the 
■L. C. M. of A, -B, C. 


But an expression of a lower degree than M cannot be 
■the L. C. M. of A, B, C ; because, from (2), the L. C. M. of 
• A, B, C is a common multiple of L and C. 

Heuce, the required L. C. M. = M. 


Thus, to find the L. C. M. of any number of expressions 
A , fi. C, D, <('c., we have first to find the L. C. M. of A and B y 
■then the L. C. M. of this result and C, and so on; the last 
result thus obtained is the L. C. M. required. 


Example. If h x , h. 2 , h a be the highest common factors, and 
^i> C; the lowest common multiples of B aua C, C and A, 
A and 15 respectively ; and if H be the highest common factor, 
and L the lowest common multiple of A, B and C; prove that 

(i) h x h. 2 hJ x l 2 l s = (ABC) 2 , 




L _ ABC 
H h x h 2 h 3 


Since h x is the II. C. F., and l x the L. C. M., of B and C, 
we must have 


h x l x = BC. [Cor. Art. 9.] 

Similarly h 2 l 2 = CA, 

and /iJ ;1 = AB. 

Hence, h x h 2 h.fi x l 2 l z — (ABC) 2 . 


Again, since H is the H. C. F. of A, B and C, it is a factor 
■common to B and C and is therefore a factor of h x . Hence 
we must have 

h j — H fi .(1) 

where f x is the quotient of h x by H. 

Similarly we have 


K - H./ s .(2) 

and h 3 Wf 3 .(3) 


It is clear that no two of the three quantities f xt f 2t f ;i have 
a common factor ; for instance if f 2 and f 3 had a common 
factor, say Jc , then HA would be a factor of h 2 as well, as of A s 
and would therefore be a common j factor of C, A, B, which 
is impossible. 


2—2 
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Now, from hypothesis, it is evident that both h t and h 2 arc? 
factors of C; hence from (1) and (2) we must have 


c - h/i up .(4) 

where p is the quotient of C by H/j/ 2 . 

Similarly we must have 

A = H ftUq .( 5 ) 

and B = Wafi-r .(6) 


From these relations it is easy to see that the following 
pairs of quantities cannot have a common factor :—(7?, q ), ( p , r), 
(?» »•)> (P*fa)i (?/i) and f ( r -/a)- For instance if p and/ 3 had 
a common factor, say k\ then H f 2 k\ i.e., h 2 li would be, as 
evident from ( 4 ) and ( 5 ), a common factor of C and A, which 
is impossible. 

Now, from ( 4 ), ( 5 ) and (6) it is clear that 

L = ; 
and we have also 

ABC = H 


Hence, 


= H f, Uf n pqr 
ABC " H ''.(fJ'lfaF.pqr 


H 


H 


'/i/a/a 

H 


H 

h. ' 


and 


L 

H 


ABC 

A x A 2 A 3 


11. A few examples in fractions. 

Sxample 1 . Reduce to its simplest form 

, a + d . b + d . . c + d 

be-. -■„ + OC —;-—-r + GO 


(a-6)(a-e) (6-u)(6-c) (c-o)(c-6) 

Since b - a *= - (a - b) t 

and (c - a)(c - b) = [ - (a - c)] x [ - (6 - c)] = (a - c)(6 - c),. 
the given expression 

a + d -fft + d) _i c + d 


be- 


+ ac- 


+ aA* 


(a-6)(a-c) (a-6)(6-c) (a-c)(6-c) 

6c(<* + d)(6 — c) — oc(6 + d){a - c) + ab(c + d)(a - ft) * 
(a - 6)(a - c)(6 - c) 
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Now, the numerator «* adc{(d - c) - (a - c) + (a - d)} / 

+ d{bc(b - c) - ac(a - c) + ab(a - d)} 
= d{dc(d - c) - ac(a - c) + ad(a - 6)} 

=* cJ{a a (d-c) + d 2 (c-a) + c a (a-d)} 

= d(a - d)(a - c)(d - c). 

[ Formula 19, page 4.] 

Hence, the given expression = d. • 


Example 2 . Simplify 

d a c a 

(a - dj(a - c)(x + a) + (6 - a)(d - c)(« + b) + (c - a)(c - d)(* + c ) ' 
The given expression 

a 2 -d 2 e a 

(a - d)(a - c)(x + a) ' (a - d)(d - c)(a + 6) (a - e)(d - c)(x + c) 
a 3 (d - c){x + b){x + n) - b*(a- r.)(r + c)(x fa) + c*(a -b){x + a)(x + b) 

(a - 6)(a - c)(h - c)(* + a j(* f 6Kx + c) 


Now, the numerator „ 


= a 2 (d - c){* 2 + a(d + c) + be } + b 2 (c - a){x 9 + x (c + a) + ca} 
+ c 2 (a - d){r 2 + a?(a + 6) + ad)} 

= as 2 {a 2 (d - c) + d 2 (c - a) + c 8 (a - d)} 

+ «{a 2 (d 2 - c 2 ) + d 2 (c 2 - a 2 ) + c 2 (a 8 - d 2 )} 

+ adc{a(d - c) + d(e - a) 4- c(a - d)} 

= * 2 {a 2 (d-c) + d 2 (c-a) + c 2 (a-d)} 

t=» x 9 (a - b)(a - c)(b - c). [ Formula 19, Page 4, ] 

Henoe. the given expression - 


Example 3. Simplify 

a 3 d 5 c® 

(a - d)(a - c) + (6 - c)(d - a) + (c - a)(c - d) * 

The given expression 

a 3 — d® c® 

(a - b)(a - c) + (d - c)(a - d) * (a — c)(d - c) 
a®(d - c) - d®(a — c) + c®(a - d) 

(a-d)(a-c)(d-c) 

Now, the numerator 

■a a®(d - c) + d®(c - a) + c®(a - d) 

— (a - d)(a - c)(d - c)(a + d + c), [See example 9 , Page 7 .J 

Hence, the given expression — a + d + c. 
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12. Solutions of some equations. 
Example 1. Solve - ,® 3 - 

Since 8 - 3 . + - r 

/■fo x + 3 x + 3 

.353 0 

we have - - + . = — - + 

x - 3 ic-0 a. + 3 * + 3 

Hence, by transposition, 

3 3 _ 5 5 

x — 2 -t + 3 a: + 3 ic — 6 

15 -45 

or - - - as - _ 

’ (-e-2)(a; + 3) {x + 3)(x-Q) 

Multiplying both sides by a?+ 3, and dividing by 15, 

i 1 -3 

we have ^ . 

x - 2 x - b 

lfence, a; - 6 = - 3(* — 2); 

/. 4x = 12, 

‘ * = 3. 


Example 2. 

Solve 

8 0 
'lx — 1 3x — 1 

i 

as +1 


We have 


8 9 

-r + .v- 

4 

= v + 

3 



'lx — 1 6x — 1 

* + 1 

x+ 1 

IIenue - {i, 8 _ i - 

4 1(9 
x +Tj + \3x- 

? 1 

1 .e + 1 J 

= 0 



12 

12 

- 0. 

or, 

(2x- 

l)(j; + 1) + (3a; 

- 1K*+ 1) 

Hence, 


1 

1 

— -f - ' -— ' 

= 0. 



'lx - 

1 3* — 1 

Multiplying both 

sides by (2x - 

1;(3j5 - 1), 


we have 


{3x-l) 

+ (2x - 1) 

= 0. 

Therefore 

5* = 5 

!, or, x = *. 



Example 3. 

Solve 

a—c t b-c 
26 + x + 'la + x 

a + b - 
a + 6 + 

2c 

X 
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We have * + 4 "° - <!LL'L + JL^> 

• 26 + * 2 a + x a + b + x 


a — c b - c 
a + 6 + * a + 6 + * 


Hence, by transposition, 


^ ^26 + x a + b + x f c ^\a + b + x 2 a + x 

or (a-c\ — - ~~ - — = (b - ) a ~ b 

* ' C (' 2 b + x)(a + 6 + x) ' C ^\a + b + x)(' 2 a + x) 

TT a - c 6 - c 

Hence, „-; 

2 b+ x 2 a + x 

/. (a - c)(2a + *) = (6 - c )(26 + a;), 

x\(a - c) - (b - c)\ — 26(6 — c) - 2tt(a - c) 

or, *(a-6) = 2(6 2 - a 2 ) - 2c(6 - a) 

= 2(6 — a)(6 + a - c) 

= 2(a - 6)(c — a - 6), 

* - 2(c - a — 6). 

D . . , . 7 x — 55 2 x — 17 6 x -71 3*-14 

Example 4. Solve -— +- n =- 10 +-=- . 


1 _ 1 


^ C ^{a + 6 + * 2a + x} 


/ \ a — o 

or, (a — c). —.-- 

' (’2b+ x)(a + b + x) 


Hence, 


a - c 


*-8 x- 9 


x —12 x-5 


We have 

7(x - 8 ) + 1 2 (* - 9 ) + 1 _ 6(x - 12 ) + 1 3(x- 5) + 1 
*-8 *-9 _ *-12 + x-5 

r - ( 7+ *-«M 2+ ,4 i)=( b + ^ t *)+( 3+ ^) ; 

1 1 = 1 1 _ 

* - 8 + * - 9 *-12 * - 5 

Hence, by transposition, 

1 _ 1 _ 1 _ 1 

x - 8 * - 5 *-12 * - 9 * 


3 3 

or - -- = —.— 

* (x-8)(x-5) (x-l2)(x-9) 

(*-8)(*-5) = (*-12)(*-9) 
or, ** — 13*+ 40 = ** — 21* + 108, 
8* * 68, * = 8J. 
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Example'5. Solve (af - 2a) 8 + (a; - 26) 3 = 2(jf -a-6) 8 . 

By transposition, we have 

(x - 2a) 3 - (x - a - 6) s = (x - a - 6) 8 - (x - 26)*. 

Putting X for x - 2a, Y for * - 26, ar.d Z for x — a - 6, 

* we have X 8 -Z 8 = Z 3 -Y 3 , 

or, (X-Z)(X a + XZ + Z 2 ) = (Z - Y)(Z a + ZY + Y*). 

But X - Z = Z - Y, because each of them = 6 - a. 

X a + XZ + Z a = Z a +ZY +Y 2 . 1 

lienee, by transposition, 

X s -Y a = Z(Y-X). 

Bemoving the common factor X - Y, which = 26 - 2a, 

we have X + Y = - Z, 

i.e., (x - 2a) + (x- 26) = - (x - a - 6) ; 

3x = 3(a + 6), and x «= a+ 6. 
Example 6. Solve 4a:-3y + 2z = 40 ... (1)' 

5x + 9y-7z ~ 47 ... (2) • 

9ar + 8y —32 = 97 ... (3) . 

Multiplying (1) by 7, and (2) by 2, we have 
2Sx - 21y + 14z =• 280 1 
and 10jt+18y— 14s = 94 j 
Hence, by addition, 38* - 3y — 374 ... (4) 

.Again, multiplying (1) by 3, and (3) by 2, we have 
^ 1 2x - 9y + 6z = 120 | 

and 18#+16y-6z = 194 J 
Hence, by addition, 30r + 7y = 314 ... (5) 

Now, from (4) and (5), we have . 

38a:-3y-374 = 01 
and 30* + 7y-314 = 0J 

Hence, by cross multiplication, 

x y 

3 x 314 - 7( - 374) = ( -374).30-( -314).38 

1 

“ 38 x 7 - 30( - 3) 
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* • 942 + 2618 -11220 + 11932 266 + 90 

* x __ y 1 
° r ’ 3560 ” 712 = 356* 

Therefore x=* 10, and y =» 2. 

Substituting these values of x and y in (1), we have 
40 — 6 + 2z = 40, whence z 3. 

Thus we have x *= 10, y = 2, z 3. 

Example 7. Solve x + y + z = 0 'j 

(b + c)x + (c + a)y + (a + b)z = 0 > 
bcx + cay + abz -» 1 j 
Since (b + c)x + (c + a)y + (a + 6)z = 01 
and ar + y + z = 0 J 

therefore, by cross multiplication, 


(c+ «;-(«+ 6) itt + 6)-(6 + c) (6 + c)-(c + aj 


c - b 


a - c 


b - a 


Supposing each of these fractions = k , wo have 

x = k(c - d), y = Zc(a -c ),2 = - a). 

Substituting these values of ar, y, z in the 3rd equation, 

we have k{bc[c -- b) + ca(a - c) + a6(6 - a)} = 1. 

But bc(c - 6) + ca(a - c) + ab(b - a) 

— 6c(c - i)+ a 8 (c - £) - a(c 3 - 6 8 ) 

■» (c-A){6c + a 2 -a(c + 6;} 

«= (c - 6)(a - c)(a - 6). 

Thus, A(c - 6)(« - c)(a - b) = 1 ; 


Hence, a; = k(c -b) ■= 
y ■» Zr(a - c) = 
z ■*= k(b — a) = 


(c - b)(a -c)(a - b) 

1 

(a - c)(a - 6) ’ 

1 

(c - b)(a - b) ’ 

1 

(c - 6)(c - a) * 
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SQUARE AND CUBE ROOTS. 


1. Extraction of square roots by the application! 
of the formula a 2 ± 2ab + 6 2 = (a± b) 2 . 

Example 1 . Find the square root of 

4-4c+2& + c 2 -£c + *\ 

4 

The given expression, arranged according to powers of b f 
b* 


= " - b(c - 2) + (c 2 - 4c + 4) 

• *)}♦(•-*)' 

Therefore the required root = - c + 2. 


Example 2. Extract the square root of 

(ab + ac + be) 2 - 4a£c(a + c). 

The given expression 

= {b(a + c) + oc} 2 - 4 abc(a + c) 

= b 2 (a + c) 2 + a 2 c 2 - 2a6c(a + c) 

= {6(a + c)-ac} 2 = (ab-ac + bc) 2 . 

Therefore the required root = ab-ac + bc. 

Example 3. Extract the square root of 

a* + ft 4 + c 4 + d* - 2(a 2 + c 2 )(b 2 + d 2 ) + 2a 2 c 2 + 2 b 2 d 2 . 

Arranging the given expression according to descending, 
powers of a, we have 

a 4 - 2 a 2 (b 2 + d 2 - c 2 ) + {6 4 + c 4 + - 2c 2 (6* + d 2 ) + 2b 2 d 2 \ y 
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and the expression within the braces, arranged according to 
descending powers of b, 

= 5 4 - 25-(c 2 - d 2 ) + (c 4 + d* - 2c 2 d 2 ) 

= 5 4 -26 2 (c 2 -d 2 ) + (c*-cf 2 ) s 
= [6 2 -(c 2 -d 2 )} 2 . 

Hence, the given expression 

= a 4 — 2a 2 (5 2 - c 2 + d 2 ) + (5 2 - c 2 + c? 2 ) 2 
» {a 2 - (ft 2 - c 2 + d 2 )} 2 
= (a 2 — 6 2 + c 2 - c? 2 ) 2 . 

Therefore the required root *= a 2 - A 2 + c 2 - d 2 . 


Example 4. Kxtract the square root of 


(a 2 + b~) s 


a 4 + 6* - 2 a 2 6 
The given expression 


— + 4 


a 


a + b a-b 


(a 2 +5 2 ) 2 4a5 

“ ( a 7 - T 2 ) 2 + tt 2 -'6 2 
(fl 2 +A s ); + 4 ah(a*j-}> 2 ) 

( a 2 - 6 2 ) 2 

of which the numerator 

= {(« 2 -5 2 ) 2 + 4« 2 5 2 } + 4a5(a 2 -5 2 ) 
= (a 2 - 5 2 ) 2 + 4a5(a 2 - 5 2 ) + 4a 2 5 2 
= {(a 2 - 5 2 ) + 2a5} 2 ; 

(a 2 + 2nb - b 2 ) 2 


the given expression = 
Therefore the required root = 


(a 2 - 6 2 ) 2 
a 2 4- 2ab — b 2 
a 2 — b 2 


Exercise (i). 

Find the square root of :— 

1. 49a 2 * 4 -42o5 2 * 2 + 95 4 . 

2. a 2 + b 2 + c 2 — 2ab + 2ac — 25c. 

3. 4a 2 +6 2 + 9c 2 G5e—12ac-4ao. 

4. a 4 + 46 4 + 9c 4 + 4a 2 5* - 6a 2 c 2 — 125 2 c 2 . 
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6 2 .' 0 2 . . MW 
. * 2 +-- -&*+— + 


ft 2 aft 2a* 


0 . 

• 

8 . 

9 . 

10 . 

11 . 

12 . 


a 2 + ft 2 + c 2 + <2 2 - 2a(ft - c + e?) - 26(c -d) - 2cd. 

(a - ft) 4 - 2(a 2 + ft 2 )(a - ft) 2 + 2(a 4 + ft 4 ). 
a 4 + b* + c 4 + rf 4 - 2a 2 (ft 2 + d 2 ) - 2ft 2 (c* - d 2 ) 

+ 2c 2 (a 2 -d 2 ). 

2 a 2 (ft + c) 2 + 2ft 2 (c + a) 2 + 2c 2 (a + ft) 2 + 4aftc(a + ft + c). 


2. The ordinary method of finding the square 
root of a compound algebraical expression. 

From our previous knowledge of formulae the following results 
are obvious :— 


(a + ft) 2 = a 8 +( 2 a + ft)ft ; 

(a + ft + c ) 8 = a 2 + ( 2 a +ft)ft +( 2 a+• 2 ft + c)c ; 

(a + b + c + d) 2 «■ a 8 + ( 2 a + ft)ft + ( 2 a + 2 ft + c)c 

+ ( 2 a + 2 ft + 2 c + d)d ; 

and so on. 

Clearly therefore we must have 

(ax 2 + ft* + c) 2 = a 2 ® 4 + ( 2 ax 2 + ft*)ft* + ( 2 a * 2 + 2 ft* + c)c, 

and this latter, when arranged according to descending 
powers of *, =« a 2 .r 4 +• 2 aft * 3 + (ft 2 + 2 ac )* 2 + 2 bcx + c 2 . 

Now, if it is proposed to find the square root of the above 
expression, let us see what means we have of discovering success¬ 
ively the several terms of the root :— 

The first term of the root, viz., ax 2 , is evidently the square 
root of the first term of the given expression, which is a 2 * 4 ; 

if we subtract a 2 # 4 from the given expression, the remainder 
is {( 2 aa 2 + bx)bx + ( 2 a * 2 + 2 ft* + c)c}, in which the term containing 
the highest power of * = 2 a * 2 x ft*, i. e ., — twice the first term 
•of the root into the second term ; this enables us to get the 2 nd 
4erm after having obtained the first; 
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if now from the above remainder we subtract (2 ax 9 + bx)bx % 
*the second remainder is (Sax* + 2ax + c)c, in which the term 
containing the highest power of * = 2ax 2 x c, i.«., = twice the first 
term of the root into the third ; this shows how to get the 3rd 
term after having obtained the 1st and the 2nd. 

Thus we are furnished with a clue for successively discover¬ 
ing the terms of the expression ax 9 + bx + c when its square 
is given. 

The operation may be performed as follows :— 

a 2 # 4 + 2 abx a + (6 2 + 2 ac)z* + 2bcx + c 9 /ax 9 + bx + c 
a 2 # 4 \ 

2 ax 2 + bx\ 2abx a + (b‘ 2 + 2 ac)x 2 + 2bcx + c 2 

) 'labx* + b*x 9 


2az*+2bx + c\ 2acx* + 2bcx + c l 

) 2ac« 2 + 2bcx + c 2 


(1) Find the square root of a 2 js 4 , the first term of the 
proposed expression, and set it down as the first term of the 
required root ; 

(2) Subtract a 2 # 4 from the given expression and bring 
down the remainder 2 abx 3 +(6 2 +2 ac)x* +26cx + c 2 ; 

(3) Set down 2ax 9 t i.e., twice the 1st term of the root# 
on the left of the above remainder as the first term of a 
divisor ; 

(4) Divide the first term of the remainder by 2ax 2 , and set 
down the quotient, bx % as the second term of the root and also as 
the second term of the divisor ; 

(5) Multiply the divisor thus obtained by the second term 
of the root, and subtract the product from the first remainder ; 

(6) Bring down the second remainder 2 dcx 9 + 2 bcx + c* and 
put 2ax* + 2bx(i e. t twice the sum of the two terms of the root 
already obtained) on the left of the remainder for the first two 
terms of a divisor ; 

(7) Divide the first term of the new remainder by 
the first term of the new divisor, and set down the quotient, c, 
■as the third term of the root and also as the third term of 
the divisor ; 
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(8) Multiply the complete divisor thus obtained by the- 
third term s of the root, and subtract the product from the 
second remainder. 

After this nothing remains, and we obtain ax 2 + bx + c for the 
required root. 

Note. The expression considered above stands arranged according to- 
descending powers of x. Similarly every expression of which the square root 
is sought must be arranged according to the descending or ascending order of 
the powers of some letter. 

Example 1. Extract the square root of 


x 4 4y 4 x 2 4y 2 

- -1. + + - 

4y 4 x* y 2 x 2 


+ 3. 


The expression when arranged according to descending 
powers of x stands thus :— 

x 4 x 2 _ 4y 2 4y 4 

4" —i' +3+ „ —f- , 

4y 4 y 2 x 2 a 4 

for, now the indices of the powers of x in the successive terms are 
respectively 4, 2, 0, - 2 and - 4, which numbers evidently are 
in descending order of magnitude. Hence we proceed as follows :— 


x 

4 y 


4 x 2 0 4 y 2 4y*/x 2 , 

4 + u + 3 + + g ( a - + 1 + 

y 4 y 2 x 2 x* \ly 


2y 5 


4 y A 


x 




)- 
Jy 51 


+ 3 


y 


+ i 


** +2+ ^) 2+ ^ + &; 

y* x 2 / x z a: 4 


2 




Thus the required root 


ar 

¥ 


L + i +¥ 5 

54 a* 
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Example 2. Extract the square root of s 

H _ 3 - 11 - 4 * _« 14 17 8 

x 5 - 2 a T x * + 2a s x s + a 5 V“~ - 2a 3 x 6 + a s . 

Let us proceed by arranging the expression according to 

descending powers of x , thus.:— 

_fl 1_4 „a 11 8 1 _7 4 4 «/ _3 7 4 4 

a 3 x 5 -2a 3 x 6 + x 6 -2a 5 x 6 + 2 a 3 x 3 +a 3 la 3 x s -x 3 -a h 

_ « 14 

a s x 3 


7 4 \ _3 1J_ 

2a 3 x s - x 3 ) - 2a 3 x 3 

/ _3 11 

_ O/i 5 nr O 


H 

+ x 3 


- 3 J 4 

2a :, x 3 - 2x 3 



1 7 4 4 N 

2a 3 x 3 +2a 3 x 3 + a 6 

1 7 4 4 

2a*'a: 5 + 2a 3 x 3 +a i i 

»9 


_ 3 7 4 4 

Thus the required root = a J x 3 —x 3 - a 3 '. 


Exercise (2). 


1. 

2 . 

3 . 


4 . 


5 . 

6 . 

7 . 

8. 


I the square root of :— 

4x 3 + 10x 2 - 12x + 9. 

2x* + 2x 3 + x 2 - 2x + 1. 

+ 8ax 3 -I- 4a 2 x 2 + 166 2 x 2 + 16a6 2 x + 16 b*. 

Jf! _ 6 * l*** + 49** + 9. 

a55 

. „ ax 2 a 2 n » 4ax 

T T 0 -J 


** y B * , y , 3 

--r + r i “ "I-i j '• 

y* x* y x 4 

9r 3 20r 9y 2 _15y 4 k 2 

7 ” 7y + 16x 2 ~2x + 49y 2 * 

4 a l 

x 3 - 4x 3 + 2x + 4*® + x . 
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9 . 

10 . 


11 . 


12 . 


a 2 x 2 + 2flu -1 +a~*z 2 + 3 + 2a~ 1 x. 
x* + xy ^ — 2 x*y ^ - 2 Jt^y^ + 2x^y^ + y , 

3 3 


9* 3 *JL& .179 x-y 4 * 2 y* 4 ry 2 

4 y + 45 3 25 

as 4 + 2 (y + z)r 3 + (3y 2 + 2#z + 3z 2 )x 2 

+ 2(y s + y 2 z + yz 2 + z 3 )x + y 4 + 2y 2 z 2 + z 4 . 


3. Square roots of numbers. 

Example 1. Given that the greatest integer whose square is 
contained in 140925 is 375, find the square root of 140925,16. 

Since 140925>(3J5) 2 

and <(376) 2 , 

140925,16>(3750) 3 
and <(3760) 2 . 

Evidently therefore the required root must lie between 
3750 and 3760 ; let it therefore be represented by 3750 + *,. 
where x is some integer less thau 10. 

Hence, we must have 

140925,16 = (3750 + #) 3 

= 14062500 + 7500,r + x 2 , 

or, 30016 = (7500 + x)x. 

By trial we find that x = 4 satisfies this equation. 

Hence, the required root * 3750 + 4 = 3754. 


Noth. The operation may be performed briefly, as in finding the square 
root of a compound algebraical expression as follows :— 

14092516/ 3750 + 4 
(3750)“ = 14062500\ 


7500 + 4\30016 
/30016 


or, more briefly thus 

14092516/3754 
(375)* = 140625 ^ 

7504\30(Tl6 

/30016 
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It may be observed that the figure 4 of the root Is the same ns the quo¬ 
tient obtained by dividing 3001 by 750. / 

C/OVm Hence we can easily find the square roots of the follow¬ 
ing numbers :—784, 2116, and 5625, for the greatest integers 
whose squares are respectively contained in 7, 21 and 56 are 
known. 

« 

Example 2. Giv3n that the greatest integer whose square is 
contained in 65739 is 256, find the greatest integer whose square- 
is contained in 65739,82. 

Since 65739 > (256) 2 
and < (257) 2 , 

65739,82 > (2560) 2 
and < (2570)#. 

Evidently therefore the required number must lie between 
2560 and 2570 ; let it therefore bo represented by 2560 + x r 
where x is some integer less than 10. 

Hence we must have 

65739,82 > (2560 + *)* 

but < {2560+ (# + l)} 2 
i.e., > 6553600 + (5120 + x)x 

but < 6553600 + {5120 + (x+ 1)](^ +1), 
and 20382 > (5120+ x)x 

but < {5120 + (a: + l))(a? + l). 

By trial we find that x = 3 satisfies these conditions. 

Hence the required number = 2560 + 3 =» 2563. 

Note. The operation may be performed briefly as follows :— 

65739,82/2560 + 3 
(2560) 9 = 65536,00\ 


5120 + 3X203 82 
/153 69 

5013 

or, more briefly thus • 

65739,82/2563 
(256)* = 65536 V 


5123X20382 

/15369 


5013 



32 


algebra made bast. 


[Chap. 

Thus the process is just the same in this example as in the last, with 
this difference only that there is a remainder in this example whilst there 
was none in the last. , 

Here also it may be observed that the figure? 3 obtained by trial is the 
same as the quotient of 2038 by 512. 

CoV . We are thus furnished with a clue for determining the 
square root of any given number. For instance, the determin¬ 
ation of the square root of 14175225 depends, as evident from 
example 1, upon finding the greatest integer whose square is 
contained in 141752 ; 

and this latter, by the present example, depends upon 
-finding the greatest integer whose square is contained in 1417 ; 

which again, in like manner, depends upon finding the 
greatest integer whose square # is contained in 14, which is 
known. Hence it is easy to see that the successive stages in 
arriving at the required root are : — 

(1) To find the greatest integer whose square 4s con¬ 
tained in 14 ; 

(2) Thence to find the greatest integer whose square is 
contained in 1417 ; 

(3) Thence to find the greatest integer whose square is 
contained in 141752 ; 

(4) Thence to find the required number. 

Examplo 3. Find the square root of 3976185249. 

Putting a comma before every second figure from the right 
we have 

39,76,18,52,49. 

Xow, by the corollary to the last example the successive 
stages of the required operation will be as follows :— 

(1) The greatest integer whose square is contained in 
39 is 6. 

(2) Hence let us find the greatest integer whose square is 
contained in 39,76 :— 

39,76/63 
6 2 = 36 V 

123N376 

/369 

•7 

Thus the greatest integer whose square is contained in. 
3976 is 63. 
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(3) Hence let us find the greatest integer whose square 
is contained in 3976,18 :— 

3976,18/630 
(63) 2 = 3969 V 

1260X7 18 
) 0 
7 18 

Thus the greatest integer whose squaro is contained in 
397618 is 630. 

(4) Hence let us find the greatest integer whose square 
is contained in 397618,52 :— 

397618,52/6305 
(630) 3 = 396900 V 

12C05\7l85'2 
;C30 25 
88 27 

Thus the greatest integer whose square is contained in 
39761852 is 6305. 

1 ' (5) Hence let us find the square root of 39761852,49 :— 

39761852,49/63057 
(6305) 2 = 39753025_\ 

126107X882749 
/882749 

Thus the required root is 63057. 

Note. 1. It may be observed that the remainder in (2), viz., 7, is the 
same as the remainder left by subtracting (63)* from 3976 in (3) ; that the. 
remainder in (3), viz., 718, is tin* same as the remainder left by subtracting 
(630)* from 397618 in (4) ; and that the remainder in (4), viz., 8827, is the 
same as the remainder left by subtracting (6305)* from 39761852 in (5). 
Hence the five stages of the process shewn above may be most conveniently 
combined into one as follows :— 

39,76,18,52,49/63057 

36 


IX 3 76 
^369 
1260X71.8 
) 0 

12605X71852 

/63025 

126107X882749 

/882749 


2—3 
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Note, 2. The groups of figures separated by commas are called periods 
thus the given number in the present example lias been divided into five 
periods altogether, namely, 39. 76, 18, 52 and 49. Hence the operation 
performed above amounts to the carrying out of the following directions * 

(1) Fiud the greatest integer whose square is contained in the first 
period, v i:., 39. This is found to be 6. 

(2) Put down 6 as the first figure of the root and subtract its square 
from the first period. 

(3) To the remainder, 3, bring down the second period, ri-.., 76, thus 
getting 37(5. 

(I) On the left of 370 place 12, i.e., twice the first figure of the root. 

(5) Divide 37, i. e., the number obtained by omitting the last figure of 
376, by 12. The quotient is found to be 3. 

(0) Annex this 3 to 12. thus getting 123 on the left of 37(5 and also 
annex it to 6 as the seeond figuie of the root. 

(7) Multiply 123 by 3 and subtract the product from 376. 

(8) To the remainder, 7, bring down the next period, ri-. , IS, thus 
getting 718. 

(9) On tlie left of 718 place 126, i.i., twin the part of the root already 
found. 

(10) Divide 71, ». e., the number obtained by omitting the last figure 
of 7IS, by 126. The quotient is found to be zero. 

(II) Annex this zero to 126, thus getting 1260 on the left of 718, and 
also annex it to 6*3 as the third figure of the rout. 

(12) Multiply 1260 by zero and subtract the product from 71S. 

(13) To the remainder, 7IS, bring down the next period, ri: , .'*2, thus 
getting 71852. 

(14) On the left of 71852 place 1260, i.e., twice the part of the root 
already found. 

(15) Divide 7185, i.e . the number obtained by omitting the last figure 
of 71852. by 1260. The quotient is found to be 5. 

(16) Annex this 5 to 1260, thus getting 12605 on the left of 7185*2, and 
also annex it to 630 as the fourth figure of the root. 

(17) Multiply 12605 by 5 and subtract the product from 71852. 

(18) To the remainder, 8827 bring down the next period (which is 
also the last), ri:., 49, thus getting 882749. 

(19) On the left of 882719 place 12610. i.e., twice the part of the root 
already found. 

(20) Divide 88274, i.e., the number obtained by omittiug the last 
figure of 882749. by 12610. The quotient is found to be 7. 

(21) Annex this 7 to 12610, thus getting 126107 on the left of 882749, 
and also annex it to 6305 as the fifth figure of the root. 

(22) Multiply 126107 by 7 and subtract the product from 882749. 

(23) As uo remainder is left the operation ceases and we obtain the 
required root = 63057. 

Note 3. The first period may consist of one figure only, as in 8, 53, 64. 
It may also be observed with profit that the number of figures in the root 
is the same as the number of periods into which the given number is divided. 
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Example 4. 

of decimals. 

We hu\e 


Find tlie square rout of 564 345, 


.564*345 


564345000 

10 « 


to tiiree places 


Hence \/504 345 = 


Jo 64345000 


10 ; 


N^ow let us find the square root of 564345000. 

5,64,34,50,00/23755 

4 V 

43\1 64 
)l 29 
467\34 
)32 69 

4745X2 65 50 
)2 37 25 
47505X28 25 00 
/23 75 25 
4 49 75 

This shows that the square root can not he exactly found, 
and all that we have found is the greatest integer whose square 
is contained in the uumber. 


Hence the required root = 


23755 

10 :i 


= 23 


755. 


Noth. 1. If we were asked In find the root t<> 4 decimal places we 
ivould have to multiply and divide the number by 10 s ; if to o decimal 
places, by 10' u ; and so on. 

Noth. 2. From the process shewn above it is clear that vve might with 
much advantage proceed as follows: — 

(1) Make the decimal places six in number by affixing three zeroes to 
the right of the number ; thus, 561'345000. 

(2) On the left of the decimal point put a comma before every second 
figure, and on the right of the point put a comma after every second figure, 
thus, 5,61 ■34,1)0,00. The whole number is thus divided into Jive periods 
altogether, of which two arc on the left, and three on the right, of the 
decimal point. 

(3) Now extract the square root of this number as if it were au 
integer and put the decimal point after the first two figures in the root 
thus found. 

Noth. 3. It should be observed with care that the number of figures 
on the left of the decimal point in the root is the same as the number of 
periods on the left of the decimal point in the proposed number. It should 
Also be observed that if we were asked to find the root to four or Jive decimal 
places, we would have to make the decimal places respectively eight or ten 
in number by affixing zeroes. 
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Example 5. Find the square root of 3 to five places of 
decimals. * 1 

3 00,00,00,00,00/1-73205 

1_V 

27X200 
/189 

343X1100 
/1029 
3462X7100 
76924 

346 405\1760000 
71732025 
27975 

Thus the required root = 1-73*205. 

Exercise (3). 

Find the square root of:— 


1 . 

37249. 

2. 

824464. 

3. 

2819041 

4. 

22071204. 

5. 

97535376. 

6 . 

550183936. 

7. 

28-8369. 

8. 

•000729. 

9. 

236 144689. 

10. 

00139876. 

Find to four 

places of 

decimals the 

square 

root of:— 

11. 

16-245. 12. 2. 

13. *00064. 

14. 

5. 15. 


! 4. If the square root of a number consists of 

2n +1 figures, the first n 4- 1 of them being found by 
the ordinary method the remaining n may be obtain¬ 
ed by division only. 

[Let us take a particular case. Suppose we have to find 
the square root of 4556235397156. This number when divided 
into periods stands thus 4,55.62,35,39,71,56. Hence evidently 
the square root will consist of 7 figures, and hence in this case 
n = 3. 

If we proceed by the ordinary method the square root will 
be found to be 2134534. 

We have to shew then that after the first four figures, 
2134. have been obtained by the ordinary method, the remain¬ 
ing three, 534, may be obtained by a simple operation o£ 
division. 
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The given number being 4,55,62.35,39,71,56, by example 3 
we know that J2134 is the greatest integer whose square is 
contained in 4,55,62,35. Hence the remainder at this stage of 
the process , 

= 45562351 = 45562351 

- (2l34) a / -4553956/ 

= 2279 

to which the next period, viz., 39, would be annexed if the 
ordinary method were continued. 

The divisor at this stage = 2x2134 =■» 4268. We have 
to shew now that if instead of annexing to 2279 the next period 
only, viz., 39, we annex to it all the remaining three periods and 
divide the number thus formed by the number formed by an¬ 
nexing three zeroes to 4268, i.e., divide 2279397156 by 4268000, 
the quotient will be equal to 534 (the remaining three figures of 
the root). 

By actual division we find this to be the case and we are 
inclined to accept the proposition as true. 

It may be, observed that 

2279397156 = 45562353971561 
- 4553956000000J 

- 4556235397156 - (2134).* 10 ,! . 

Hence, it is clear that the remaining three figures of the 
root are given by the quotient of 

4556235397156 - {(2l34).10 3 } a by 2 x (2134).10 s . 

Now we shall give an algebraical proof of the proposition.] 

Let N represent the given number, a the number formed 
by the first n +1 figures of the root (found by the ordinary 
method), and x the number formed by the remaining n figures 
of the root. 

Then we must have 

^N = a.10" 4-af, 

.*.N = a a .10 2n + 2a.lO“.a; 4-a? 8 . 

N-tt a .10 a * * a 

2a.!6 tt “ a? + 2a.l0 w * 

► 

Now N -a 2 .10 aw is the number formed by annexing all the 
remaining periods of N to the remainder after the group of root: 
figures represented by a has been found. 
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Thus we find that if the above number be divided by 


X‘ 


2a. 10", the quotient is equal to x together with * -- , ^ 

^ ^ 2a. 10’* 


Now since x consists of n digits, a* consists of 2 n digits at 
most ; also since a. 10 n consists of 2 m+ 1 digits, 2a.10" consists 

X ^ 

of 2?/.+ 1 digits, at least. Hence, - is a proper fraction and 

ZOim 1 V 

therefore it forms no part of the arithmetical quotient. 

Thus it is clear that when N - a 2 10 an is divided by 2a. 10*, 
the arithmetical quotient is the remaining part of the root ; 
which proves the proposition. 

Noi'K. The proposition evidently applies to integers which are perfect 
squares. It may also be shewn to be true (with some exceptions) for integers 
which arc not perfect squares. 

Suppose N is an integer which is not a perfect square and that it is 
divided into ‘2a+ 1 periods. Suppose also that a represents the number 
formed by the first n+ l figures of its square root and that x represents the 
number formed by the next n figures. If now X —a 2 . 10* ,l be divided by 
2a.l0- will x be the quoLiont ? 

Let N* be the perfect square next below N. Then by the present article 
we must have 

N'-« a .10 s » . ** 

**.10- “ ,<: ‘ r 2a.l0" ' 


and wo must have 

X - rt a . 10 s ■ :c s N-X' 

2<tT0“ " X + 2a. 10" + 2a. \ 0 « 

x B + (N-N') 

2u.l0" 

Hence it is clear that our answer to the above query can lie affirmative 
only when x* + (X - X') is less than 2a.l0". 

Example. Find the square root of 7 to six places of decimals. 

The answer will evidently be found by extracting the 
square root of 

7,00,00,00,00,00,00 

and putting a decimal point after the first figure of the root. 

Now the square root of the above number will evidently 
consist of 7 digits, and htnee if four of them be found by the 
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ordinary method the remaining three can be obtained, by 
division. . 7,00,00,00,00,00,00/2645 

4 V 

46\300 

>276 

524X2400 

/2096 

5285X30400 

/26425 

5290^3975 

Now that we have found the first four figures of the root, 
tlie remaining three will be obtained by dividing 3975,00,00,00 
by 5290,000, i e t by dividing 3975000 by 5290. 

5290X3975000/751 
>37030 V 

27200 

26450 

7500 

5290 

2210 

Thus the square root of the above number = 2645751 
and the required root = 2 645751 

5. The ordinary method of finding the cube 
root of a compound algebraical expression. 

Kvidently we have (aa: 2 +6 jj + c) 3 

— (ax* + bx) :i + 3(ax‘ J + bx)' i c + 3 (ax‘ z + bx)c 2 + c :i 
= a a x :i + 3 (a' 2 x*)(bx) + 3(ax*)(bx) z + (bx) :i 

+ 3 (ax* + bx)*c + 3 (ar* + bx)c 3 + c®. 

Hence if we are asked to find the cube root of the above 
expression we see that we have the following means of dis* 
covering successively the several terms of the root:— 

The first term of the root, viz., ax 8 is evidently the cube 
root of the first term of the given expression, which is a s x *. 
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If we subtract a 3 * 6 from the given expression the term> 
containing the highest power of x in the remainder is 3(a 2 a; 4 )i 
(bx), i.e., eqUal to three times the square of the first term of the 
root into the second term; the second term is therefore dis¬ 
covered. 

If from the above remainder we low subtract {3(a 2 a; 4 ) 
+ 3(eu; 2 )(&ac) + (6ac) 2 }(6a:), the second remainder is 3(aac 2 + bx)*c 
+ 3(aa; 2 + bx)c 2 + c 3 ; the term containing the highest power of 
x in this remainder is 3a 2 * 4 c, i.e., equal to three times the 
square of the first term of the root into the third. 

Hence the third term is discovered. 

If from the second remainder we now subtract 
{3 (ax 2 + bx) 2 + 3(eta; 2 + bx)c + c 2 }c, nothing is left and we obtain 
the required root = ax 2 + bx + c. 

Let us illustrate the process by an example." 

i 

Example. Find the cube root of 

x e — Qx s y + 24 x 4 y 2 - 5 6x 3 y 3 + 96x 2 y* - 96 xy r> + 64 y e \ 

The given expression stands arranged according to descend' 
ing powers of x; we need not therefore change the order of the 
terms. 

The second term of the root, viz., - 2xy, as shewn on the 
next page, is obtained by dividing - 6x s y, by 3x* (i.e., three 
times the square of the first term). 

Then the divisor, 3a; 4 - 6x 3 y + 4* 2 y 2 , is formed as shewn 
on the next page. 

The product of this divisor by ( - 2 xy), viz., — Qx 5 y + 12ac 4 y 2 
— 8x s y 3 , is now subtracted from the expression which stands 
above it, and the remainder is put down below the line. 

Now take three times the square of the part of the root 
already obtained and put down the result, 3ar 4 - l’2x 3 y+ 12 x 2 y 2 r 
as part of a divisor. 

The third term of the root, viz , 4 y 2 , is obtained by 
dividing 12jc 4 y 2 , the first term of the remainder, by 3a; 4 , the- 
first term of the divisor. 

The complete divisor is then formed as shewn on the next 
page, and the product of this divisor by the third term of the 
root is subtracted from the expression which stands above it. 

As no remainder is now left we find the required root 

2 -2xy + 4y*. 
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Exercise (4). 

Find the cube root of :— 

1. x a 4 - 27a 8 + 243a + 729. 2. 27a 3 - 216a 8 + 576a - 512. 

3. 64a 3 - 144a 2 6 + 108a6 8 - 276 3 . 

4. 33a; 4 — 36a + a 6 - 63a 3 + 8 - 9x 5 + 66a 8 . 

5. 8a 6 + 12a* - 30a 4 - 35a a + 45a 8 + 27a - 27. 

0. 1 - 9a 8 + 33a 4 - 63a 6 + 66a 3 - 36a 10 + 8a 18 . 

7. c« - 63c 3 a 3 + 8a“ - 9c r ’a + 66c 8 a 4 — 36ca 5 + 33c 4 a 8 . 

6. Cube Roots of Numbers. 

Example 1. Given that the greatest number whose cube is 
contained in 9718142 is 213, find the cube root of 9718142,104. 

Since 9718142 > (213) 3 
and < (214) 3 
9718142,104 > (2130) 3 
and < (2140) 3 . 

Evidently therefore the required root must lie between 
2130 and 2140; let it therefore be represented by 2130 +a, 
where a is some integer less than 10. 

Hence, we must have 

9718142,104 = (2130 + a) 3 

= (2130) 3 + 3.(2130) 3 a + 3.(2130)a 8 + a 3 
« 9663597000 + 3 x 4536900a 

+ 3 x 2130a 8 +a 3 , 
or, 54545104 = (3 x 4536900 + 3 x 2130a + a 8 )a. 

Dividing 54545104 by 3 x 4536900 we get 4 as the quotient, 
and we also find that a — 4 satisfies the above relation. 

Hence we have the required root = 2134. The process may 
be shewn as follows :— 

9718142,104/213 + 4 
(2130) 3 = 9663597 000\, 

3 x (2130) 8 = 13610700 54545 104 

3x 2130x 4 = 25560 

4 8 = 16 

13636276 

4 

54545104 54545 104 
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Or, more briefly thus :— 

9718142,104/2134 
(213) 3 = 9663597 ^ 


54545104 


3x(2130) a 

= 13610700 

3 x 2130 x 4 

= 25560 

4 a 

= 16 


13636276 


4 


54545104 


54545104 


Noth. 1. It should be carefully rememlicrcd that the figure 4 of the 
Tout is found by dividing 54545104 by 111010700. Sometimes the figure ho 
found may prove too large and then we have to try the next smaller figure. 

Note. 2. l’y a method similar to that of example 2, article 3, we can 
easily shew that when the greatest integer who-e cube is contained in a 
given number is known, we can determine the greatest integer whose cube is 
contained in a number foinr.cd by annexing three more digits to the given 
number ; i c., when the greatest integer whose cube is contained in a number 
like 34567 is known, we can find the greatest integer whose cube is contained 
in 34567,432. 

lienee we have the following means of determining the cube root of 
any number, say 3278975416. 

(1) Divide the number into a number of periods by placing a comma 
before every third figure from the right, thus :—3,278,975,416. 

(2) Kind the greatest number whose cube is contained in the first 
period, namely 3. 

(3) lienee find the greatest integer whose cube is contained in 3,278. 

(4) Hence find the greatest integer whose cube is contained in 
3,278,975. 

(5) Hence find the greatest integer whose cube is.contained in 
3,278,975,416. Tf the number be a perfect cube thi» integer will be its cube 
root and no remainder will be left after the operation. 

Example 2. Find the cube root of 68417929. 

Putting a comma before every third figure from the right 
we have 68,417,929. 

Then, by Note 2, last example, the successive stages of the 
required operation will be as follows :— 

(1) The greatest number whose cube is contained in the 
first period, namely 68, is 4. 

(2) Hence let us find the greatest number whose cube is 
•contained in 68,417 :— 
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68,417/40 
4 3 = 64 V 


3 x (40) 8 = 4800 

3 x 40 x 0 == 0 

0 2 = 0 


4417 


Since 4417 is not divisible by 
4800. the second figure of the 
root must be zero. 


4800 

0 

0 0 
4417 

Thus the greatest integer whose cube is contained in 
68,417 is 40. 

(3) Hence let us find the cube root of 68,417,929. 

68,417,929/409 
(40) 3 = 64 000 \ 


3 x (400) 2 = 480000 4417929 

3x400x9 = 10800 

9 2 ~ 81 


490881 

9 


4417929 4417929 


Dividing 4417929 by 
480000 we have 9 for the 
quotient, and so 9 is the 
next figure of the root. 


Thus the required root = 409. 

Note. 1. Since the remainder in (2), namely 4417, is the same as the 
remainder left when (40) 3 is subtracted from 68,417 in (3), it is clear that 
the three different stages might very well be combined into one as in example 
3, article 3. 


Note. 2. The number of figures in the cube root is the same as the 
number of periods into which the given number is divided. 


Example 3. Find the cube 
of decimals. 

We have 5687432 75 = 
Hence ^568743^75 ~ 


root of 5687432*75 to two places 

5687432750000 
( 100) 8 ‘ * 

^5687432750000 
100 ’ 
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Now let us find the cube root of 5687432750000 or rather 
•the greatest integer whose cube is contained in it. 

5,687,432,750,000/17850 
• l 3 - 1 _V 

4687 Dividing 4687 by 300 we 
get 15, which of course we 
reject since the next figure 
of the root cannot be greater 
than 9. Trying successively 
9 and 8 we ultimately arrive 
at numbers too large to be 
subtracted from 4687 ; so 
we next try 7 and succeed. 

3913 

86700 774432 

4080 
64 


90844 
8 

726752 726752 

3 x (1780) 2 — 9505200 47680750 

3 x 1780x5 = 26700 

5 2 = 25 

9531925 

5 

47659625 47659625 

3 x (17850) 2 = 955867500 21125000 

As 21125000 is not divisible by 955867500 wc must take 
zero for the next figure of the root and stop here. 

Thus the greatest number whose cube is contained in 
5,687,432,750,000 is 17850; and therefore the required root 
= 178-50. 

Note. 1. If we were asked to find the cube root to three places of 
decimals wc would have to multiply and divide the given number by (1000)*, 
.and if to four places of decimals, by (10000) a or (10 4 ) 3 , and so on. 

Note. 2. From the process shown above it is clear that we might with, 
much advantage proceed as follows:— 


3 x (170) 2 = 
3x170x8 = 

8 2 = 


3 x (10) 2 = 300 
3 x 10x7 = 210 
7 2 = 49 

559 

7 

3913 
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(1) Since the root is to be fouml to two places of decimals, make the 
decimal places six in number by affixing four zeroes Jm the right of the 
proposed number, thus :—fi(>87432-7f»0000. 

(2) On the left of the decimal point put a comma before every third 
figure, and on the right of the point put a comma after every third figure, 
thus :—5,687,43‘2 , 7f>0,000. The whole number is thus divided into five 
periods altogether of which three arc on the left, ami two on the right, of 
the decimal point. 

(3) Now extract the cube root of this number as if it were an integer. 
a nd put the decimal point after the fir^t three figures in the root thus found. 

Noth. 3. It should be observed with care that the number of figures 
on the left of the decimal point in the root is the same as the number of 
periods on the left of the decimal point in the proposed number. It should 
also be observed that if we were asked (n find the root to three or four 
places of decimals we would have to make the decimal places in the proposed 
number respectively nine or twelve in number by affixing zeroes. 

Exercise (5). 

Find the eube root of :— 


1 . 

15635. 

2. 

110592. 

3. 941192. 

4. 

8365427. 

5. 

28934443. 

6. 95443993. 

7. 

194104539. 

8. 

223648543. 

9. 843908625. 

10. 

673373097125. 

11. 

32-461759. 

12. 27054 036008. 


Find to three phi 

ices of decimals the 

cube root of : — 

13. 

44.6. 

14. 

3-00415. 

15. 576. 


7. If the cube root of a number consists of 2n + 
2 figures, the first n + 2 of them being found by the 
ordinary method the remaining a may be obtained 
by division only. 

Let N represent the given number, a the number formed 
by the first n + 2 figures of the root (found by the ordinary 
method), and x the number formed by the remaining n figures 
of the root 

Then we must have 
a jN = a. 10* + x, 

N = a 3 .10 3n + 3a a .10‘ J ".* + 3a.l0 B .af s + jc 3 ; 

m N - a 3 .10 3 ** a: 2 x a 

** ~3o i .lb* n = a? + a.l0 w + 3a-.10 8 *’ 
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Now, N-a a .10 3n is the number formed by annexing all y the 
remaining periods of N to the remainder after the group of root- 
figures represented by a has been found. 

Thus we find that if the above number be divided by 3a 2 .10 2 *, 


the 


quotient is equal to x together with 


x 2 a; 3 

a.l0 w + 3a a .L0 2n ‘ 


Now, since x consists of r .i digits it is l 'ss than lO* and 


af 3 <10 2n ; also since a eousists of % + 2 figuies it is greater 
than 10" +1 and a.l0 ,, >10 2n+1 ; hence 


a. 10 ’* 


10 2n 

< 10 s *’ 1 ’ 


< 10 ’ 


and also 


■6a*. I0 an 


10 a " 

< 6x 10 4 "' * ’ 


3 x 10“ +a 


Hence, - is clearly a proper fraction and 

a. 10“ 3(1*. iO 3 * 17 r 7 

,*. it forms no part of the arithmetical quotient. 

Thus when N - a‘ ; .10 :?n is divided by 3a 2 .10“", the arith¬ 
metical quotient is x, the remaining part of the root ; which 
proves the proposition. 

Note. Ilemarha similar to those made in the note to article *1 apply 
to the present article. 

Miscellaneous examples. 

Example 1. If x r ‘ + Zdx r ' +ex l +/x a + gx' <i + hx + l :i be a 
perfect cube, find its cube root and determine the co-efficients 
e, ,/j ff, h in terms of d and l\ 

(Pombuy University i\ K. I'.iper, 1,889.) 
The given expression stands arranged according to descend¬ 
ing powers of x. 

Hence the first and last terms of the root must be x 2 and 
7i, the cube roots of the first and last terms of the given expres¬ 
sion. 

Also as the second term of the root is to he found by 

dividing the second term of the given expression by three times 
the square of the first term of the root, the second term of 
the root must be = 3 dx 5 ~ 3x* — dx. 

Thus we have 

the 1st term of the root = a 2 am i evidently there cannot beany 

the 2nd term = dx -more term of the root between dx 

and the last term — Jc , and 
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Hence, the required root = x 2 + dx + k. 

Therefore we must have 

x 8 + 3c?* 6 + ex 4 + fx 3 + gx 2 + hx + k a 
identically = (x 2 +dx + k) 3 

— x° + 3x*(dx + k) + 3x 2 (dx + k/ 2 + (dx -f Jfc) 8 
= x* + 3dx 5 + 3(k + d 2 )z*+d(<ik + d 2 )x 3 
+ 3 k(k + d 2 )x 2 + 3 dk 2 x + k 3 . 

Hence, equating the co-efficients of like powers of x on 
■both sides, we have 

e = 3 {k + d 2 ), f = d(Gk + d 2 ), 

g = 3 k(k + d 2 ), h «. 3 dk 2 . 

Example 2. If a be the greatest integer contained in N*, and 
the difference be so small that its cube may be neglected, prove 

that a nearer approximate value of will be 


i 



(Bombay University P. E. Paper, 1885.) 
i 

Let N 3 = a + x, whore x is, by hypothesis, so small that 
its cube may be neglected. 

Then we have 

N = a 3 + 3a 2 x + 3ax 2 +x 3 . 

Hence, neglecting * 3 , we have the following equation from 
which the value of x can be determined approximately :— 



3ax 2 + 3a 2 # + a 3 = N. 

Hence, 

2 , N - a 3 

oa 

or. 

a 2 N -a 3 a 2 

■' + " + 7 “ 3a“ + 4 ’ 

or, 

/ a\ s 4N-a 3 

(* + 3) - -4.3a : 

a 

x + 

• • • n 

Zi 

1 /jvr b [The negative sign is rejected 

_ 1 /4N a \ since as is. by hypothesis, pnsi- 

2 \ 3a I 1 tive.] - ' 
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Thus the approximate value of a + x 




/ 4N - a 3 
+ \ 3a 


) ! }‘ 


and this is therefore the required value of N^. 


CHAPTER II. 

INDICES. 

1. Definition. The product of m factors each equal to a 

is represented by a m . [ See Art. 11, page 9. ] 

Thus the meaning of a m is clear when m is a positive integer. 

2. The Index Law and the truths necessarily 
following from it. 

To prove that a m x a" = where m and n are any two 

positive integers. 

Since a m = a. a. a . 

and a" = a. a. a. a . 

a m x a* 1 = (a. a. a . 

x (a. n. a. a . 

= a. a. a. a. a. a. a. ... 

= a m+n . 

This result is called the Index Law. 

Cor . 1. a m x a” x a p = a” ,+w+p , when m, n and p are positive 

integers. 

For a m xa n = a”" 1 -", a m x a n x a* = a m+n x a p = a (m+B)+p 

a a m+n+P' 

Hence, a m x a n x a* x a* * • ■ ■ - a *» *•+***+ 

Thus, product of any number of powers of a given quan¬ 
tity is that power of the quantity whose index is equal to the sum 
of the indices of the factors. 

4 


to m factors 
to n factors, 
to m factors) 
to n factors) 
to (m + n ) factors 
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Cov, 2m (a TO ) B « a m *, when m and n are any two positive 
integers. 

For ' ( a m ) n = a m x a m x a“ x . . . to n factors 

a d m + m + m + • ■ ■ • ton terms [ by Cor. 1. ] 

and = a mn . 

C0Vm 3m tt w To" =* a m ~\ when m and n are positive integers 
and m is greater than n. 

For x a" = a hn -«)+ " [ because m - n is a 

positive integer. ] 

a ,n -i- a” = tt"*-". 

3. Assuming the formula a" 1 x a n = a m+ ' 1 to be 
true for all values of at and n, to find meanings for 
quantities with fractional or negative indices. 

p 

(i) To find the meaniug of a 7 , when and q are any two 
positive integers. 

Since a“ x a* = a m * n for all values of m and n t putting 

— for each of them, we have 
9 

P v p ?P 

a v x a 7 = a 7 7 = a 7 . 


V P l> S P P lip 

Similarly, a 7 x a 7 x a 7 = a 7 x a 7 — a 7 , and so on. 

p p p 

Hence, a 7 x a 7 x a 7 .to ^ factors 

qp 


= a q = a". 

Thus a 7 is equal to the y ,fc root of a**, and is therefore 
equivalent to 'i/a*. 

CoVm Hence — ^/a, = '\/a, — ^/a, and so on. 

i 

Generally, a w = X/a. 
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.1 j_ i. / 

Note. From the Index Law it is also easy to aee that a 9 x a 9 x a 9 x 

P_ 

, .. to p factors = a q . Thus a 9 may as well be regarded as the p th power 

1 _P 

of a. v , i.c., equivalent to ( \ / a) p . Thus a 9 may be interpreted either as 
the q th root of the p tn power of a, or as the p th power of the q th root of a. 


(ii) To find the meaning of a 0 . 

Since a m xo* = a m+n is true for all values of m and « r 
putting m — 0 we have 

.o+* 


a 0 x a" 




a' 
a v -j- a" 


a" 

1. 


Thus any quantity raised to the power zero is equivalent to 1. 

(iii) To find the meaning of a~ n , where h is any positive 
integer. 

Since a”*xa* =■ a m +" is true for all values of m and n t 
, putting m = - n> we have 

a~ n x a" = a"" +n = a 0 - 1 ; 

a - " =■ ^ , and a" = —^ . 
a" * a~ n 

Cor. Hence a m -s- a n — a m ~ n for aZZ values of m and n. 

a m 

For a m -r-a n = — = a m x a~ n = a m ~ n . 
a 

r> 

Example 1. Find the value of 8 :> . 

8^ - (V 8 )'"’ = 2 3 - 32. 

_ r i 

Example 2. Find the value of 4 2 . 

1 1 = 1 
2 r> 3 2 ‘ 


4-1. 1 _ 

■■ (jiy 


4- 


.— S 4/_ 1 

Example 3. Multiply together \a'\ a 4 ,' s]a B and — r •. 

A 

r> s _r. 

The required product = a? x a T x a * x a® 


J5 J ^ Z5 , o 

= a* +T 1+5 


a- 


-A + S 


a 2+ ® = a 5 . 
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Exercise (6) 


Express the following 
indices : — 

avoiding fractional 

or negative 




3 

r» 

1. a*. 

2. 

® 3. 

_4 ' 

X 3 

4. ®"*x3 a" 2 . 

5. 

8ra~ 2 x»i 6. 

_ 4 _ 5 

x 3 4- 3a T . 

7. x“ 5 4-2x~*\ 

8. 

r ;/x 2 -v- V^. 


9. *j/a -*x^/a K . 

10. 




Express the following avoiding radical signs and negative 
indices :— 



Find the value of:— 


17. 

4~ ¥ . 

18. 8*. 

19. 

9- r . 

20. 

R 

16 L 

21. 81'* 

22. 

1 

6“ 2 * 

23. 

(125) \ 

«• ay ■ 

25. 

/'.AW 
\ 216 / 

26. 

Simplify 

U fi w- fl ■»* 




4. To prove that ( a m ) n = a mv is true for all 
values of m and n. 

(i) Let n be a positive integer. Then, whatever may be 
the value of m, we have 

_ Q'*n+tn+m 4 -. 

*= O mn . 


. to n factors 

• to » terras 
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(ii) Let n b # e a positive fraction equal to —where p and 
q are positive integers. Then we have 

■ LS.(j.V(J (Art. 3, (i)] 


- Zj7c 


a mn . 


f b y (>)1 

[Art. 3, (i)j 


(iii) Let n be any negative quantity, equal to - p t where p 
is positive. Then we have 


™ -p \ 

(a m ) = (« m ) = 

' v 1 (a m ) p 


= a~ mp 


[Art, 3, (iii)] 

[by (i) and (ii)] 
[Art. 3, (iii)] 


= a m{ - p> =* a mn . 

Thus the proposition is established. 

5. To prove that a n b n = {ab) n for all values of n. 

(i) Let n be a positive integer. Then we have 

a”b H — (a. a. a . to n factors) 

x (b. b. o. ... to n factors) 

— (ab. ab. ab. ... to n factors) 

— («&)**. 

(ii) Let n be a positive fraction equal to ?, where p and 
q are positive integers. Then putting x for a n b n we have 


* , 9 

x — a b t 


( JL JL \» 

/. x'-\a'b') 

- )'-(.■ r 


[•>y (■)] 
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«■ a*x&* 

, [ Art ' 4 ] 


- (a6)'; 

Oy (■)] 


x - ( ab ) g ; 

i.e ., =* (a6) n . 

(iii) 

Let n be any negative quantity, equal to - p , where 

is positive. 

Then we have 



a*b n - a~ p b~ p 



1 

” a p b p 

[Art. 3, (iii)] 


1 

“ (ab) p 

[by (i) and (iii)] 


- (ab)-» 

[Art. 3, (iii)] 


*• ( ab) n t 


Thus 

the proposition is established. 

Cor. 1. 

*- « a”b~ u - a* (^b~ i y 

- M - (if- 

Cor. 2. 

a il b*c n - (ai) fl c H 

«*= (tt6c) w ; 

generally, 

a'^'c'd" .... * (a6ccf . . . 

■)*■ 


6. Applications of the results proved in the last 
two articles. 


Example 1. Simplify (a a b s )~*. 

R 3 3 r> 3 

-•••<-» x»*«> 

■» a~*b *. 

Example 2. Simplify Ja~‘ j b x Va6 -:J * 

Ja~*b ■» «* (a -s )^x6^ = o*" 1 ^ ; 

VaF 8 " = ( a &-®)* = a*x (6" 8 )^ - aV 1 . 
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Hence, the given expression 

*« a -1 6 ¥ x b ~ 1 

_ _1+ i A- 1 “l.'i 


xb 


a b 


.Example 3. Simplify ^Ja*b~K~* 

S _1 7 

= s c **; 


anil 


,y/a*S~V* = (a l b-'c*y 

- (.•) W «* 


4 1 B 

= a*/. 

Hence, the given expression 


« 1 _ 1 4 1 .5 

= 0 s b *C T 2 -j-rt 3 & *€** 

3 1 7 4 1 _ 5 

* flW w x«‘¥e ** 

3_4 _1 + 1 _ 7 _ 5 

« a* *6 3 ®c ** ** 


a^6°c -1 


a^c” 1 . 


Exercise (7). 


Simplify— 


(•-*)•■ 

/ 2 5 \ 3 

2. (a 

3. (a'h-’Y 

(a* i^“s. 

5. (V«*5 8 ) • 

^ «' IS * 

1 

dk 

cd 



56 


algbbiu made easy. 


[Chap 


7. 

y'*-* Jy 5 x y/; 


8. *ya -a 6 4 *x 8 - 


x\!v' a ' 


10. (8*» + S7a-»)». 11. (64* 8 -j-27a~ 3 ) *. 

12. 'Va"6 _ -“c-‘ x Va-“6VT 13. y/o^ 4 ^’- 

i 4 . A »- v .( v ^)'' i ,^:)'^)- 5 

7. Miscellaneous Examples. 

Example 1. Divide a + 6 + c + 3a^6^ + 3a^ 6 3 by a 3 + b s + c J . 

Let us proceed by arranging the dividend and the divisor 
according to descending powers of a : — 

a 3 -t* (6 3 + c 3 )Vt + 3 c$lr* + 3et 3 6 3 + (b + c)/ a s + a 3 (2- c 3 ) 

4. r i\ V 4- (b s — + C 3 ^ 


:*j\a + 3a* 0*+ : 
r a+ a 3 (6 3 + c 3 ) 


i 3 (6 3 + cfy > + (b s - + c 3 ) 

o^(26^ — c 3 ) + 3a 3 6 3 4- (b + c) 

fl\i l a l l 2 

a 3 (26 3 —c ;t ) + a 3 (2b s + 6*c 5 - c 3 ) 


13 11 


a 3 (6 3 - 6 3 c 3 + c 3 ) + (5 4- c) 
a 3 (6 5 - 6 3 c 3 + c 3 ) + (6 + c) 


Thus the required quotient 

2 11 11 3 11 3 

= a 3 + 2a 3 6 3 - a 3 c 3 + & 3 - 6 3 c 3 + c 3 . 

Note. In multiplication as well as in division the arrangement of 
the expressions concerned according to ascending or descending powers of 
some. common letter should never be overlooked. Such arrangements 
invariably give neatness to the required operations, if not always indis- 
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Example 2. Divide x 3 + a 3 x 3 +a 3 by 


Let 
Then m 


n— 1 - «— 2 fi — 2 m—1 

, x 3 —a 3 x 3 +a 3 


W-2 w-2 

m = x 3 ■ and n — a 3 


and 


( n-2\2 «-3 »<-i 

j = * 3X2 = * s , 

* = („.)• = y-y = 


K2 _ 


X 3 . 


n- l 


Similarly, n 2 = a 3 and n 4 — a 3 . 


Hence, 


n h— 1 ji — 1 

x 3 + « 2 of 2 + a 2 


»i—1 7i-2 m-2 1 

x 3 -a 3 x 3 + a 2 


to* + m 3 n 3 4-n* (m 3 + n 3 ) 3 — m 3 v 3 

m 3 — mn + n 2 to 2 — win + 7i 2 

(to 2 + 7i 2 + mn)(m 3 + w 2 — win) 
to 2 — TO 71 + n 2 

= to 2 + mn + 7i 2 

*-l « — 2 * — 2 «* — 1 

= x 3 +x 3 ft- + a 2 


Example 3. Shew that 


1 


l +■ x m ~ n + x m ~ p 


1 + x"~ m + x"~ p 1 + x p ~ m + a"-* 


= - 1 . 


The 1st term = 


x~ 


X~ m (l + x m - n + x m -*) 


X + X~ n + X 


■p > 


the 2nd term = 


x 


*-(l 


x~ n + x~ m + x~ p * 
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SB * 

and the 3rd term * -—--—t 

*-"(1 + a p “ m + **'-") 


x~ M + x~ m + x~ H 
Hence, the given expression 


x~ m + x~ n + x~ v x~ n + x~ " + x~ p x~ p + x~ m + x" 

x~ m + x~* + x~ p ^ 
aF^ + x-* +x~ p “ ’ 


•‘Example 4. Solve the equation 


a~*.(a* + b~ K ) 


« 2 6 9 +1 
"a 5 * 6* 


We have a“*.a* + a~ z .b~ x =• 1 + 


a*6- * 


Hence 


1 + (ab)~* = 1 +«“*£>“* 

( ab)~* — (a6)“ 9 , 
x *= 2. 


Example 5. If a? * b a , shew that = a 6 *; and 

if a » 2b , shew that 6 « 2. 

Since a* ■■ 6 a , 

a 

a «= 6^ [extracting the 6th root of both aides] 


Hence, 


/ a \ b a * a’* r 

U/ a 


If o — 26, from the given relation we have 

(24/ - (4)** - (4*)*, 
24 - 4*. /. 4-2. 
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(Example 6. *If x = (a+ Ja* +6 8 ^ + ^a~ Ja^+b*^* 

shew that x a 4* 3 bx -2 a =* 0. 

Putting m for a +■ *J&* + 6 a , 

and n for a - Va 5 * + 6 3 , we have 

a? 8 a (m*4*»^) 8 

= ( 7 / 1 3 ) + (n 5 ) 4- 3m 3 .+ n 5 ) 

ill 

** m + n 4 - 3(mn)*. (m* + n*) 

i 

*■ m + n 4- 3 {mn)*.x. 

But m + n =* 2a, 

and (mn)* = {a 9 — (a 2 + & 8 ) } 5 

=» ( - i 3 )^ — - b ; 

.*. a 3 =* 2a - 3&r, 

*® 4- 3 bx - 2a —0. 
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Exercise (8). 

Multiply:— 

1. x s + 2x* + 3x* + 2x v + 1 by X s - 2x* +1. 

*2. a* + 3a*6* + 9 b* by a 3 - 3b*. 

•3. 1 +a5 _1 +a 9 A“ 9 by 1 -ai” 1 +a 9 6“*. 

m 

4. x + 2y' ff 4- 3z 3 by as - 2y^ + 3z^. 

_ _i _i _i _i 

5. x~ x +x *y * 4-y -1 by as” 1 - x *y * + y~ x . 

6. a 7 - a* +1 - a~* 4 * a * by a* + 1 4* a *. 

9 1 S 11 11 11 ill 

*7. ** 4- y* 4- 2 ^ - y*z 3 — z*x* - a^y^ by a; 7 4- y* 4* **. 
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8 . 

9. 

JO. 


11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 
22 . 
23. 


24. 


25. 

26. 


o m + 3 b n - 2 c p by a m — 3 b n + 2 c p . 

A 

a? + 8 ab + 4 a'-b* + 2 a*b s + 32 b s + 16a^6 :{ by - 26 3 . 


3. _1 


a ¥ +a 4 a M +a ff + a K a ^ + a H a -+a 2 x w by 

1 L -l -3 1 _i 

a 8 +a 8 a 4 -a? H -o 4 a H . 

Divide :— 


x 5 — 4a; 2 — 2a; 5 + 6* — a; 2 by a; 5 + 2 - 4a; 5 . 

8 +12a; -1 + 2a; 2 + 2a; 4 by a" 2 - 2a 1 + 4. 

i _i „i _i _i _i 

ay -1 + 2a 2 y 2 + 3 + 2# 2 y 2 + % _1 y by x 1 + a 5 y 2 +y -1 . 

G 3 3 .1. r, 3 1 1 3 

a 5 - a*b + ab' 2 — 2a 2 "6 2 + 6 2 by a 2 - ab' 2 + a 2 6 - 6 5 . 

8a~ n - 8#’* + 5a 3n - 3* -3 " by 5#’* - 3a -w . 

i i 


8a; 2 + y 5 — z + 6a 2 y 2 2 3 by 2a 2 + y 2 - z s . 


3 3 


3 s 


Show that a 3 + o 3 + a 2 a 2 is divisible by x T + a T + a, H a 8 . 


Multiply a 


*— i • — i ■ ■ i 

a tl 2 L.r .1.3 


n- 1 


by a 5 


— o‘ 


Divide 


Simplify 


a 8 -y- 


by a* 


n— 1 


n — 1 


+ y- 


Divide 2# ^ + 3x 4 - 7a^ + a - 2a 2 by - 2a 

3 111. 

Find the square of a 4 -a 2 y 4 +y 5 . 

n ft 

by a 5 - a 5 


Jin 3*i 

Divide a 2 —a* 5 


A L If 

Find the square of a 5 - 2a 5 + a T . 

i _ i _ i i 

Divide aa'" 1 + a” 1 a + 2 bv a 5 a 5 + a s x* — 1. 


Simplify 


( 


o-6 

a*-6* 


3 3 

« 2 - 6 5 

a - 6 


) 


-i 
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'27. Simplify 


26. Simplify 


29. Simplify 


30. Simplify 


,r^ + 3 — 3 x^y s ■+■ 

—[ r + i r jf * 

ac^ — 3y' s x 3 + 3i; tf y 3 + 9y* 

* » l 1 a 

- a#* + 

a 2 - a 2 x^ + 3 (i*x - 3aa;^ + a?x u — x 2 
a 2 +£ 2 _ a -2 _ & -a („ j-i) 


a»6 2 -a" 5 ^" 2 


a6 + a 1 6“ 1 


*-.V 




ajT + ar^y^ + x^y^ 


31. Simplify 

(a + b + c)(a~ l +b ~ 1 +c -1 )-a'“ 1 i _1 c" 1 (6 + c)(c + a)(a + 6). 
Solve :— 


2*+ 7 


32. 2-*- 7 - 4* fs . 33. ( V3)’ +5 = fV*)’ 

/ \4*|-7 / _\ 2 ar+ 7 

34. (Vi) - ('V^) 

_\2*+l / _\*+6 

V 25 ) =(V125) . 

36. 2 3 * -1 = 4"M o 7 9 2x ~* = 

3x ~y = 1 /’ '*'• 2 3x 

38. 4 3,/ ~ l = 16 r+,/ 1 2*+*'+* « 

3*+3» = 92*+3j* 39 > 53y+2 „ 


g 2x—3 = ( /3)2*-*' 

2 3x *= 4 * 


2*+»+* 
39. 5 3 *+ 2 


2*+»+* B g*+i-.v 
g3y+2 „ 25^* 

JJ2a:+2*+jr _ Q 3*+|T 


40. ( n/o) + = (V°) 

(Vi)' + “I (V») 

(v)' - M 


y+*-l 


i+f+1 



CHAPTER III. 


SURDS. 


1. Definition. Any root of any arithmetical number 
which cannot be exactly found is called a surd or an irrational 
quantity. Thus J2, JG, 3 N /4, and 4 */5 are all surds. 


Note 1. Quantities which are not surds are called rational quantities. 
Hence every root of an arithmetical number is either rational or irrational. 
Thus \J8, */25 and \/lfi are rational quantities, whilst nj‘2, %]§ and 
are all irrational quantities. 

Note 2. An algebraical expression also, such as *Jx, is called a surd 
although the value of x may be such that sjx is not in reality a surd. For 
instance, if x -- 4, N /.r ~ N /4 -= 2, and is therefore not really a surd. 

2. To express in the form of a surd the product* 
of a rational quantity and a surd. 


Example 1 . 5 N /3 


Example 2. 2 */9 


IS 

U*- 

X 

W 

w»- 


fs* x 3^ 

[ Art. 5, Chap. 11. ] 

Jo' 4 x 3 a* 

J75. 

x 93 


/ \1 


( 2 * x 9J* 

[ Art. 5, Chap. II. } 

= 

V 72. 


Exercise (9). 


Express as a complete surd :— 

1. 3^5. 2. 2 V 3 - 3. 2*/6. 

5. ajb. 0. 7. a 1 *Jb*. 


4. 4tf5. 



III.] 


SURDS. 


63- 


3. A surd may sometimes be expressed as the 
product of a rational quantity and a surd. 

Example 1. */32 = n/iTjTJ 

0 

. =» (4* x 2)^ 

- (4*)^ x 2^ [ Art. 5, Chap/ II. ] 

= 4x2^ = 4^/2 

Example 2. ®/4() = VWx b 

- (2 s x 5)* 

= (2 s )* x 5* [Art. VChap. II. j 

= 2x5^ 

- 2 V5. 

Exercise (10.) 

Simplify :— 

1. v /iK- 2 . JBo. 3 y-irio. 

4. V128. 5. 'jm. q syrgfg 

7. V1875. 8 . Va’l,: 9 . y x <. a 

]0. V — 2560. 11. y-192 a ri‘. 12. Vsoo^. 

4. Similar surds. Two or more surds are said to be 
similar or like when they can be so reduced as to hav« th* 00 , 
irrational factor. Thus J45 and JSO are similar surds for 
they are respectively equivalent to 3 J5 and 4 J5. The sum of 
any number of similar surds may be found as follows 

Example 1. ^147+^/27 

- Vi9 x 3 + n/ 9 x 3 

= 7 ^ 34 - 3^3 - 10 J3. 

Example 2. V625 - «/T 35 + ®/?0 

- Vl25 X 5 - V 27 T 5 + V8 X 5 
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r 

« - 'V«3* x 5 + 1/-2 3 X 5 

-sys-sys + ays 

- 4 ys. 

Exercise (ii). 

Simplify:— 

1. JI2+V 78 - 2 - n/TS + V32. 3. V20+ ^180. 

4. ysB-yBO 5. yi2«-y5i. e. ym+ym. 

7. y76K - V 243 - 8 2 V 27 - V 75 + n/ 12 - 

9. 2 ^405 - 3 yi2B + n/4T> l 10. 4^192-4^375 + 2^2?. 

11 . 3 y40 + 2 yG25 - 4 y‘320. 

12. 5 \/ - 54 - 2 \/ - 16 + 4 V6H6. 

13. n/45x» + n/80P* + ■ 

14. * %/x'^a + y V — 8y 3 a — z'\! — 27z^a. 

15. 2 ys-itt** + 3 V5lTa T x - 4a V162*.' 

5. Surds of the same order. Surds arc .aid to be o/ 
Me same order or equiradical when they have all got the same 

root symbol. Thus y5, N /a 3 and (a + ar)^are all surds of the 
same (the second) order. 

A surd of the second order is often called a quadratic 
Surd ; whilst one of the third order, as \/4 or 1/a 2 , is called a 

cubic surd. 

Surds of different orders may be reduced to equivalent 
surds of the same order. 

Example 1. Reduce and a y4 to surds of the same order. 

The given surds are respectively of the 2nd and 3rd orders ; 
and the L. C. M- of 2 and 3 is 6. Hence we cau at once reduce 
them to surds of the 6th order, thus :— 

jh - 5 * - 5* - ys* - yl25 

y4 = 4* - 4* - y?* = yi6. 

Thus the required surds are yi25 and yi6. 
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»Example 2. Reduce y3 and %J 2 to surds of the same order. 
The L. C. M. of 6 and 8 is 24. 

Thus we have • 

X/3 = 3^ = 3-* 4 - 2 yp = *V«1, 

and 8/2 = 2^ - 2 * = ■*/§* = »*/8. 

Thus the required surds are 2 ^/8’f and 2 ^/3. 

Example 3. Which is the greater a J9 or %J20 1 

We have ®/9 =■ 9 3 = 9 ia = 1 V9* ™ , V6561, 

and \J2 0 = 20* = 20** = 1 */2d* = 1 8/8000. 

Thus the given surds are respectively equivalent to 1 y6561 
and 1 y8000, and as the latter is greater than the former, there¬ 
fore V20> V 9 - 

Exercise ( 12 ). 

Reduce to surds of the same order : — 

1. J3 and V2. 2. V* and V®- 3. V 2 a » d V 3 - 

4. y3 and V 5 - 5. V 4 aild V 6 - 

Which is the greater :— 

6. V2 or ys 1 7 . ys or V 4 i 8. ye or yio? 

Arrange according to descending order of magnitude :— 

9. V6, J2 and 3 /4. 10. 4 /3, ylO and 1 V25. 

■ 6. Multiplication and division of surds. 

Example 1. V6x yio = 6*x 10* 

= (6 x10)^ 

- VS® , 

Note. In this example the given Burda are of the tame order. 

2—5 
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Example 2. V 5 * V s - 5^ x 8^ 

3 a 
- 5 T *x8** 


x ^g 8 ^ 1 2 [Art. 4, Chap. II.] 
^5 3 X 8 8 ^ T * [Art. 5, Chap. II.] 


1 “J\2b X 64 
1 ^ 8000 . 


Note. In this example the given sunls are of different orders. 

Example 3. V 2 x V 2 - 2^ x 2* 

1 + 1 

= 2 3 5 

- 2"“ T = 1 V 2 " 

- 1 r >J'2Mi. 

Note. In this example the given surds have got the same quantity- 
under the radical sign. They may as well be regarded as surds*of different 
orders and treated like those in the last example. 

Example 4. 4 ^18 x J7h 

- 4.3 J2x5J3 

- 60 J2. JS - 60 J6. 

Note. In this example the given surds have becn^ reduced to simpler 
forms before multiplication. 

Example 5. V4-S-V6 = 4^4-61 


2 :< 

4 1T -J-6 V “ 


( 42 )A 

,, /2 

V 2?* 


[Art. 4, Chap. II.] 


[Cor. 1, Art. 5, Chap. II.] 
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/ 

Example 6. Express ^5 -r 3 J3 as a fraction with a rational 


denominator. 3 

Wo have » 


J5 + 3J3 = 


75 _ J5xJ3 
3 J3 3 J3 x J3 

n /15 = yl5 
3x3 ~ 9 


Note. Fur arithmetical calculations it is always most convenient t» 
reduce the quotient of one surd by another to the form of a fraction with a 
rational denominator. Hence even when the numerical value of a surd frac¬ 
tion is not required it is usual to express it in the above form. 


Hxercise (13). 


Simplify :— 


1. 

Ja x /10. 

2. 

x 76. 

3. 

J-J7: 

< J3. 

4. 

715 x />. 

5. 

72f> x Jio 

6. 

75 X 

■V25. 

7. 

76MX 

8. 

y-2 x V6. 

9. 

72 x 

5/6. 

10. 

Vi X V 8 - 

11. 

V* X V27. 

12. 

72 X 

5/3. 

13. 

*/3 x /3. 

14. 

72 X /2- 

15. 

74 X 

5/4. 

16. 

5 J8 x 2 />• 



17. 

87T2 

! x 3 724. 

18. 

4 V~ 'i x 5 ’/57U. 

19. 

7 78a s 7 s x 

5 V27A 3 i*. 


20. 

8 /ro—4 713. 

21. 

3^/12-6/27. 



22. 

736- 748. 

23. 

V® * 76- 





Given 72 = 1-414, 

>/3 

- 1732, 7 

5 ■= 

2 236, 

find to 3 


places of decimals the numerical value of:— 

24. J6. 25. J72 + JiO. 26. J%75 + J22. 

27. lO^TOS-i-/!&• 

7. Compound Surds. An expression consisting of two 
or more simple surds connected by the sign + or - is called a 
compound surd. Thus 5 J 2 and 4 J 3 are simple surds, but 
5 J2 + ± JZ and 5 J2 - 4 JZ are compound surds. 

Two or more compound surds are multiplied together in the 
same way as two .or more compound-algebraical expressions. 
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Example 1. Multiply 3 ^/x + 2 ^3 by Jx- J3. 

(3 Jx + 2 J3)( Jx - ^3) - 3 v 'x. Jx + 2*^3. ^x 

-3Jx.J3-2 J3. J3 
= 3x + 2 j3x-3 J3x - 6 
= 3x — *«/3x - 6. 

Example 2. Multiply 7 v /2+ ^3 by 7 J2- J3. 

< (7 V2 + JS){7 J2 - n / 3) - (7 ^2)» - ( 73) a 

= 49.2-3 
= 98-3 = 95. 

Example 3. Find the square of J'du,+x+ Jiia-s . 

( J'Sa + x + J3a - x)' J = ( Jlia + x)' 2 + ( <s/3a - a) 5 * 

+ 2 \/3« + x. <v/3a - x 
= (3a + x) +(3a - x) + 2 \/9a* - x* 

= Ga + 2 Jiia* - x 2 . 

Exercise (14)- 

Multiply :— 

1. vA*+ by >/a6. 2. x /a + ^6 by v /a - Jb. 

3. 3 Ja - 5 by 2 Ja. 4. 4 Jx + 3 Jy by i Jx - $ Jg, 

5. 2 7af — 5 + 4 by 3 V# — 5 — 6. 

6. 3 v /5 - 4 J-2 by 2 jr> + 3 72. 

7. 72 + 273 + 77 by 72 + 273- 77. 

8. 3- 75+ 78 by 3- 75- 78. 

9. 711+76 - 73 by 71I- 76 + 73. 

10. V 4 + 3 7» + V" 4 » by “72 + V 3 - 

, Find the square of :— 

11. + d - *Jx — a,. 12. 2 ^8 + 5 J6. 

13. 2 75 + 3 77. 14. Ja* + 25* - Ja' - 24*. 

15. 2 7**+y 5 + 5 Jx*-y*. 
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8. Rationalisation. If two surds be such that th&r 
product is rational, each of them is said to be rationalised 
wheu multiplied by the other. Thus 2 ^5 and J3+ v /2 are 
rationalised when respectively multiplied by Jo and J 3 - J2 ; 

for, 2 Jb x Jo — 10, 

and ( J3 + J2){ J3 - J2) = 3-2 = 1. 

Two binomial quadratic surds which dilfer only jin the 
sign which connects their terms are said to be Conjugate or 
complementary to each other. Thus J'6 + J’2 and 2 J r - 
Jl are respectively conjugate or complementary to J3—J2 
and 2 Jb + J 7. 

Evidently therefore every binomial quadratic surd is ration¬ 
alised when multiplied by the complementary surd. 

Hence a fraction with a binomial quadratic surd for its 
denominator can be easily reduced to an equivalent fraction 
with a rational denominator. 

Example 1. Given J’2 =■' 1414, find to three places of 

1 + /2 

decimals the value of -— , . 

3-2 J2 

1+ J2 (1+ J2)(3 + 2J’2) 

3-2 J2 (3-2 j2){3-r2j2) 

_ 3 + 3 J2 + 2 J2 + 4 

9-8 

= 7 + 5 J2 
= 7 + 5x 1-414 
= 7 + 7 070 = 14070. 

Example 2. Rationalise the denominator of 

J l 4- xS - J 1 - as 2 
JT+x l + Jl-x* 

The given expression 

_ ( J\T^- Jl _ 

U/F+«- + JT-x*)( JT+x* - JT^x*) 

n + .r 2 ) + (l - .r 2 ) - 2 JT^^ 


(l+ar 2 )-(l-* 2 ) 
2-2 Jl - a: 4 1 - 




70 


algebra made easy. 


[Chap. 


Example 3. Simplify ■ 

The denominator ■= 5 J3 -2x2 J3 - 4 J'2 + 5 J2 

= V 3 + s/2- 

Hence, the given fraction 

3* JG 
"j 3 + 7 2 

<3 * JG)( J3 - J-2) 

1 s/3 + J2)( J3 - J-2) 

_ 3J3-3J-2 + 3J-2-2J3 
3-2" 

- J3. 

Example 4. Simpiify + . 

The 1st term 

3 J2_ _ JG _ JG( J-2 -1) 

J3( I + J2) J'2 + l ( J-2 + l)( Jl- 1) 

- 2J3- JG 

The 2nd term 

4 J3 2^/6 2 JG( J3-_\) 

J2( s/3+1) J3 + 1 (Ji + \)(j3-i) 

_ 20 J2 _ 3J2 _ V6 _ 


The 3rd term 


2 


s/6_ s/«( s /3 - s/2) 3 ,, , ,, 

s/3"'-Ts/2 ( s/3 + s/2)( s/3 — s/"2) V V 

Hence the given expression 

= (2 s/3 - s/6)-(3 s/2 - s/6) + (3 s/2-2 s/3) 

= 0 

Ijr 

Example 5. Bring ---- to a form with a rational 

2* + 2* + l 


denominator. 


(Bombay University P. E. Paper, 1890.) 
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The given expression 


<2' a + l) + 2 T 
■o£ which the denominator 


7{(2* + l)-2T} 

{( 2 ^ + 1 ) + 2 *}{( 2 * + 1 ) — 2 *} 


- (2^~+l) a -2- 

- (2 + 2.2* + l)-2* = 3 + 2*. 

Hence, the given expression 

7{(2*+l)-2^f 
3 + 2* 

7(1 - 2'* + 2*)(3 - 2 a ) _ 7(3 - 3.2^ + 3.2^ - 2* + 2* - 2) 
(3 + 2*)(3 - 2-) J w 

= 1 - 3.2^ + 2.2^ + 2*. 

Note. It may be observed in this conneebion that any fraction of 

'the form — - ---- can be reduced to an equivalent fraction with 

s/t* + *Jb + tje 1 

a rational denominator as follows :—Multiply the numerator and denominator 
by *Ja+ fjb - *Jc ; the denominator thus becomes (*Ja + - ( N /c)* or 

■ a + b-c \-‘Z\]ab. Now multiply both numerator and denominator by 

(a + b- c) - 2 \ f nb, on which the denominator becomes (a + b — r)* - 4 ah, which 
is rational. 

Exercise ( 15 ). 

Reduce to an equivalent fraction with a rational denomi¬ 
nator :— 


1 *5 x/3 + 

* 4V3 + 277’ 

o 4 + 3^2 
3 - 2 72 * 

s!a + x+ Ja- x 
<Ja + x - 7a - x 

1 _ 

1 + 72 + 73 


o 3 72 + 2 73 
3 72 - 2 73 * 

4 375+ 73 

75 - 73 * 

R V^TT- 

Jx* + 1 + sfx a - 1 

12 

3 + 73 — 2 


7. 


8 . 
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g (J*+ JZ) U*+J 2 ) _1 

V"2 + J3 + Jb ' ^ 10 + V'14> /15 + JSf ‘ 


Given ^2 - 1414, ^3 - 1-732, ^5 = 2-236, find to- 

three places of decimals the value of:— 


+ 1 
<M n 

12 . 

s/3 

2- j3' 

13. 

8-5 J 2 

3 - 2 s/2 ' 

3 

15. 

3+ s/5 

10 . 

\/5 + ^/3 

\A> ~ J 2 

3- J5' 

'4+ v'lr, ' 


Simplify : 

1 1 
17 — _ 

X+ JX* — 1 X— s] JS a — 1 


18. 

19. 

20 . 
21 . 

22 . 


15 

v/f6V ^20+^40 - Jr,- J#Q • 
J2(J3 + ])(2- J3) 

(n/2 - W J*-5)V + J1)‘ 

(3 + 2 x /2)- 3 + (3-2 n /2) *. 

X +■ JX* -\ X - Jx* - 1 

X — Jx~ — 1 X + J X* - \ 

Jx* + 1 + J**~- V^ + l - ^ a £T 

n/js 54 + 1 - s/as* - 1 n/x 5! + 1+ Jx'“-1 


9. To find a factor which will rationalise any 
given binomial surd. 

Every binomial surd must be of the form Ja+ Jb or >/a 


- Jb. For instance, 3* + 2* - V 3 *+V 2T - */27+yi6; 

and 4*-3* = - yiG- 1 ^!. 

I. Let it be of the forru Ja + Jb. 

Let Ja «= x , and Jb =* y ; and let n be the L. C. M. of 
p and q. 

Then x n and y* are clearly rational quantities. 

Hence, if a factor P bo found such that (as + y).P * a" + y* 
or, as" - y", P will be the very factor we seek. 
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Now, we know that if n be an even integer x + y divides 
x"-y n only, and we have a**-y w = (af + y)^’*" 1 -x*~ 2 y + . . . + 
ity n ~* -y w_1 ) > and ^ » be an odd integer & + y divides x n + y n 
only, and we have 

x" + y n = (« + y)(x w_1 - a* -2 y + .... - ary’ ,_a + 

* Hence, if n be even, the rationalising factor and the rational 

product are respectively a w_1 - a n_2 y -h. + xy v ~ 2 - y“ _l , 

and a* - y n ; whilst if n be odd, these quantities are respectively 
x ’* 1 - x n ~ 2 y + .... -ary™ -2 + y“ -1 , and &” + y n . 

II. If the binomial surd be of the form ‘Jja - %Jb, taking 
x, y and n to mean the same as before, we see that a factor Q 
will rationalise x-y if Q be such that {x - y).l} = X n -y n or 
s" + y w . 

Now, we know that x-y divides * n -y n only for all values 
of n , and that x n -y n = {x - y)(x"~ l + x n ~ 2 y + .... +xy' , :2 

+r ')- 

Hence, in this case, whether n be odd or even, the rational¬ 
ising factor is x n ~ l + a’* -si y +'. + xy n ~- + y" -1 , and the 

rational product is X” - y n . 

Example l. Find the factor which will rationalise , 'J s /3 + N /2. 


The given surd = 3^+2^. 

i l 

Putting x — 3 3 , y « 2 a , we see that x° and y 8 are both 
rational, and wo also know that x 6 -y 8 = (x + y)(x r ' - x*y + x n y 2 
— as 3 y 3 + ury 4 -y r> ). 

Hence, the required factor 

= x s — x 1 y + x 3 y 2 - x 2 y 3 + xy 4 - y ’ 


1 r> 141 ISIS 12 IS 114 

- ( 3 3 ) - ( 3 : *) .2 - +( 3 3 ) .( 2 ’-) -( 3 ") .( 2 a ) + 3 ^.( 2 ^) 

1 5 

- ( 2 *) 

r, 4i 2 s i a r 

= 3 *- 3 3 2 * + 3 . 2 - 3 5 . 2 - + 3*2 - 2 - r ; 
and the rational product 


1C 16 

= (3*) - (2*) - 3* -2® - 1. 


Example 2. 


t» , 3J3-V5 

lieduce 


with a rational denominator. 


to an equivalent fraction. 
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The denominator of the given expression 

i 1 

» 3- - 5*. 


Putting x = 3’*, y — 5*, we see that x ® and y® are 
both rational, and we also know that 

«®-y® = (x - y)(x s +x l y+ x a y* + x*y a + xy*+y !i ). 

Hence, the rationalising factor of the denominator 
= x R +x l y + a 3 y a + a 2 y 3 + «y 4 + y 5 

IB 141 1312 1213 


- (3*) +(3*> 5* +(3*). (5*) + (3*). (5*) 


114 15 

+ 3 T .(5^) + (5 5 ) 


= 3^ + 3 s .5^ + 3^.5^ + 3.5 + 3*.5^ + 5^; 


and the rationalised denominator 

- (3*)* - (5^) ft = 3 3 - 5 2 = 2. 

Hence, the given expression 

(3^ - 5^)(3^ + 3 2 .r>* + 3*.5* + 3.5 + 3*5* + 5*) 

_ 


Exercise ( 16 ). 


Find the factor which will rationalise :— 


J 3 - 74. 

5 3 

2. 

^6 + V3. 

4 a 

3. 

2 4 - 3*. 

5. 

3* + 4«. 

6 


3 + V*- 

4 - 75. 


Reduce to an equivalent fraction with a rational denomina¬ 
tor :— 


7. 

10 . 


2- _V4 
a + 74' 

3- «/3 
3+ {/ 9* 


J 3+V 

JS - 72 ' 


2 


Q jJ*T 

j* + V32 ' 


10. The square root of a rational quantity can¬ 
not be partly rational and partly a quadratic surd. 
If possible let Jn = a+ Jm. 
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Then, squaring both sides, we have 

n = a 2 + m + 2a Jm, 


whence, 


Jm =* 


n - a 2 - m 


2a 


Thus a surd is equal to a rational quantity, which is impos¬ 


sible. 


11. If a + Jb - x + Jy, where a and x are ration¬ 
al, and Jb and Jy are irrational, then will a - x 9 
and b * y. 

For if a be not equal to jr, let a = x + rn. 

Then we have x + m + Jb = x + Jy ; 

.’. m+ Jh = x /y. 

Thus is partly rational and partly a quadratic surd, 
which is impossible by the last article. 

Therefore a = x, and consequently Jb — Jy, or b = y. 

Noth, ft should be distinctly borne in mind that the results proved 
above are true only when Jb and Jy are really irrational. For instance, 
from the relation 5 + J 9 — 3+ J2 5, we cannot conclude that 5 = 3 and 
= 25. 


12. To find the square root of a + Jb, where Jb 
is a surd. 

Let ^/a + Jb = Jx+ Jy. 

Then, squaring both sides, we have 
a 4- Jb = x + y+Zjjty. 

Hence, by the last article, 

, “ ■ *74 .... o) 

and Jb — 2 Jxy) 

Hence, a 8 - b = ( x + y ) 2 - ixy 


Ja 2 -ft = x -y. 

Thus we have 
and 


x + y — a _ \ 

x - y =* Ja 2 — ft/ 
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Hence, by addition and subtraction, 

2 x = a+ % Jo* — 6, and 2y = a- Ja 54 

.*. x =* ^(a+ Ja*—b), aud y = i( tt ~ \/tL*-b). 

Thus ,y/«+*/£ = / y/^( a+ \/“ a -^ + y/-i). 

Not h. Fr om the values of x and y found uhove it is clear that 
unless Ju* — b is rational the square root obtained is by far more compli¬ 
cated than the original expression. Thus the process given above is of no 
great practical value except when a* - b is a perfect square. 

Cor. From (1) we have a - Jb — x + y - 2 Jxy = ( Jx - Jy)* ; 

Ja- Jb = Jx- Jy. Thus if Ja + Jb = Jx + Jy 
then will Ja- Jb — Jx - Jy. 

Example 1. Fiud the square root of 7 + 2 ^10. 

Let ^y/7 + 2^10 = Jx+ Jy. 

Then, squaring both sides, 

7 + 2^/10 *= x + y + 2jxy. 

Hence, x + y = 7 1 

and xy — 10 J 

The relations are evidently satisfied by the numbers 5 
and 2. 

Hence, the required root = Jo + J2. 

.Example 2. Find the square root of 16 - 5 J 7. 

Let JIti -5 J1 ■=* Jx- Jy. 

Then 16-5^7 = x + y - 2 Jxy. 

Therefore x + p — 16 | 

2 Jxy = 5 J1J 

Hence, (x — y) 3 - (x + y) s -4xy 

= 16 2 - (5 J7)* 

= 256-175 = 81 ; 

.\ x-y = 9. 

Thus we have x + y = 16\ 
x-y *» 9 J ’ 
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25 7 

whence, x =■ -- , and y = —--. 
’ 2 2 

Thus the required root *» 



Example 3. Find the square root of J’2l + Jit). 
J27 + n /15 = 3 ^3 4- JS J5 = ^3(3 + ^/5). 

Honce, ^ ^27 + 5 « V* + N /5 • 


Now, proceeding as in the last example, we find that 

\/ 3 + = \Z‘2 + \A ‘ 

Therefore J J27 + N /15 « + ^/']) • 


Exercise (17). 


Find the square root of :— 


1. 

8+2 JW. 

2. 

U-GJ5. 

3. 

17 + 12 

■A 

4. 

37 - 20 J3. 

5. 

31 + 4^21". 

6. 

73-12 

JA5. 

7. 

47 + 4 ^33. 

8. 

6 - V35. 

9. 

JlS- 

v'lfi- 

10. 

*732 - J-14. 

11. 

^27 + 724. 

12. 

5J5 + 

v/120. 

13. 

a~ + 2x Ja* - : 


14. 2a + 

2ja* 

-~b\ 


15. 

a + x + J’lax-i 

- x a . 

16. 2*- 

1 + 2 Jx % —x- 

-67 

17. 

x+y + z + 2 Jd 

r z + yz. 






13. If %Fa + JO = ac + Jy 9 then will Va^Jb 
= x- Jy. 

Since a Ja + Jb — x + Jy, 
cubing both sides, we have 

a + Jb as 3 + 3x 3 Jy + Sxy + y Jy. 

Hence, equating rational and irrational parts, we have 

a = x s + 3 xy \ 

and Jb « 3 x* Jy + y Jy J 
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Hence, a - Jb = x® - 3jc* Jy + 3 xy - y Jy. 

Va- Jb = Jx - Jy. 

Cor. Conversely if Va- Jb a; - J^ then Va + ~J*> 
- x+ Jy. 

Example 1. Find the cube root of 38 + 17 */5. 

Let V38 + 17 J5 - x + 
then V^8 -17 ^/5 = x- Jy. 

Therefore, by multiplication, 

x 2 - y = V1444 - 1445 = 'V - i = - 1. 

Again, since 'Z/38 + 17 ^/5 = x + Jy, 

38 + 17 Jo = x 3 + 3x 3 Jy + 3xy + y Jy, 
whence 38 = x 3 + 3ry. 


Thus we 

have 

a* +• 3xy = 

38 


and 

x 2 — y — 

- 1 

Hence, 

x 3 + 3x(x a + l) = 

38 

or, 


4x 3 + 3x = 

38. 


By trial, we find x = 2, and hence y = x 2 +1 = 5. 
Thus the required root = 2 + Jo. 


Noth. The method shewn above is practically of no use unless the 
value of sc* - y as found above bo rational. 

Example 2. Find the cube root of 21 JG - 23 Jo. 

21 v /6 - 23 V5 = 6 V6( 2 g* - 2 -|^*) 

••• V*rj*=n7* = n /6 ■ 

th8u Vl +2 £Jw = * + j>- 
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Hence 

**- y - Ji 

2645 _ 
“ 216 

»/_L 
V 216 

1 

— • m 

6 

•(1) 

also, 

7 23 /5 ^ 

2 b V 6 * 

x 3 - 3s 2 Jy + Sxy 

; 



x a + 3*y = 

7 

2 * ' ' 

• • 1 

# • 

(2) 

Hence, 

from (1) and (2), 

we have 





* s + 3x(* a - g) - l ; 




or, 

8at s -x = 7. 





By trial, we find x = 1, 

and y 

5 

“ 6’ 



Thus , 





and 

the required root 

* 7 6 (i • 

■\/s) 

= jo- 

75* 


Exercise (18). 

Find the cube root of :— 

1. 19 + 9 J6. 2. 26-15 73. 3. 1 1 V 5 + 17 V 2 - 

4. 99V2-59 75, 5. 264 73 + 150 76. 

14. Miscellaneous Examples. 

Example 1. Find the square root of 6 + 712 - - J&~ 

Assume ^6 + JVi - 724 - JS = Jx+ Jy - Jz; 

Then we must have 

6+ 712- 724- 78 = x+y+z+2 Jxy * 

- 2 Jyz - 2 Jzx. 

If now, x, y, z be such that 


2 7 xy = J]^ 1 
2 Jyz - 724 l 
2 Jzx — 7 8J 


and also x + y + z = 6, then the- 
required root will be found. 
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From the first three equations we have 

J$y = \/3 . . . (1) by multiplication, 

ijyz * J2.y/3... (2) • xyz =* 2.3 = 6 ; 

sss \/2 ... (3) v^yz = zy/6. . . (4) 

Dividing (4) by (2), (3) and (1) respectively, we have 

njx *= \/l> *Jy ~ \/3, hJz = J2 \ 

and these values of x , y, z also satisfy the equation x + y + z — 6. 

Hence the required root = 1 + J3 - J'2. 


Example 2. 


Simplify 


2 + JS t 2- J3 
n/2 + n/2 + ^3 n/ 2 - <s/a - ^3 ’ 

(Bombay University P. K. Paper, 1888). 


The 1st term of the given expression 

72(2 + J 3 ) 
2 + 74+273 
j m+ J 3) 

2 + (1 + J3) 
jm + j3) 

” V»(V«+i) 

4+273 
72 : 73 ( 73 + 1 ) 
(73 + D 4 
“ 76(73 + 1) 

73+1. 

** - ~7fl » 


-and the 2nd !term 

A 


^2(2 - J3) 

2 - 7i -2 73 


72(2 - 73) 

2-(73-1) 
72(2 - 73) 
73(73-1) 
4-273 
72. 73( 73 - 1) 
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(x/3-l) a 
• s/3-1) 

s/3-1 

s/6 * 

Hence, the given expression 

s/3+1 s/3-1 ^ 

s/6 s/6 


of a 2 +jri/ + y-. 


s/2 + 1 

v/3-1 


and y = 


2 s/3 _ 
s/6 " 

s/2-1 
s/2+1 * 


We have jj 

and y 

Therefore 

and 

Hence 


/ 2 + l 






a; 2 + iry + y' £ — (x + y) 2 — :ry 
= 6 2 - 1 = 35. 


s/2. 

find the value 


Example 4. If X = >y/^+ s/r 2 + </ a + y/r- Jr* + q :i , 

find the value of X 3 + 3gX - 2r. 

(Madras University F. A. Paper, 1885). 


Putting a for 




r+ Jr^+q :i and b for 



we have X = ct + 6 ; 

X 3 = a 3 + b s + 3aft(a + b) 
= a 3 + 6 3 + 3a6.X 


= (r+ s/r 54 +q A ) + (r - Jr*+q :i ) 

+ 3 l/r^-^+q^.X 
— *2r + 3 V - ? 3 X 
= 2r - 3gX. 

X 3 + 3*jX - 2r - 0. 


2—6 


s/r 2 + q :i > 
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Example 5. If (® + <s/® 2 -6c)(y + \/y a -ca)( 2 p *Jz* -ab) 

— (x- six* -bc)(y- 4y* -ca)(z- *Jz* - ab), shew that each of 
these expressions = ±abc. (Bombay University P E. Taper, 1889.) 
Let each of the given expressions = K, then we have 

K — (x + s!x*-bc)(y + sfy* -ca)(z + Jz*-ab) 

and also K = (® - six' 6 - bc)(y - s/y~ — ca)(z — v z* - ab). 

K 2 = {a 2 - (.x* - 6c)}{y 2 - (y 2 - ca)]{ 2 2 - ( 2 2 - ab)) 

= be. ca. ab — a 2 b*c 2 ; 

K =» ± abc, 

i.e., each of the given expressions = ±abc. 


.Example 6. If ax = , find the value of 

1 +q 2 

'Ja + * + \/ t i- X 

* y p a + *- v p a - x 

The given expression 

_ + *»V^a—) 

fx v «- 


2* 


Now since a® = —-, 

1 + ? 2 


a® 


a® V a 2 ® 2 
1+7 3 


2? 


Hence, the given expression 

_ i +<!*. /aT rr~ \ i+v 3 . /r+v - 2^ 

--W Y V—W ‘— 1 “ 1T" + V—~i 


4 2 3 

1 + 2 9 1 -? 9 2 1 
2 ? + 2 2 "”2y " g 
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Example 7. •» J* r -b s )' + 1/ * 

• *\ (x + -6 2 ) a +y 8 “ 2w, 

• ^,2 2 

shew that —- + ~~ = 1. (Madras Uuiversity F. A. Paper, 18S6) 

By transposition, we have 

{x - >/tf--'&*)* + y* = 2rt - (a + Ja* - 6“) 2 + y 2 . 


Squaring both sides, we have 

(«- Ja* - 0“)* + y* == 4a 2 +(&+ Va 8 - A 54 ) 2 +y 3 

“ 4a \/W v^ rr 6' i ) 2 +y 2 l 

or, - 2* = 4a 2 + 2* 


“ 4 %/(* + n/»* -^) !, +y 8 J 
therefore, by transposition, 

^ (l \J ^ (aj+ - A 54 ; 2 + y 2 = 4a 2 + 4>r \At 2 -A 2 . 


Removing the common factor 4 from both sides and squar¬ 
ing, we have 

« 2 (jc+ Va 8 - A 2 ) 2 + a a y a = a 4 + # 2 (a 3 - A 2 ) + 2a 2 a: \/a 2 - A 2 J 
or, a 2 (a 2 - A 8 )+a 2 y 2 = a 4 -A 2 * 3 , 
or, A 2 a; 2 +a 3 y 3 = a 3 A 2 . 

Hence, dividing both sides by a 2 A 2 , we have 


Otherwise :— 

We have 

,y/(as - n/« 2 - A 54 ) 3 + y 2 + (a: + n/u 2 - A 3 ) 8 + y 8 =*= 2a ... (1) 

and also identically 

{{x- si a* — A 2 ) 2 - y 2 } - {(* + sA^A^+y 8 } 

- - 4a;. Va 2 - A 2 .. (2> 



84 


ALGEBRA MADE EAST. 


[Chap., 


Dividing (2) by (1), we have 

>y/( x- Va 2 ”-^ 2 ) 8 + y 2 - yj~{ x + Va 54 -A*)* + y a 

■ _ a'\/ a *" 4 * - (3) 

Adding (1) and (3), we have 

2 \Z( X ~ ^ *=)■+»• - 2a - - 6*. 

or, a \' (*~ '/“* -*’ l ) 2 +y a = a 1 -xja* -b*. 
Squaring both sides, we have 

a*(x- *Ja* - 6 8 ) 8 + a 8 y 2 = a 4 + a: 8 (a 8 - b 2 ) 

— 2a 2 .r 7a* - 

or, a 2 (a 2 — 6 2 ) + a 2 y 2 = a 4 —6 2 a 2 , 

or, & 3 s 2 +aV = a 2 6 8 . 

Hence, dividing both sides by a 2 6 2 , we have 


1. 

3. 

5. 

6 . 
z 

> 

8. 


Exercise (id). 


Find tlie square root of :— 

8 + 2 ^2 + 2^5 + 2^10. 2. 10+2 76+ 2 710 + 2 715. 

11 + 6^/2 + 4^/3 + 2 76 . 4 . 21 - 475 + 873 - 4715 . 

Simplify :— , 

_ 73 + 72 _ 73 - 73 _ 

72 + 72 + 73 72- \/2 + 73 


Given 75 =2-23607, find the value of iV 5 .. 

72 + 77 - 3 75 

278 73 +~ 7 s 

— vrr -• (Bombay University P. E. Paper, 1887.) 

* + y 1U ^ j 

Find the value of 

1 + r 1 - r 73 

1+ 7l +* 1 - vl -* ^ 
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9. 

lb. 

11 . 

12. 


Find the value of 


when x — 


. n/3 


fJv-rx+sjY — x 2 

(Bombay University I*. E. Paper, 1883.) 


Find the value of 


Ja 


-t- x + v a — x 


sj (JL *t* X sj CL — X 


when x — 


2ab 
6 - + 1 


Find the value of 
2a *J l -f r 3 

~“ T =x * when x 

X + vl+x 3 

4 

Keduee - 3 -t; - , to an equivalent fraction with a 

— v o + 1 



rational denominator. 


13. 

14. 


Simplify (72 - 32 J5)~^ - (72 + 32 'Jo) ;i . 

If - = 3 _ J S . y = aVvs' find the 


value 


of 


3jj 2 + 23j-y + 3y 2 . 

15. If 




„ = JT-JS 

'~Jl + V-5 ’ 


« =■= <> find the value of 

y V? - J* 


CHAPTER IV. 

RATIO AND PROPORTION. 

1. Definitions. The ratio of one quantity to another 
of the same kind is defined to be the abstract number (integral 
or fractional) which expresses what multiple, part or partL, the 
former is of the latter. Thus, 

since 2 hours is a portion of time which is thiee times as 
large as 40 minutes, the ratio of 2 hours to 40 minutes = 3 ; 

since a length of 9 inches is a fourth part of 3 feet, the 
ratio of 9 inches to 3 feet — J; 

since the sum of £1. 4s. is obtained by dividing 18s. into 
3 equal parts and taking 4 of those parts, the ratio of £1, 4s. 
to 18s. — w | 

and so on.* 
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Hence it is clear that the ratio of one concrete quantity to 
another (of tha same kind) is a fraction, of which the numer¬ 
ator and denominator are respectively the measures of those 
quantities ( referred to one and the same vnit) ; and the ratio of 
one abstract quantity to another is a fraction of which the 
numerator and denominator are respectively the quantities 
themselves. 

The ratio of any number a to any other number b is usually 
expressed by the notation a b ; thus a : b is the same as 

. The quantities a and b are respectively called the antece- 
b 

dent and the consequent (or the first term and the second 
term) of the ratio a : 6. 

A ratio is called a ratio of greater inequality, of less in¬ 
equality , or of equality , according as it is greater than, lass than, 
or equal to, 1. 

Noth. Since a ratio is only a fraction there is co difficultly in seeing 
that the value of a ratio remains unaltered if its term* I " multiplied or 
divided by the same number. Thus the ratios 3:4, U: 3, 15 : 20, ami 
3« : 4 n are all equal to one another. Hence also two or mere ratios can 
be easily compared with one another ; for instance, ihe ratios 2 : 3, 4 : 5, 
and 7 : 10 being respectively equivalent to 20 : 30, 21 : 30 and 21 : 30, 
we see at once that the second of them is the greatest and the first 
the least. 

2. A ratio of less inequality is increased, and a- 
ratio of greater inequality is diminished, by adding 
the same number to both its terms. 


Let 


. be auv given ratio, and let ,—- 
b J b + x 


be the new ratio 


formed by adding r to both its terms. 


Then, 


a + x 
b 4- x 


a 

~b 


x(h - a) 
b(h~+x) ’ 


and therefore it is positive or negative according as a is less 
or greater than 6. 


Hence, if a<b, 
and if a>h, 



0 + x b 


a + r a 
b 4* x < b 


I 


which proves the 
proposition. 


NotiS. Similarly it can be proved that a ratio of less inequality is 
diminished, and a ratio of greater inequality is incensed by subtracting from 
both its terms any number which is less than each of those terms. This is 
left as an exercise for the student. 



RATIO AND PROPORTION. 


87 


iv.] 

/ 

3. Composition of ratios. The ratio of the product 
of the antecedents of any number of ratios to the product of their 
consequents is called the ratio compounded of the given ratios. 
Thus, the ratio compounded of the three ratios— 

. 3:4, 8:9, 2jj : 3y, 

is 3 x 8 x 2 c. : 4 x 9 x 3y, 

or, 4jc : Vy. 

When the ratio a : b is compounded with itself the result¬ 
ing ratio a 54 : 6* is called the duplicate ratio of a : 6. Similarly 

i l 

« 3 : 6 3 is called the triplicate ratio of a : b ; a~ : b' 1 is called the 

i i 

subduplicate ratio of a : b ; and a 3 \ b‘ s is called the subtriplicate 
ratio of a .* 6. 


4. Approximate values of ratios. If x is very 

small compared with a, to show that the ratio (a 4- a;) 3 ; a 3 is 
approximately the same as a + 2x : a. 


We have 


(a 4- r)' 


a* + "lax + x‘ 


a 4 


a 4 


and 


approximately 


.2 


since ‘ r .-( which = —- x ^ 
a x \ a a 

and smaller still than 1. 


, 2x x 2 

= 1 + — + - a . 

a a* 

. 2x 
= 1 + - , 
a 

2 x 

is very small compared with ■, 

a 


Thus approximately we have 

(a + x)* , . 2 r a + 2r 


a 4 


1 +— = 
a 


a 


• ••(!) 


Cov. From (1) we have a/-- ■= ~~- T . 

v a a 


Hence, if a? is very 


small compared with <*, we have 

*Ja + x \ Ja ** a+ ^x l a. 

Note. By a similar mode of reasoning it can be shown that when 
.£ is very small compared with a, (« + x)* : a 3 = a + 3* : a ; (a + au) 4 : a 4 = 

a + \x : a ; (a + ar,)^ : = a + Jjc : a, and so on. 

5. Incommensurable quantities. If two quantities 
be such that their ratio cannot be exactly expressed by the 
ratio of two integers, they are said to be incommensurable 
quantities. Thus J3 and 2 are incommensurable quantities, 
since no two integers can be found whose ratio is exactly equal 
to ^3 : 2. 
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Although the ratio of two incommensurable quantities can¬ 
not be exactly expressed by the ratio of two Integers, we can 
always find two integers however, whose ratio differs from such, 
a ratio by as small a quantity as we please. 

. J3 1-73205 . C(?rAO 

For instance, *= —-« *86602. 

’ 2 2 


and therefore 


J3 _ 86602 , 86603 . 

‘a > looooo an < loodoo ’ 


thus J 3 : 2 differs from either 86602 : 100000 or 86603 l 
100000 by even less than a hundred-thousandth part of unity. 
A further approximation might evidently be arrived at by 
calculating the value of J3 to more places of decimals. 


Noth. Any number which cannot be exactly expressed as the ratio- 
of two whole numbers is also sometimes called incommensurable. From 
this point of view every surd is an incommensurable quantity. 


Examples. 

Exam pie 1. Two numbers arc in the ratio of 2 to 3, and if 
9 be added to each they are in the ratio of 3 to 4. Find the- 
numbers. 

Since the numbers are in the ratio of 2 to 3, evidently 
we can represent them by 2x and 3x respectively. 

Hence, by the second condition, wo have 

2x + 9 3 

3# + 9 " T ’ 

Hence 8#+ 36 = 9a;+ 27, whence x — 9. 

Therefore the numbers are 18 and 27. 

Example 2. What is the ratio of x to y, if 

10x + 3y : 5* + 2 y = 9:5? 

10.1+3 
V __. 


5.* + 2 

y 


We have 


9 

5 


10* + 3 y 
5x + 2y 


Hence, 


46.-1 + 18 - 50 1 + 15, 

y y 



• • 


X 

y 


3 

5 
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Example 3. Which is the greater 

a 3 + y 8 : * 2 + y 2 , or ar 2 +y* : af + yl 

We have = ay 8 + a 3 y - 2g 2 y 8 


ar + y* a + y 


{x* +y 3S )(a + y) 

xy{*-yY 


(a 58 +y a )(a + y; * 

which evidently is a positive quantity, since (a-y) 2 is positive 
whether a is greater or less than y. Hence, 

a 3 +y 3 : a 2 +y 2 >a 3 +y 2 : a + y. 

Example 4. Two armies number 11000 and 7000 men respect¬ 
ively ; before they fight each is reinforced by 1000 men : in 
favour of which army is the increase % 

The new strength of the 1st army ; its original strength* 

= 12000 : liooo = 12 : n, 

whilst, the new strength of the 2nd army : its original strength- 


= 8000 : 7000 = 8:7. 

Now, since 12 : 11 = 84 : 77, 

and 8 : 7 = 88 : 77, 

it is clear that 8 : 7 > 12 : 11. 

Thus, compared with the original strength the new strength- 

of the second army is greater than that of the first. 

Hence the increase is in favour of the 2nd army. 


Exercise (20). 


Which is 

1. 4 : 

the greater 

5 or 7 

8 ? 

2. 

7 

: 10 or 

li : 14 

3. 

9 : 

5 or 13 

8 1 

4. 

22 

: 27 or 

32 : 45 ? 

5. 

28 : 

39 or 49 

65 ? 






Find the ratio compounded of :— 

6. a : b, b : c and c : d. 

7. 3 : 5, 7 : 9 and 15 : 28 

8. a + x : a-x, a* <-a 2 : (a + a) s , and (a 2 -« 2 ) 2 : a 4 - at*. 

9. 16:5, the triplicate ratio of 5 : 4, and the subduplicate 
ratio of 9 : 4. 
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10. 25 ; 18, the subduplicate ratio of 81 .* 49, the tripli¬ 
cate ratio of 3, and the duplicate ratio of V : 5. 

11. If 2x + 5y : 3j 5 + 5y = 9 : 10, find x : y. 

12. If x : y = 3 : 4, find the value of 5as + 9 y : 16x + 5y. 

13. Two numbers are in the ratio of 7 ! 8, and their sum 
is 135. Find the numbers. 

14. Find the two minibeis which are in the ratio of 5 : 3 
and whose difference is 34. 

15. Two numbers are in the ratio of 4 ; 5, and if 7 be 

added to each the sums are in the ratio of 5 : G Find the 

numbers. 

16. Two numbers are in the ratio of 7 : 9, and if 10 be 

subtracted from each the remainders are in the ratio of 8 11. 

Find the numbers. 

17. For what value of x will the ratio 23+ x : 19 +a: be 
equal to 2 ? 

18. What number must bo added to each term of the 
ratio 27 : 35 that it may become equal to 5 .’ 6 1 

19. What number must be taken from each term of the 
ratio 29 : 38 that it may become equal to 4 ; 7 1 

20. What quantity must be added to each of the terms 
of the ratio a ; b t that it may become equal to c l dl 

21. Show that if o>-jr, the ratio a 2 - x 2 : a 2 + x 2 is greater 
than the ratio a- x ; a + x. 

22. Show that the ratio a 2 + 1 2 : a + Ais less than the 
ratio a 2 - b 2 : a - b. 

Find approximately the value of :— 

23. (226) 3 : (225) 3 . 

24. ^3546 : VS542'. 

25. A, 11, C are three school boys, getting monthly allow¬ 
ances of Its 15, Rs. 20, and Its. 25 respectively ; out of these 
amounts they respectively spend Rs. 8 3 , Rs. 11^, and Rs. 15g- 
per month. Which of them is the most frugal 1 

PROPORTION. 

6. Definitions. Four quantities are said to be propor¬ 
tion'd •» when the ratio of the first to the second is equal to the 
ratio of the third to the fourth. Thus a, b , c, d are propor- 
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tionals, if a : b = c l d. This is often expressed as a \ b \ \ c \ d % 
and is read if a is tt> b as c is to d.” 

The terms a and b are called the eitrem and the terms 
b and c, the means. The term d is also called the fourth pi’vpor - 
tiovfrL to a, 6, c. 

Three or more quantities are said to be in continued propor¬ 
tion when the first is to the second, as the second is to the third, 
as the third is to the fourth, and so on Thus a , b , c, d are in 
continued proportion vvheu a .* b = b : c = c d 

If three quantities a, b, c are in continued proportion, 
(a l b l ‘ b l c), then b is called the maun proportional between 
a and c, and c is called the third proportion’d to a and b. 

7. If a : h : : c : d, then will ad = be. 


Since 



multiplying both sides by hd, we have ad — be. 


Thus, if four quantities are proportionals , the product of the 
extremes is equal to the product of the means. 


[Conversely, if ad —be, then a lb: : e : d. Tin’s is obvious by dividing 
both sides of the equation by fcrf.] 

Cor. If a : b ; : b \ c, then ac-b' 1 ; i.e., if three quantities 
are in continued proportion , the product of the extremes is equal 
to the square of the mean. 


Noth. From the results above established we can at once find a third 
proportional to, or a mean proportional between, two given quantities, an 
well as a fourth proportional to three given quantities. 


Exercise (21). 

Find a third proportional to :— 

1. 9, 6. 2. 8, 12. 3. 6, 15. 4. 16, 24. 

Find the fourth proportional to :— 

-5. 6, 8, 15. 6 . 14, 24, 35. 7. *0014, 1*4, *02. 

Find a mean proportional between :— 

8. 4, 9. ■ 9. 7, 28. 10. 6, 54. 
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8. If a i b : : b i c, then a i c 


For 



a® 


: 6® 




a a 8 



Thus, if three quantities are in continued proportion, the 
first is to the third in the duplicate ratio of the first to the second. 

Noth. Similar]}', if a : b — b : c = c : d, it can be easily proved that 
a : d = tt a : 6 3 , which is left as an exercise for the student. 

9. If a i b : i c i d, then bin: i d : c. 


For 


a 

b 


c 

d 


j 


, a , c , b d 

1 4 - = 1 ^ , whence - = 

6 a a c 


Thus, if four quantities be proportionals , they are also pro¬ 
portionals when taken inversely. 

This operation is called Invertendo. 

10. If a i b : : c i d, then a : c : ibid. 


For 


a 

6 


c 

~d 


* 




b 



Thus, if four quantities be proportionals, they are propor¬ 
tionals when taken alternately. 

This operation is called Alternando. 


11. If a : b : : c : d, then a + b i b i i e + d i d~ 


For 



+ li or, 


a + b 

~ 6 ~ 


c + d 

~~d~ 
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Thus when four quantities are proportionals, the first together 
with the second is to the second as the third together with the 
fourth is to the fourth. 

This operation* is called Componendo. 

* 12. If a : b : : e : d 9 then a-b : b : : c-d : d. 


For 



c 

d~ 



c . a - h 

- *■ or - ~ r 


c-d 

~d~’ 


Thus, when four quantities are proportionals, the excess of the 
first over the second is to the second as the excess of the third over 
the fourth is to the fourth. 

This operation is called Dividendo. 


Cor, If a : b : : c : d 9 then a : a-b : : c : c-d, 

, b d 

, inversely, = -, 

a-b c-d 



a — b 

c-d 

For 


a 

““ — -i i 


b 

d 


h a 

d 

Hence, 

-- x , 

— -- X 


a-b b 

c-d 


a 

c 

or, 

a-b 

~ c-d' 


Thus, when four quantities are proportionals , the first is to 
the ercess of the fir*t above the second as the third is to the excess 
of the third above the fourth. 

This operation is called Convertendo. 


13. If a : b :: c : d, then a + b:a-b::c + d:c-il, 

From Art 12, — = — --. (1) 

b d 

From Art 13, til = c ~^ .(2) 

b d 

Hence, dividing (1) by (2), a ~ = ^. 
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Otherwise :— 


Since 



putting each = k, we hrve 


a - m 
and c = dk) 


Hence, 

also, 


a + b __ b(l 1:4-1) _ fc+l. 
a~b ~ b(k-l) = k-l ’ 

c + d d(k + 1) _ ft 1 

c —cl c?(ft - 1) ~ /c - 1 ’ 


Therefore 


a + b c + d 
a-b c-d 


Thus, when four quantities are proportionals, the sum of 
the first and second is to their difference as the sum of the third 
and fourth is to their difference. 

This result is often spoken of ns Componendo and 
Dividendo. 

Note. The result proved in this article is of great use in aohiug a 
certain class of equations. This will he illustrated in some of the following 
examples. 

J a + x + \/« - j; 

Ja + x - Ja -a 



By componendo and dividendo, we have 

2 Ja + x h +1 

2 Ja — x b — 1 


Hence, 


a + x 
a-x 


fb + iy h* + 2b+l 

\6- 1 / - 6*-26+l 


Again applying componendo and dividendo, 
2a = 2(6 2 .+ l) 

2-k 4 6 

a b* +1 

AM _ • 

2 ab 

b *TT 


x{b* +1) = 2ab t x 
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Example 2. Solve \~Z^rAl “ L 

/TVh.i 

V l_6eC 1 


We have 


1 +6« 


1 + ax 

• 
f 

1 - ax 

__ l+2«a; + a 2 x a 
1 — 6-c 1 - 2flw +- a 2 x* 

Hence, by componendo and dividendo, 
l • 1+ a*x 2 

MM • 

bx 2 ax * 

6(1+a***) = ’2a, 

or, a 2 * 2 = ~ - 1 ; 


a; 




-Example 3. Find the value of * + : - + X + , 

a^ - 2a * - 26 

4a6 


when a; = 


a + 6 


From the given relation, we have 

a? 26 , a? 2a 

„ =-and - = -- 

2a a + 6 26 a + 6 

Hence, by componendo and dividendo, 

» + 2a a + 36 , x 4- 26 

--— =-, and-- = 

x — 'la 0 - a x-2b 

Hence, the given expression 

— (a + 36) 3a + 6 

a - 6 a - 6 


\(a - 6) 
a — b 


= 2 . 


3a + 6 
a - 6 


Example 4. If (jsa + qb + rc + sd)(pa - qb - rc + sd) 

= (pa - qb + rc - sd)(pa + qb - rc - sd), shew that 6c, ad, ps, qr 
are in proportion. (Bombay University P. E. Paper, 1890.) 

From the given relation, we have 

pa + qb + rc + s d pa- qb + rc - sd 
pa + qb rc - sd pa~qb -rc + sd' 
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Hence, by componendo and dividendo, 
pa + qb pa - qb 
rc + vd rc - sd * 


pa + qb rc + sd 

pa - qb rc-ed ’ 


[alternately] 


whence, by a second application of compoueudo and 
dividendo, 


Hence, qb.rc = pa.sd , 
or, bc.qr =* ad.ps ; 


be : ad l l ps : qr. 


Example 5. If x = shew that 

V*« + 1 - V»i 1 

a; 3 - 3mx 3 + Sx - m — 0. 

From the given relation, by componendo and dividendo, 
we have 

x + 1 __ Vm +■ [ 
x — 1 ’\lm — 1 

m+ 1 (x+1) 3 _ x 3 + 3x 2 + 3x + 1 

** m - 1 " (x - l) a x 3 - 3x* + 'jx - 1 ’ 

Hence, by a second application of componendo and dividendo, 

m __ x 3 + 3 r. ' 

1 ~ 3x^+1 * 

?»(3x a + l) = x 8 + 3x, 
whence, x 3 - 3mas 2 + 3x - m = 0. 


Exercise (22). 


Solve the following equations :— 


x + y 
x-y 
2x + 3y 

5x - 7 y 
5x + 7 y 
3x — 5y 


T 

■ 

J8 , 


3x - 5^ 
3x + 5y 
4x - 9 y 


\a + xj 


a + x 
a -x 
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m 

5. 

7. 

« 

9. 

11. 


2x + Jtx* - 1 _ ^ 


2 * - - 1 
J3Gx -+- 1 +» J3Gx 
J3Gx + I — j3Gx 


o. 


6 . 

= 9. 8. 

10. 


1 - Jl 


X 


= h 


1 + Jl — X 
1 +* + a3 a 62 1 +* 

1 -x + x* 63 1—as 


a + x + 


a/ci 54 — 


x‘ 


a + x - Ja' 4 - x* 


6 

x 


Jb + vo - x 
Jb — Jq - X 

a ^ — {a — (a* — ar)^$ 

- x\ - 1>. 

a 2 + [a - (a a - ar)- } 

Prove that a : 6 ; : c : cf— 

12. If (a + 36 + 2c + 6d)(a -36-2c + 6rf) 

= (a - 36 + 2c - Gd){a + 36 - 2c - 6d). 

13. If (2a + 6 + 4c + 2e?)(2» - 6 - 4c + 2c?) 

= (2 a - 6 + 4c - 2d)(2a + 6 - 4c - 2c?). 

l/t is 7*-5v 11 f 5ac 2 -4y 2 

14. If =-= ttv , find the value of - - . .. . 

7x+by 31 5as' s + 4 y* 


15. 


T . J’ 2 a + 36 + J ‘2<t — 36 . ,. . 

If x — - — - -, show that 

v2a + 36 — J' 2 a~ 36 


36x a - 4«/; + 36 = 0. 

x 4- J8 t a? + »yi2 


18. If * - . find the value of ^ + ^ ^ • 

14. An Important Theorem. If 


c , = ~ » tlie11 
d / 


l 


cadi of these ratios =■ ( ~ ) . where p, q, r, «t, 

\pO n •+ qd H + rf*) 

are any quantities whatever. 

Supposing each of the given ratios = 1c, we have a = bk t 
c = die, e = fk. 

Hence, 

px* = p(bk) n =» pb n .k* 


qc 

re n 


. _ Jgg. : '$.£[ - <pb'+>id-vrr)i- 


whence, =. g!.±g.‘±!^, 
p6* \-qd? + rf* 
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and k = / P a + qc + r * \ w w hich proves the propo- 
\pb n + qd" + rf*J * v * 

sition. 

COV. As a particular case, if p , q, r, n be each equal to 1, 

we have each of the given ratios = . 

• b + d +j l 

Similarly, giving different sets of values to p , q, r, n, several' 
particular cases may be at ouce deduced. 

Note. What is proved above for three equal ratios is obviously true 
for any number of equal ratios, the same reasoning being applicable to alb 
cases. It is always a very good exercise for the student however to work 
out independently every fresh example of this class, applying the mode of 
demonstration illustrated above. Heuce an exercise is added below with a 
recommendation to the student that he should find the result in rat h case 
without using the formula established in this article. 

fcxercise (23). 

. , prove that each of these ratios is- 


ff 

equal to 

1. 


a 

b 


c, 

d 


a-c + e a + 3c-be n 5a-7c-13<? * ka + to + ma 


, 2 . 


3. 


6- d + / b + 3d - 5/ 56 -Id - 13/ 


4. 


tcb + ld + mf 
Va : 

+? a 


if 


a 

b 


c 

d 


f> g 

—■ , prove that each of these ratios- 


_ /a 8 +c 8 +e 8 \£ g /«* - 2c 8 + 3« :J v« a +c a +e :J 
\b*~+d* +/*) ,a + *' 

e 

f 

is equal to— 

/a“ 1 + c -1 + e“ 1 + p' 1 \ " 1 Q 4 /a A_ - 2^ + 3* 4 4 

\6~ 1 + '<* 1 +/■ r + A" 1 / ' V 6* - 2d^+ 3/ 4 - 46* * 

in / W l ~ 8«~ 

1U * V \36- B -W" - -8/-- + 156-“/ ‘ 

15, Miscellaneous Examples. 

Example 1. If % : y : : m 8 : « 8 , and 

mini : Jp* + x* : Jp* - then p* 


Wo have 


X 


m 


p 8 +a: 8 
-y 2 


y 

*(p 8 -y*)« y(p 8 +* 8 ), 
or, p # (*-y) - #y(*+y), 


ary : : a? + y l x - y.. 


[Art 7.J 
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• Pi 

xy 
i.e., p 

Example 2. If 


x + y 


x- y 

8 : xy : : x + y : x-y. 


[Art. 7, converse.] 


y 


{b - c){b + c — 2a) (c - a)(c + a - 26) 


= r — -, find the value of x + y + z. 

(a - b)(a + b—2c) 9 

Let each of the given ratios = k. 

Then, x = k{b - c)[b + c- 2a) - fc{(6 a - c a ) - 2o(6 - c)}, 
y « /c(c - a)(c + a - 26) = A{(c 2 -a 8 ) - 26(c-a)}, 
z = &(a - b)(a + b - 2c) = A {(a 8 - 6 s ) - 2c(a - 6)J. 
Hence x + y + z 

= fc[{(6 2 -c 3 ) + (c 8 -a 2 ) + (a s -6 8 ){ 

- 2{a(6 - c) + b(c - a) + c(a - 6)J] 

= 0 . 

« i x. ay-bx cr.—az bz-cy 

Example 3. If • - = , 

c b a 


shew that - = v = - . 

a o c 

Let each of the given ratios = k. 

Then, we have {ay - bx)c — kc* t 

(cx — az)b — 

(bz — cy)a — ka 2 . 

Hence, by addition, k{a 2 + b" +c a ) = 0 ; A: = 

OC If 

Hence, ay-bx = 0, ay = 6-r, — * -2- 

a 6 

also, cx — az =* 0, ex *■ « 2 , — *s -■ 

a c 


0. 

... (i) 
... ( 2 ) 


Hence, from (1) and (2), 


x 

a 


y 

b 


z 

c 


Example 4. 

prove that 


y + z 
a(b - c) 

y 5 "^ 8 


6 c 

2 + x x+y 


6(c - a) c(a — b) 



(Madras University F. A. Paper, 1887.) 





100 


ALGEBRA MADE EAST. 


[Chap. 


Let each of the given ratios = k. 

Then we have a = k(y + z) 1 

b = k(z + x) r 
c = k{x + y)) 

Hence, wc have 

a(b - c) = A(y + z).&(z -$/)=- fc 2 (y a - z a ) | 
i(c - a) = 1c(z + a:) k(z - z) = - & a (z a - x 2 ) l 
c(a-b) = fc(a- + y).A(y-a:) « -fc 2 (a 2 -y a ) j 

whence 

a(6 - c) 6(c - a) c(a - 6) 

- z- z 2 ~ -y a * 
each of them being equal to - k a . 


Example 5. If a6 = cd — ef, shew that 


ac + ce + ea 


ar + c a + e 


bdj\b + d+ f) d*f* +\f*b* + b*d* ' 

(Bombay University F. A. Paper, 1889.) 
Let ab = cd — ef = k. 

Then we have a — , c = --, e = ^ . 

b d f 


Hence 


ac + ce + ea 
+ d +f) 


also, 


a 2 + c a +«* 


_ ^{bd+df+fb) 
bdf(b + d +f) 
J c *(f+b + d)_ 
b*d*f*\6 + d+f) 

^ k* 
b*d*f* 

1, (^ + <T 3+ /*) 


0) 


d*f* +/ 2 6 a + b*d* d*f * + -f*b* + 6 2 rf a ) 

P(^+/ a A a +A a rf a ) 

“ ^d*/*^/* +f*b*+b*d*) 

k 2 

* dM 2 /* 


(2) 
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Hence, from (1) and (2), 

ac + ce + ea a 2 +e 2 +e 2 

bdf{V+~d +J) “ d*f*~+f*t/*+b*d*' 

Example 6. If x : a = y : b = z : c, show that 

at 3 y :i g 3 (* + y + «) 3 

a 2 + 6 2+ c- (a + A + c) 2 ’ 

Let each of the given ratios = k. Then we have x — ak, 
y = bk, and £ — ck. 

„ x‘ A y' A z* a :i k :i b*k :i c‘ A lc 9 

a 2 b 54 c"* a ' 4 A 2 c 2 

=■ (a + 6 + c) A 3 

= ( a + *± 

(a + A + e) 2 

_ (ak + bk + ck)' A 

\‘i + b + c)* 

— te+.v + *) :l 

(a + b + c ) 54 

Example 7. If, «, A, c, rf be in continued proportion prove that 
\fab - Jbc + Jed = J(a- b + c)(b -c + d). 

(Madras University F. A. 1’aper, 1890). 


We have 


a 


we have 
Hence, 


V . 

= - , and supposing each of them •= k, 


a = 6 k, b = cA*, c = rfA-, 
^ctA — J be + ^erf 

= Jb*lc — Jc' i k + Jd'*k 
= (A - c + rf) Vfc 

also n/<« - A + c)(A - c -»■ rf; 

= \/{b - c + d)k.{b - c + d) 
= J(b-c + d)' A .k 

= (b-c + d) Jlc 
Hence, from (1) and (2), 

Jab — J be + Jed 

~ J\a — b + c)(A — c + rf). 


( 1 ) 


(2) 



102 


ALGEBKA MADE BABY. 


TChap. 


Exercise (24). 


a 


If 
: b : 



4. 

5. 
8 . 

7. 

8 . 

9 . 

10 . 

11 . 

12 . 

13 . 


a be the greatest of the four quantities a, 6, c, d, and if 
I c : d, shew that— 
b and c are each>d. 
a-b>c-d. 3. a + d>6 + e. 

If a l b : l c : d, shew that — 

m + nb : b : : me + wd : d. 

ma + w6 : wic + nd : \ pa- qb \ pc- qd. 

« 8 + c 8 : 6 8 + d 2 : : «c : 6d. 

(a + c) 3 : (6 + d) 3 * a(a - c) 2 : 6(6-d) 8 . 
a(a + c) : c a : : 6(6+ d) : d 2 . 

a + 6 : c + d = Va i4 +6 a : Vc^+d 8 . 
a+ 6 : c + d : : Via*+ 56* : V3e 8 +Sd 8 . 

a 9 +u6 + 6 9 : a* -o6 + 6* : : c 9 +cd + d 9 : c 2 — cd + d*. 
a 8 + ac + c 9 : a 2 - ac + c 2 : : 6 2 + 6d + d 8 I 6 2 - 6d + d 2 . 

1 1 1 1 1 fa 6 c d I 

- + a —+—- = — + — + — + — y. 

via no pc qd be f q p n m ) 


(Bombay University P. E. Paper, 1881.) 

If a l b c d *= e m . f, shew that— 
ma + nb b 9 c 

me + iid d*a 

15. ac : bd : : 2a 9 + 3c 9 + 5e 8 ; 26 s + 3d 8 + 5/*. 

10 . a 8 +c 9 +e 9 6 2 +d 8 +/* : : ce : d/. 

17. joa + yc + re pb + qd + rf .* .* V«c« ; Vbdf. 

18. a 3 + c 3 +e 3 6 3 + d 3 +/ 3 ; : ace : 6d/'. 

19. Ja a c a +c a e a +e*a a : Jb*d* +d 3 / 3 +/*6 S : : ace’.bdf. 

20. If, a, 6. c, d, e be in continued proportion, 
shew that a : e : : a 4 : 6 4 . 


21. 


If - —-—- =-1—, find the value of 

6+c-a c+a-6 a + 6-c 

(6 - e)a? + (c - a)y + (a - 6)*. 
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* 22 . 

23. 


24. 

25. 


26. 

27. 

28. 

29. 

30. 

31. 


32. 


If 

If 

If 


a : b •: : c : d, prove that 
« 2 +c 2 : 6 2 +d 2 : : -s/a*+c 4 : 
a : b =s c : d *= e f, show that 


a 


2 5 (a + i)<«+d)(. +./) - id/ / fL+* + i±_ J + 

: b : : c : d, show that 

ad+Ac : 2bd : : a 9 + c a : ab + cd. 



If a : b :: g : d, show that 

a* + 6 2 : a& + ad - ftc .* : c s + d 2 : cd-ad + be. 
If a : b :: b : c, show that 
a 2 + a6 + 6 2 : 6 2 +6c + c 2 «= a ; c. 

a - 26+c <?->•. 

a c 


a*b*c*( + - 3 + M = a 3 +6 3 +c ;> . 

\a ,J 6 3 c 3 / 

If a : 6 = b : c — c : d, show that 
(6 + c)(6 + d) = (c + a)(c + d). 

(a + d)(6 + c)-(a + c)(6 + d) — ( b-c ) 2 . 

(*r • >“-r )'<-■» 

. 111111 
o : 6 *= -r + - + , : 



33. a : d : : a 3 + i 3 + c 3 : & 3 +c 3 + d 3 . 

34. If a \ b \ : c : d, show that 

a 2 + a6 : c 2 +cd I : 6* - 2a& ; d 2 - 2cd. 

35. If a l b — c l d =* e : f\ show that— 

(a 2 + 6 2 )(c« + d/) 2 - (c 2 +d 2 )(a* + a/) 2 = (e 2 +/ 2 )(ac + 6d) 2 . 

-36. If + 

= V**+y» - Vsc 7 * + y"/ 

then a, y, a', y', are in proportion. 

(Madras University F. A. Paper, 1888). 

'37. If x l y :i a : b, show that— 

x s +<j 3 y® + 5 3 (ar 4" y) 3 + (a + 6) s 
^ 2 '+o 2+ y i ~+6 2 “ ^cTy ) 2 + (a^6) 2 ’ 
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38. 


39. 


If x : a = y : b = z \ c, show that — 
a? 4 + a* i y 4 + 6 4 t z 1 + c 4 
x* + a* + y 5 * + 6 a + z a + c :i 

_ (x + y + z ) 4 + (a+4 + c) 4 
~ (x + y + z) 3 + (a + 6 + c) 3 ’ 
^ 2a + 56- 7c _ a-26 + c _ 3a- 116 + 10c 
a + 36 + c 2a - b - 4c 7a -06- 13c ’ 


show that a ; 6 ; c a 2 ; 3 ; 1, 

40. Shew that the ratio of pa t + qa. 2 + ra. A + ...to pb x + </6 a + 
rb a + ...is greater than the least and less than the greatest of 
the ratios a t : 6,, a a : b. z , a ;J : 6 ;J , ifcc., the quantities being all 
positive. 


CHAPTER Y. 

VARIATION. 

1. Definition. One quantity is said to vary directly as 
auother when the two quantities are so related that if one of them 
be changed the other is changed in the name ratio ; or, in other 
words, if a, a ' be any two values of a quantity A, and 6, b' the 
corresponding values of a second quautity B, then A is said 
to vary directly as B when a : a — b : b\ 

For instance, suppose the measure of the area of a triangle 
is a, when that of the base is b ; now if, the height remaining 
unchanged, the base be increased to 2b, then as we know from 
Euclid, the area will become 2a ; if the base becomes 36, the area 
will be 3a ; and so on. Thus the height remaining the same if 
the base is doubled, trebled, quadrupled, <kc., the area also 
becomes doubled, trebled, quadrupled, &c, (i.e., the area 

changes in the same ratio as the base) and so we say that if the 
height of a triangle remains unaltered, the area varies directly 
as the base. 

Noth 1. The word directly is often omitted, ao that when we say A 
varies as B it is implied that A varies directly aa B. 

Note 2. The symbol oc is used to express variation ; thus A o'- B 
stands for “A varies as B” 



VARIATION. 


105 



2. If A varies as B, then the numerical measure 
of any value t>f A and that of the corresponding 
value of B are in a constant ratio. 

Let a lf a.,, a 3 , &c , be the measures of a series of values of 
A, •and let b lt l 2 , b. Ai tfcc , be the measures of the corresponding 
values of B. 


Then, by definition, 





and so on. 


Hence, a ! 
proposition. 


® 2 rt .J 

6;j 


« 4 
*4 


tfcc.. which proves the 


Noth. Putting m for each of the above ratio*, wo have<r, = mb lt 
— mb u , mb a , and so on. Thus when A varies as B , the numerical 

measure of any value of A is equal to that of the corresponding value of 
B multiplied by a constant. This result is briefly expressed as follows :— 
‘‘ If A ' - B, then A — uiB where m is a constant. 

3 Definitions. — (1) One quantity A is said to vary inversely 
as another B , when A varies directly as the reciprocal of B. 


Thus if A varies inversely as B, A 


in , where m is constant. 

a ’ 


Illustration : —If ‘JO men do a certain work in 4 hours, 10 
men would do it in 8 hours, 40 men in two hours ; and so on. 
Thus when the number of men diminish'#, the time 'proportionate¬ 
ly increase* ; and viw-versa. This is expressed by saying that if 
the amount of work to be done remains constant, the number of 
men varies inversely as the time. 

(2) One quantity is said to vary jointly as a number of 
others, when it varies directly as their product. Thus if A varies 
jointly as B and C, A — m.llC , where m is constant. 

Illustration : —The monthly income of a day labourer varies 
jointly as his daily earning and the number of days he works in 
a mouth. 

(3) A is said to vary directly as B and inversely as C when 
A varies jointly as B and the reciprocal of (7, that is, when 

Jj 

A = m. - , where m ]is constant. 

Illustration : —The time of travelling a distance varies di¬ 
rectly as the distance and inversely as the speed of travelling. 
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4. An Important Theorem.— 

If A varies as B when C is constant , and A varies as C 
when B is constant, then will A vary as BC when both B and 
G vary. 

Suppose a x is the value of A when b x is that of B, and 
that of C. Suppose also that a 2 is the value of A when b % 
is that of B, and c 2 that of C. Then the proposition will be 
proved if we can show that a x o 2 ■= : 6 8 c 3 . 

Now, the change of A from a x to a 2 is due to two causes, 
namely, 

(1) the change of B from b x to o 2 , and (2) the change of 
C from c, to c 2 . 

Hence, it is clear that if one only of these causes be present 
if either B or C atone undergoes the supposed change), A 
will change from a x to some value which is different from a„. 
Let therefore a be the value of A when b 2 is that of B, and 
c x that of C. 

Thus we have the value of A 


— a x when those of B and C are respectively b x and c x ... (1) 

■■ a' when those of B aud C are respectively d 2 aud c x ... (2) 

=» a s when those of B and C are respectively b 2 and c 2 ... (3) 

Hence, from (1) and (2), we sec that A changes from a x to 

a', when B changes from 6 X to b it C remaining constant {i.e , 
retaining the value c*), and therefore, by hypothesis, 


a 


b» 


(°) 


and from (2) and (3) we see that A changes from a' to a 2 
when C changes from c x to c 2 , B remaining constant (tre¬ 
taining the value b 2 ), aud therefore, by hypothesis, 


a' c x 



(P) 


Hence, from (a) and (/?), 


or, 



— v 

bs 
b\ e i 
b 2 c 2 



i 


which proves the proposition. 

Illustration : —(1) Suppose that a number of plants have 
■to be watered : the quantity of water bestowed evidently varies 
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■directly as the number of men employed if the time for watering 
remains unchanged ? and also it varies directly as the number of 
hours for which the rtien can work, if the number of men engaged 
remflin the same ; hence if the number of men and the number 
of hours be both variable, the quantity of water will vary as the 
product of the number of men and the number of hours. 

(2) The area of a triangle varies directly as the base when 
the height is constant, and it also varies directly as the height 
when the base is constant ; hence when both the base and the 
'height are variable the area varies as the product of the numbers 
which express the base and the height 

Cov . If there be any number of quantities B, C t D , &o., each 
4)f which varies as another A when the rest are constant; then 
if they are all variable, A varies as their product. 

5. Some Results worth remembering— 

(1) If A oc B and B cc C, then A « C. 

For, let A — mB , and B = nC, where m and n are con¬ 
stants ; then A = mnC ; and as mn is constant, A cc C. 

(2) If A oc C, and B oc C\ then A±B<xC, and J AB oc C. 

For, let A = mC , and B = nC, where m and n aro'con- 
s tants ; then A + B = (wa + n)C, and A - B =» (m - n)C ; 

(A±B)~C. 

Also JAB = Jmn.C* = Cjmn; jABozC. 

(3) If 4 oc BC, then B oc^ Y , and C oc ^ . 

C B 

For, let .A * mBC, then B *= Baz^- 

m C C 

Similarly C oc ~ . 

(4) A oc B, and CoeD, then AC oc BD. 

For, let A = mB, and C = nD , then AC =* mn BD 
AC oc. BD. 

(5) It A cc B, then A n ozB n . 

For let A -=* m B, then /l" = m*B n ; 

A'ccB*. 
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(6) If if oc 7i, then AP oc BP, where P is any quantity 
variable or invariable. 


For, let A = mB, then AP — mBP ; 
AP<*. bP. 


6. Examples —Applications of the principles explained' 
in some of the preceding articles will be illustrated by the 
following examples. 

Example 1. If y varies as x, and y = 5 when x = 12, find- 
the value of y when x = 18. 

By supposition y =* mt, where vi is constant. 

Putting y = 5, x = 12, we have 

5 — m. 12, /. m = ' . 


Hence, x and y are connected by the relation y — 



Hence, when x — 18, we have y 


5 

12 


15 

•i 


--.18 = = 7J. 


Example 2. If z varies as px + y, and if z = 3 when x — 1' 
and y *» 2, and z =» 5 when x — '1 and y = 3, find p. 

By supposition z = m(yx + y) where mj. is constant. 

Putting j b 3, * = 1, y = 2, we have 

3 — vi(p + 2) ... ... ... (I) 1 

Again putting z — 5, x = 2, y = 3, wo have 

5 » 7*»(2p + 3) ... ... ... (2) 

Hence, from (1) and (2), by division, 

3 p + 2 

, whence© = 1. 

5 2p -t- 3 r 

Example 3. If y = the sum of 3 quantities, of which the 
1st. oc x 2 , the 2nd. oc ar, and the 3rd. is coustaut ; and when 
x — 1, 2, 3, y =r 6, 11, 18 respectively, find the equation 
between x and y. 

By supposition y = vix' 2 + nx 4-y, where m, v, p are con¬ 
stants. 
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Now since y — 6 when x = 1, we have 
6 *= m + n+p — ... (1) ' 

Similarly, 11 — 4»i + 2 n+p . (2) ■ 

and 18 = §m + Sn+p ... ... (3) . 

’From (1) and (2) by subtraction, 

3 m + n — 5 . (4) 

Similarly from (2) and (3), 

fiwi + n = 7 . (5) 

Now subtracting (1) from (5), we have 

2 in = 2 , .*. m = 1 ; 

hence from (4), n = 2, from (1), jo = 3. 

Hence, the equation between a: and y is y = a: a + 2ar + 3. 


.Example 4. Tf a + b «. prove that a*+6* cc a6 ; 

and if o oc 6, prove that a 2 - b 2 oc ab. 

' (i) By supposition, a + 6 = m(a - b) where w is constant. 

Hence, (a + b) 2 = m a (a-6) a , 

or, a 2 + 6 2 + 2c/6 —• m 2 (a 2 + b 2 - 2a6), 

* (»»■ - l)(a* +6*) = 2a6(l +«**), 

2(w 2 + l) 


/. a 2 + 6 2 - 

But is constant, 

ni 2 - 1 

(ii) Since a — mb , 

multiplying both sides by a, we have 


m* - 1 

a 2 + b 2 oc ab. 


a 4 


m.ab 


• • • • • » 


and also multiplying both sides by 6, we have 


S» - 

m 


-Subtracting (2) from (1), 

a 2 - b 2 <a ^~j.ab t 

(m - --j is constant, 


( 1 ) 

( 2 ) 


a 2 - b 2 oc ab. 


where 



110 ALGKBKA MADB BABY. [C«AP. 

% 

Example 5. The wages of 5 men for 6 weeks being £14. 5s. r 
how many weeks will 4 men work for £19 ? 

Let x denote the wages (in pounds), earned by y men in z 
weeks. 

Then evidently x <x y t when z is constant, 
and also x «= z, when y is constant; 
when y and z are both variable, 

X ac yz y 

i.e.y x =» m.yZy where m is constant. 

Now, since x *= 14^, when y - 5 and 2 = 6 , 

14J * m x 5 x 6 . ( 1 ) 

Also, If z x denote the required number of weeks, then, since 
the corresponding values of x and y are respectively 19 and 4, 
we have 

19 = m x 4 x z x ... ... (2) 

Hence, dividing (1) by (2), 

3 5x6 , 1 a 

= - , whence 2, = 10 ; 

4 4 x:/ 1 

i. a, the required time = 10 weeks. 

Example 6 . Assuming that the quantity of work done varies 
as the cube root of the number of agents when the time is the 
same, and varies as the square root of the time when the number 
of agents is the same ; find how long 3 men would take to do 
one-Hfth of the work which 24 men can do in 25 hours. 

Let x denote the quautity of work done by y men in z 
hours. 

Then by supposition, 

x oc y^ when 2 and 2 ^ is constant, 

and also, x oc £ when y and y ^ is constant. 

Hence, when both y and z and and are variable,. 

H 

x oc y 3 z 2 , 

». e.y x = k.y^z^ t where k is constant. 



variation. 


Ill 


V.] 

9 

Now, since by the problem, , 

x — t 1, when y — 24 and z — 23, 

1 — k. %/24. „j2i> ... ... ... (1) 

Also, if z t be th£ required number of hours, since the corres¬ 
ponding values of x and y are respectively £ and 3, we have 

| - k. VS. .(2) 

Hence, dividing (1) by (2), 

5 = V34 x 5 ^ a JS x 5 

a j3 x Jz l *Jz y 
•Jz Y = 2, and z 1 = 4 ; 

i.e., the reauired time = 4 hours. 

Example 7. A sphere of metal is known to have a hollow 
space above its centre in the form of a concentric sphere, and 
its weight is of the weight of a solid sphere of the same 
substance and radius ; compare'the inner and outer radii, having 
given that the weights of spheres of the same substance (radii) 8 . 

Let R be the outer radius, and W the weight of a solid 
sphere of the given metal of radius R J also let r be the inuer 
radius (i.e ., radius of the spherical cavity), and w the weight of 
a solid sphere of the given metal of radius r. 

Then, by hypothesis, 

ir = KR a , 

and w — Kr s , where K is constant. 

Now, since ( H r - w) is the weight of the given sphere, wo 
have, by the question, W-w = £ )l r ; hence we must have 

Ji'(R*-r a ) =» lKR a , 

V 

= r s whence ^ 

Example 8. A point moves with a speed which is different 
in different miles, but invariable in the same mile, and its 
speed in any mile varies inversely as the number of miles 
travelled before it commences this mile. If the secoud mile 
be described in 2 hours, find the time occupied in describing 
the n M mile. 

Evidently the time of describing any mile varies inversely 
as the speed in that mile; hence if v n denote the speed in the 
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n th mile and t n the number of hours required to describe the n th 
mile, we must have . 


t = . where m is constant. 

Also, by hypothesis, v n = , where K is constant; 

v W *" 1 


hence, 


m / 

'• = a-(“- 


i 


Kvidently then t. n is known if ^ is known ; and since the 

time of describing the -ml mile is two hours ( i.et n = 2, 
when n — 2) we have 


2 = 711 [ ■ 
K ’ 


m 

K 


= 2 . 


Hence, t n = 2(n - l), 

the n"* mile is described in 2 (n- 1) hours. 

Example 9. A locomotive engine without a train can go 
24 miles an hour, and its speed is diminished by a quantity 
which varies ms the square root of the number of waggons 
attached. With four waggons its speed is 20 miles an hour. 
Find the greatest number of waggons which the engine can 
move. 

Let x - the number of waggons attached. 

Then the number of miles travelled by the train per hour 

(i.e., its speed) = 24 — m Jx where in is a constant. 

Now, since the speed is 20 miles per hour when x = 4, we 
must have 

20 = 24 - m Ji 

= 24 - 2m, m <= 2. 

Hence, the speed of the engine with x waggons = 24 - 2 Jx ; 
evidently therefore the speed diminishes as x increases. 

Now let us see for what value of x the speed is reduced to 
nothing. If x x be this value, we must have 

0 = 24-2 
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Thus when 144 waggons are attached, the engine just fails 
to move the train. 

Hence, the greatest number of waggons which the engine 
-can move =143. * 

Example 10. If x, p, z be variable quantities such that 
y + z-x is constant, and that (x + y - z)(x + z - y) varies as yz, 
.prove that x + y + z varies as yz. 

By supposition, we have 

y + 3 - x — k ... ... (1) 

and (x + y - z)[x + z - y) = myz ... ... (2) 

where k and m are constants. 

Now from (2), we h^ve 

x 2 -(y -z) 2 = myz, 
x 2 ~(y + *)• = (m - 4 )yz 
or, (x + y + z)(x - y - z) - (m - 4 )yz. 

Hence, from (l), 

(x + y + z)( - k) = (m - 4 )yz, 

.. x+y + z = [ — --jpg, 

i.e., ~ (a constant) x yz. 

Hence, x + y +■ z oc yz. 


Exercise (25K 


1. If y cc and y = 5 when x — 15, find the equation, 
■between a. and y. 

2. If yocff, and y = 10 when x — 25, find y when x = 35, 

3. If P varies inversely as Q , and Q = 10 when P = 2, 
what will P become when <2 = 8 1 

4. If 2' oc <2/2, and the three corresponding values of P.Q.R , 
be 6, 9, 10 respectively, find the value of P when <2-5 and 
R - 3. 

5. If the square of x vary as the cube of y, and x = 2 
when y s* 3, find the equation between x and y. 

2-8 
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6. Given that y varies as the sum of two quantities, one 
of which varies' as x directly, the other as x inversely, and that 
y * 4 when x « 1, and y = 5 when x — 2, find the equation 
oetween g and y. 

7. If gy«=g a + y 3 , and y = 4 when x -■ 3, find the equation 
betweeh x and y. 

8. Given that y is equal to the sum of two quantities, one 
of which varies as a, and the other varies inversely as g 2 , and 
when x mm 1, 2, y = 6, 5 respectively. Find the equation between 
& and y. 

9. If y the sum of 3 quantities, of which the 1st. is con¬ 
stant, the 2nd. x , and the 3rd. oc * 3 , also when x = 3, 5, 7, 
y =» 0, - 12, - 32 respectively ; find the equation between gandy. 

10. Given that y 3 «. a 3 -V- and when g — Ja'^-b 2 , 


y 


— ; find the equation between x and y. 


11. If y =o r + s, whilst ?■ a- g, and oc *]x ■ and if, when 
g = 4, y = 5, and when g = 9, y =- 10, shew that 6y = 
5(g + *Jx). 

12. Assuming that the time of oscillation of a pendulum 
varies as the square root of its length ; if the length of a pen-, 
dulum which oscillates once in a second be 39‘2 inches, find the 
length of one which oscillates 56 times in a minute. 

13. If 13 men earn £7 in 15 days of 8 hours each, what 
will be the wages of 52 men for 12^ days of 9 hours each ? 

14. G iven that the volume of sphere varies as the cube 
of its radius, prove that the volume of a sphere whose radius is 
6 inches is equal to the sum of the volumes of three spheres 
whose radii are 3, 4, 5 inches. 

15. The volume of a pyramid varies jointly as its height 
and the area of its base ; and when the area of the base is 60 
square feet and the height 14 feet, the volume is 280 cubic feet. 
What is the area of the base of a pyramid whose volume is 
390 cubic feet and whose height is 26 feet ? 

16. Given that the area of a circle varies as the square of 
its radius, and that the area of a circle is 154 square feet, when 
the radius is 7 feet; find the area of a circle whose radius is 
10 feet 6 inches. 
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17. If the volume of a cone whose height is 12 inches and 
base 30 square inches be 120 cubic inches, find the volume of 
another whose height is 20 inches and base 1 square foot : the 
volume of a cone varying as the height and base jointly. 

* 18 . The volume of a circular cylinder varies as the square 
of the radius of the base when the height is the same, and as the 
height when the base is the same. The volume is 88 cubic feet 
when the height is 7 feet, and the radius of the base is 2 feet ; 
what will be the height of a cylinder on a base of radius 9 feet, 
when the volume is 396 cubic feet ? 

19. Two circular gold plates, each an inch thick, the dia¬ 
meters of which are 6 inches and 8 inches respectively, are 
melted and formed into a single circular plate one inch thick. 
Find its diameter, having given that the area of a circle varies 
as the square of its diameter. 

20 Given that the illustration from a source of light 
varies inversely as the square of the distance, how much further 
from a candle must a book, which is now three inches off, be re¬ 
moved, so as to receive just half as much light '( 

21. A solid spherical mass of glass, 1 inch in diameter, is 
blown into a shell bounded by two concentric spheres, the diame¬ 
ter of the outer one being 3 inches. Calculate the thickness of 
the shell. (The volume of a sphere varies directly as the cube of 
its diameter). 

22. When a body falls from rest, its distance from the start¬ 
ing point varies as the square of the time it has been falling : if 
a body falls through 402£- feet in 5 seconds, how far does it fall 
iu 10 seconds ? Also how far does it fall in the 10th second ? 

23. If 10 men can reap a field of 7 V acres, in 3 days of 12 
hours each, how long will it take 8 men to reap 9 acres, working 
16 hours a day ? 

24. The square of the time of a planet’s revolution varies 
as the cube of its distance from the Sun ; find the time of Venus’ 
revolution, assuming the distances o,f the earth and Venus from 
the Sun to be 91J and 66 millions of miles respectively. 

[If P be the time of revolution measured in days, and D the distance 
in millions of miles, we have P a = KD a , where K is a constant, &c.] 

25. The value of a silver coin varies directly as the 
.square of its diameter while its thickness remains the same, 
and directly as • its thickness while its diameter remains the 
same. Two silver coins have their diameters in the ratio of 
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4:3; find the ratio of their thickness if the value of the 
first be four times the value of the second. 

(Bombay University P. E. Paper, 1885). 

26. The value of diamonds oc the square of their weights, 
and the square of the value of rubies oc the cube of their weights. 
A diamond of a carats is worth m times the value of a ruby of 
b carats, and both together are worth £c. Required the values 
of a diamond and of a ruby, each weighing n carats. 

27. If aocb, and bocc, shew that (a 2 + & 2 )^occ 3 . 

28. If x + yc cx-y, shew that x 2 + y 2 oexy and a: :l +y a 
ec vy(X ± y). 

29. Given that x + y oc z+ and that x-y oc s- A , 

s z 

find the relation between x and z provided that z = 2 when 
x=* 3 and y => 1. 

(Bombay University P. E. Paper, 188S.) 

30. If a; oc —, prove that x + y is least when x-y. 

y 

[We have xy — a constant.] 

31. The consumption of coal by a locomotive varies as the 
square of the velocity ; when the speed is 16 miles an hour the 
consumption of coal per hour is 2 tons : if the price of coal be 
10#. per ton and the other expenses of the engine be 11s. 3d. 
an hour, fiud the least cost of a jourm y of 100 nnles. 

[Apply the preceding example.] 

32. If z oc y, and y oc jr, shew that 

x + y + 2 a ( yz)' s + (xz)‘~ + (ary) 5 ' 


CHAPTER VI. 

QUADRATIC EQUATIONS. 

1. Definition —Any equation which contains the square 
of the unknown quantity, but no higher p»wer, is called a 
quadratic equation, or an equation of the second degree . 



SOLUTION OF PUKK QUADRATICS. 


117 




/ 

If an equation contains only the second power of the un¬ 
known quantity (and not the first) it is called a pure quadratic ; 
if it contains the second as well as the first power it is called an 
adjected quadratic. ' * 

• Thus 3x* — 75 is a pure quadratic ; 

and 3at 3 - 7* =* 6 is an adfected quadratic. 

2. Solution of a Pure Quadratic.— In solving a Pure 

Quadratic we have to- find the square of the unknown quantity 
just in the same way as simple equations are solved and then to 
extract the square root of the value so found. « 


Example 1. Solve 5(x a + l) - 2 = 3(x 9 + 7). 

We have 5.*®+3 = 3x 2 +2l ; 
hence, 2x® = 18 
* 8 - 9 ; 

now, since the unknown quantity is one of which the square is 
9, it must be either + 3 (r - 3. (Thus there are two values of x 
satisfying the given equation, as the student can easily verify). 


Note. The student should carefully observe that the last step of the 
above solution amounts to answering the following question “ What 
quantity is that of which the square is 9 i” 


Example 2. 


If 


35-2 r 5* a + 7 
9 + 5.r a - 7 



find x. 


By transposition, we have 

5r* + 7 51 - 2r 35 — "lx 

5x a - 7 “ 9 9 


16. 

9 ’ 

16 + 9 
16-9 
x a — 5, 
x = ± Jb, 


7 


25 
7 ’ 


(Componendo anil dividcndo.) 


Example 3. So.ve 3 g " |) + 4 (Ht±£) . 7. 


By transposition, we have 
./22i + ar*\ . 


Jx* — 9\ 
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or. 




or, 


4 x 


» ^ 

• • 


23 

a 8 + 9 
3 


3 x 


12 

a 8 + 3’ 

_2_[Removing the factor 18 


«:* + 9 x* + 3 * from both sides.] 

3a a + 9 « 2a; 8 + 18, 


x 4 


Example 4. If 


s 9. 
x = +3. 

1 + Jx* - 1 


s/a 8 -1-1 


, find a. 


1 + 2a n/* 8 - 1 x* — 2 
Put y for *fx* - 1 and y* — 1 for x 8 - 2. 

Thus we have -- + ^ ^ = — — . 

1 + 'lay y 8 -l y+i 

(1 + y) a = 1 +2ay 

l+2y + y 8 = l + 2ay, 

y + 2 ■= 2a, or y *= 2(a - 1) 

J**- 1 = 2(a - 1), 

a: 2 - 1 = 4(a - l) a 

x « ± Vi + 4(a- l) 8 . 

Exercise (26). 

Find the values of x in each of the following equations :— 


Therefore 

or, 

■ 

e • 

i.e. t 


l/l* 
3. 
^4. 
^ 5. 


8«r + 


65 




a; 7 
14r a + 16 2a* + 8 


a 


2x a +10 


15 


7- 


50 +a 2 
25 


21 
a + 7 


8a 8 -11 
ar-7 


2r 2 

3 


a(a-7) a(a + 7) a 8 -73* 
as* - 1 a® + 1 


(a-l) a (a+1) 5 


- 6. 
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» 

^3. 


1 


X 


1/ 3. 

9. 

10 . 
J 11 . 

7 12 . 


ij 1 — x + 1 \/l +ac - 1 

[Rationalise both the terms of the left-hand side and then proceed.] 

7. (i + x + x 2 )^’= a - (1 - x + x 2 )^. 

(x - a)(x -b) (x + a)(x + b) 


(x - ma){x - mb) (x + ma)(x + mb) 

ax + 1 + (a 2 x 2 - 1)^ _ b 2 x 
ax + 1 -( a 2 x 2 - 1)^ ^ 

(a + x)$ +(a-x)$ « 3(a z -x 2 )K 

12 . 


5x 2 + 17 14x 2 - 117 

a 5 *-11 + 2x*-9 


x 3 - 1 x' 1 - 5 x 2 - 2 x 2 - 6 
x 2 -4 x 2 - 8 x a -5 x 2 - 9 


3. The ordinary method of solving an Adfected 
Quadratic. —Bring the terms containing the unknown quantity 
to the left-hand side of the equation, and the known quantities 
to the right-hand side ; if the co-efficient of x 2 be negative, 
change the sign of every term of the equation, and then divide 
every term by the co-efficient of x 2 : thus the equation is re- 

w 2 

duced to the form x 2 +px — q. Now add * - (i.e , square of half 
4he co-efficient of x) to both sides, on which the left-hand side 
becomes a complete square and we get ^ x + -^ ■■£+—» 

whence * + -? = ± \J <1 + - ,' and therefore 


x 




Exercise (27). 

Solve the following equations :— 
vf 1. 70x-63 - 7x a . 

By transposition, we have 

- 7x a + 70x - 63. 
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Since the co-efficient of ** is negative, changing the sign of 
every term we get 

7* 2 -70* = -63 ; 
dividing both sides by 7, 

x % - 10* = - 9. 

/10\* 

Now adding / ^ J or 25 to both sides, we have 

* 2 - 10* + 25 = 25-9 = 16, 
or, (*-5) 2 - 16. 

Hence, af - 5 * +4 (becauHe X - 5 is a quantity of which the- 

square is 16) 

x ** 5 + 4, or 5 - 4, 
ifi., x *= 9, or 1. 

«/2. 2* 2 - 11* + 5 *= 0. 

By transposition, 

2* 2 -11* 

dividing both sides by 2, 


- ; 


X 2 - Vx 


/11 \ 2 

Adding f - j to both sides, 



— 

1 8 1 __ r» 

‘IF’ l! 

w., (*-¥)* 

** 

8 1 

T6> 

* - -V- 

• • *4 

- 

+ 9 
in 

* 

•= 

n + 9 

T*I 


3. 87 - 98* - 30* - 16**. 

4. 17* 2 - 55* + 216 - 65*-8* 3 . 
** +8 


11 


5*-* a -5. 


4(* 2 + 23* - 24) - 29* a -8* +1. 
(3* - 1)(* - 4) + (* - 2)(2* - 3) 

4*(*-3)-5. 


5. 

6 . 

7. 
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The left-hand side ' 

= (3* 8 - 13x + 4) + (2* 8 - 7*+ 6) 

«= 5x 8 - 20* + 10. 

9 

Hence, we have 5* 8 - 20a? +10 = 4* a - 12* - 5, 

i * i as* — 8* = — 15 (by transposition), 

/. *--8* + (4) a « 16-15, 

or, (x- 4) a » 1, 

* - 4 - ± 1, 

x = 4±1 
=» 5, or 3. 

8. (2*-5)(3*-7)-(*-l)(1*-5) = * 2 -3<* + 14). 

9. (3* - 11)(* - 2) + (2* - 3)(* + 4)+13* 

= 10(2* - l) a +12. 

10. (* - £)(* - $) + (* - i)(* - J) - (* - j)(* - ^). 

(Calcutta University F. A. Paper, 1801) 

- . * 40 _ 3(10 + *) 

AA ’ 15 + 3(ioT-*) " 95 

Tt, . ... 40 3(10 + *) * . n 

[_By transposition, - - #V - l5 - **• J 

«q 2* 3*-50 12*+ 70 * + 4 *-410 

AA i5 + 3(T0+^) “ '190 ‘ ACS * *-4 + i + 4 “ 3 ' 


14. 

* + 3 ( *- 3 

2* — 3 


x+2 + x-2 

* -1 


15. 

*-2 *+2 
+-- 

2(* + 3) 

16. - “ 

* + 2 *- 2 

* - 3 

*- 2 * + 2 6 


.* + 6 * + 1 

1 

(Calcutta University F. A. Paper, 1878) 

* + 7 x + 2 

3x + 1 * 

la 

2ar , 2l “ 5 T pi 
*-4 + *-3 * * 

* 


[wel,ave(J^-2) + (|f|'- 2 )=44.] 


x 11* 7 

x + 5 ll*-8 + 6-4x 


19 . 
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20 . 


1 


1 


x + a x + 'la x+'Aa 


or. 


X 



,( 1 

_I\, 

j 1 -M 

\x + ‘2a 

*/ 

\x + 3a x / 

whence 

1 

2 3 

1 1 

x + a 

x + 2a x + 3a 

,_ 1_ 4 

_1 

- -2 ( 1 - + 

x+a 

x + 3a 

\« + 3a 

whence 

x + 2a 

x+a 

2x + 5a 
* + 2a * ' 


= 0 , 

—) 
x + 2aj 


4. The general expression for the roots of a 
quadratic. 

N. B. The roots of any equation are those values of the unknown 
quantity that satisfy the equation. 

As every quadratic equation can be written in the form 
ax 2 +bx + c — 0 (after suitable reduction if necessary) we must 
regard this equation as the general type of all quadratics. Let 
us solve it. 


By transposition, 

CMC 2 + bx 

Dividing both sides by a, 


x* -i- x 

a 


- c. 

c 

a 


Adding to both sides, 

- b / b\ 9 b 2 c 

x 2 + —x + ( —r— ] = -—-- 

a \2 a/ 4a 2 a 

or, (* + - 


b \ 2 b 2 - 4ac 
2a) . 4a 2 * 


x + 


b <Jh* — 4 ac 

2a**"" 2 a 3 

-b± Jb 2 - 4 ac 
2 a 


t 



THE GENERAL EXPRESSION FOR THE ROOTS. 


VI.] 


123 

I 


Thus the roots of the quadratic ojc* + &x + c ** 0, jpre 

- 6+ Jb* - 4oc , — b - Jb* - 4ac , , . 

_- T --V-and-, and therefore we must 

2a 2a 


, , -d+ - lac , 

regard the expression-—-as the general expression 


2a 


sought. 

By the application of this formula we can find out the roots 
of a quadratic equation without going through the process 
explained in Art. 3. 

Example 1. Write down the roots of 2.** -13*+15 = 0. 

Comparing this with the equation ax 2 + bx + c ■* 0, we 
have a = 2, b =*= —13, c = 15. 


Hence, the roots of this given equation are 

- ( _ 13) ± J ( - W -4x2x15 
™ 2x2 


13 ± %/l69 - 120 


13 ± ^49 13 ± 7 

4 “ V 


That is, x — 5, or f. 

Example 2. Write down the roots of -3*- = lias-4. 
Bringing all the terms to one side, we have 
- 3ac a - 1 las + 4 = 0. 

Here, a=«-3 > 6=-ll, c = 4. 


Hence, x 


-(-11)± n/T^D 2 - 4 x ( - 3) x 4 
3 x ( - 3) 


11 ± JHT+4S 
-6 

11 ± J169 

— 6 <■ -5 

*■ 


11 ± 13 


-4, or £. 


-6 
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Exercise ( 28 ). 


\ 

Write down the roots of the fallowing equations :— 

1. 3®*-17® + 25 - 0. 2. ®* + 9® + 20 = 0. 

3 . 6 ®* - 20 -7*. 4 . - 9 ®* 25 = 6 * -10. 

5. 8®* = 14c+15. 0. - 3®* + 20* = 25. 

*7. 5 + a!-4i s = 0. 

5. Sreedharacharyya’s Method of solving a Qua¬ 
dratic. — Reduce the equation to the form px * + 7 1 — r \ multi¬ 
ply both sides of this by 4/?(».«., by four times the co-efficient of 
«*) and then add q * to both sides ; we thus get 4 p*x~ + ipqx + g* 
= 4 pr + 7*, the left-hand side of which is evidently a complete 
square being equal to (Vpx + q)*. 

Example. Solve 5x 2 -17® + 6 = 0. 

By transposition, 5®* - I7x = - 6. 

Multiplying both sides by 4x5, 

4 x (5®)* - 4 x (5®) x 17 = - 120. 

Adding (17) a to both sides, we have 

4 x (5®)* - 4 x (5®) x 17 + (I7) 8 = 289 - 120 
or (2x5®-17)* » 169, 

10®-17 = ±13, 

17 ± 13 


3, or * 


Exercise (29) 

Solve the following equations by Sridharacharyya’s method :— 

c/ l. 2®* + 9® = 18. ^2. 15®*-28 = ®. 

3. 16®*+ 100® = 3®*+® +40. 4. ®* +50® =102-15®-®*. 

3. 17«* + 19® = 1848. 0. 2c®* - acx = 3(2® -a). 

*7. ®* + ax = ab(3x + a) - 2®*. 

0. Solution of a Quadratic by the method of 
Resolution into Factors.— Reducing a Quadratic to the form 



THB METHOD OF RESOLUTION INTO FACTORS. 


125 



■ax 2 + bx + c =* 0 , if we know the factors of which the left-hand 
side is the product, then by equating to zero either of these fac¬ 
tors, we get a solution of the Quadratic. 

Example 1. Solve aj a -5je + 6 = 0. 

• Evidently the left-hand side * (x - 2)(x - 3). 

Hence, we have 

(x - 2){x -3) — 0. 

Either a — 2 = 0\ or, x — 3 = 0) 

and x = 2J and x — 3/ * 


Thus 2 and 3 are the roots of the equation, as the student 
•can easily verify. 


Example 2. Solve 2x s - l(Xc = 3jj-15. 

We have ' 2x(x - 5) - 3 (x - 5) . (1 > 

/. (2x-3)(x r 5) = 0. 

Hence, either 2r - 3 = 0\ or. *-5 =* 01 

and x — *}/ and x =■ of 

Thus [\ aud 5 are the roots of the equation. 


Note. The solution also at once follows from equation (11 ; for x - 5 
- being a factor common to both .-.ides, the equation evidently holds good 
when this factor is zero, i. e , when x — 5, and evidently albo the equation 
is satisfied when 'lx = 3 or x — % : therefore 5 and § are the roots of the 
equation The student will thus observe that it is n**t always necessary to 
transpose all the terms to the left-hand side of the equation. 


Example 3. Solve (7-4 J3)x* + (2 - J3)x = 2 . 
Since 7-4 J3 = (2 - J3 ) 2 , 
we have (2- J3)*x* +(2 - J3)x — 2. 

Hence, putting i for (2 - J3)x t we have 

s 2 + z — 2 =0 

or, (s + 2)(s-l) - 0. 

Hence, either 2 +2 = O' 
and 2 = - 2 

Thus, x = V 3 )| 

1 


or, 3 
and . 


-or. 


2 - J 3 


2 + *y3 


-1 

2 
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1 1 

(z-b)(x-c) (a + c)(a + b) 

1 1 


(a + c)\x — c) (a + b)(x - 6) 

By transposition, 

i f i_i.i 1 LL.__ L\. 

x — c\x~b a + cj a + b[x-b a+cf 


Therefore, either - *- *-- = 0 

x-o a+c 


(See Note Ex. 2.) 

whence b — a + b + c; 

or -L = ' 

x-c a+b 

, , whence also & = a + b + e. 

Thus the equation has £ot two equal roots. 

_ , - c , a + c(a + x) a 4- x a 

Example 5. Solve -- + - - = - r - . 

F a + c{a -x) x a - 'lex 


Since 


a + c(a + x) 


a 


c{a + x) 


a + c(<i - x) a + c(a - x) a + c{a - x) 
we have by transposition, 


(»+,){ c + U-J.. l 0 ._ 1 - 1 

{a + c(a - x) x J - 2cjc a + c(a-ac)J 


or, 


(a + x). 


a( l + c) 


x{a + c\a - x)\ a \a - 'lcx){a + c(a - a)} 
or (« + *)(! +c) _ c(a + x) 


c(a + x) 


x 


Hence, either a + x ** 0, and 
1+c 


a — 2 cx 
• x 


- a 


or. 


, whence a; — a (l + c ) 


a — '2cx 


c(9 + 2c) 


Thus - a and - ~ are th® roots of the equation. 
c(d + 2c) 
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Exercise (30). 

Solve the following equations :— 


1. 

3jt* — 1 2a? + 1 a* 6b-23. 

6. 

6b 2 + 5b - 4 = 0. 

2. 

4b 2 - 4b -=> 

80. 

7. 

3(b - 2) 2 - 18 + (8b+1) 

3. 

- 6 

x + 2 - , 

sc + 2 

- 1 . 

8. 

x a - 8 

x -- = 2. 

x“ +5 

4. 

a 2 + 9b-52 

= 0. 

9. 

21b 8 16 n 

a?-4" - 7l = 5 ' 

5. 

B 2 - fjB - 4 

- 0 . 

10. 

b 2 - (a + 6)B + a6 = 0. 

11. 

(a - 6)b 2 - (a + 6)b + 26 =» 

0 . 


12. 

B 2 

(J-rf)x - 


1 

fl^+6* 

1 ' 1 



13. 

2r.(a - t) 
3<* - 2b 

a 

4 * 

15. 

a b 2c 

x — a % — b x — c 

14. 

16 b^ 

, + 2 

6 

A 

16. 

a- J'iax-x* x 

a + V2aB — b 2 a - b 


CHAPTER VIL 

•&> 

Methods of Solution of some Important 
Classes of Equations Reducible to quadratics. 

1. Equations reducible to the form px % * + qx n = /\ 

•Example 1. Solve x°-9x :i + S = 0. 

We have b‘ t - Ox® + C) 2 = - S + V 
or, 

• Al3 — " 

. 3 9 ± 7 

2 

* * 8, or 1 ; 

and x = 2, or 1. 

Thus 2 and 1 are the roots of the equation. 
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Example 2. Solve Qx* = 7x% - 2«"i. 
Multiplying by x^, 

6at = - 2. 

Transposing and dividing by 6 , 

*-0*^ = -i; 



or. 



i 




Exercise (31). 


Solve the following equations :— 


1. 

a' J -35x s + 2L6 - 

0 . 

9. 

X 

2X'-in — X 

+ 8 = 0. 

2. 

x l - 14jt + 40 

= 

0 . 







7 

2 r. 

3. 

—' 

X 1 +x ^ = 

6. 


10. 

X s = 56.t 

:J + * v ‘. 

* 

4. 

9+a 4 = 

10.C 

• ■* 
m 

• 

11. 

_ - / — r 

.. Vf 

8. 

x~ 2 - 2x~ l = 

8. 


6 v^ 4 = 

>/*+%/,»• 

6. 

1 

a;"' 1 +ax 3 = 

2a 2 . 


12. 

_ 3.r — 1 

5 - f + 

2 1 

, =- 3a: - . 

7. 

* 5 + 2 = ■ 

+ 8 



1 + 5a?* 




T O 


13. 


2x v 



1 


3*" 'Va?** = 

. , r; = l6 - 

8. 

a; » + 15 =» 8x 

* . 






2 Equations in which the expression equated 
to zero is capable of being resolved into factors in¬ 
volving the unknown quantity ; or where expres¬ 
sions on both sidas of tin sign of equality have 
common factors involving the unknown quantity. 
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Example 1. Solve 27x 3 + 2l* + 8 = 0. 

The left-hand side = 3*(9x* - 1) + 8(3* + 1) 

- (3a + l){3a(3a- l) + 8} 

= (3« + l)(9a a - 3a + 8). 

Hence, we have 

(3*+l)(9* 2 -3* + 8) = 0 ; 

either 3* + l = 0.(I)"! 

or, 9^ a -3* + 8 «= 0.(2)J 


From (1), * 
From (2), * 


3± n/9^288 
18“ 


3 ± J - 279 

f 8 


Thus-^ and ^ ~ ^ are the roots of the equation. 

3 18 ^ 


Example 2. Solve a 4 + 2ajc :s = 2* + - a 


(Calcutta University F. A. Paper, 1874.) 


By transposition, ^a 4 - ^ ^ + 2aa^a 2 - = 0. 

° r - ( , *-I){(** + -i-) +a "} -°- 


Hence, either 


a 2 - * = 0 1 

tt 


and x — ± 


Ja J 


and 


x = 


or, a 2 + 2 ax + ~ = 0 
a 

- 2a± 2 a/ a 2 - 1 
▼ a 


2 


= — a ± a / a® — • 

, v a 


2—9 





[Chx?. 


on 

<2)J 


.. ~ ~ 0)1 
or, z 3 + 2x+l = 0 .(2)j 

From (1), x = 2 \ 

From (2), x = - 1 J 

Thus 2 and - 1 are the roots of the equatiou. 

Example 5. Solve 2a; 3 + 5a; 2 - 4a; - 3 = 0. 

The left-hand side 

*= (2x 3 4* 6a: 2 ) - (a: 2 + 4a: + 3) 

«= 2* 3 (a: + 3) —(a? + 3)(a;+1) 

= (* + 3)(2.* 3 -a:-l) 

■= (x + 3){2a:(a: - l) + (x- 1)} 

= (x + 3)(x - 1 )(2a; 4- 1). 

Hence, we have 

(x + 3)(x - 1 )(2af + 1) * 0. 

Hence, the roots of the equation are - 3, 1, and - 

Exercise (32). 

Solve the following equations :— 

1. 6* 8 -5* 2 +a? « 0. 2. * 8 +* 2 -4a-4 ■» 0. 

3, - H- 
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Example 3. Solve Sa; 3 + 16a? = 9. 

By transposition, 

(8a s - 1) + 8(2a; - 1) « 0, 

or, (2x - l)(4a 2 + 2x +1) + 8(2z - 1) <= 0, 

or, (2a;- l)(4a 2 + 2a: + 9) = 0; 

either (2a; - 1) = 0 . 

or, 4x 2 + 2a; + 9 ■= 0 . 

From (1), ar = 

xp /n\ —2± \/ 4 - 144 — 1 ± V — 35 

From (2), a; = -^- - -^- 

Example 4, Solve X 3 - 3a; 

By transposition, 

.r(x 8 - 4) + (a i - 2) 0, 

or, (r - 2){r(x +2) + 1] = 0; 

* pifchpr m; — 9 =s O 


2 . 


4 . * 8 + 7 & « 22 . 
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5. 2x a — at 2 =■ 1. ■ [We have 2* a (*-l) + (* 2 -1) = (),&<£] 

6. a? 3 - 6* + 9 «■ 0. 7. 3x fl +8x 4 -8x 2 - 3. 

8. *(a a - 2) ®* m(x 2 + 2m* + 2). ^ 

[We have (.e s +w 3 ) - 2(a; + w) = m{x + m)*, &c.J 

9. a a (s a - 3jc + 2) - 7x(* a - 3a;) + I2x a - 50x + 24 - 0. 

(Calcutta University F. A. Paper, 1875). 

10 . - 6 a : 2 + 10 a :-8 - 0 . 

[We have x(x 3 -6x+8) + 2(ac-4) = 0, &c.] 

1 1. (ac a - 5)* = (x - 3) a + (ac+ l) a . 

[We have (as - 3) 9 — (a; 9 - 5)* - {x +1)*, Jtc.J 

12. a 3 + px* + (p - 1 + ~I = 0. 

13. (p - l) 2 * 3 +px 2 + [p - 1 + jyJ*+l “0. 

‘ A 

3. Equations reducible to the form s 2 + pz - q 9 
where s represents a simple or quadratic expression 
involving the unknown quantity. 

Exercise (33). 

Solve the following equations :— 

1. 3 2 * + 9 * 10.3 T . 

Putting z for 3 X , we have 

z 2 — lOz + 9 0, 

or, (z-9)(z-l) mm 0 ; 

either z = 9 ... ... (1)\ 

or, z = l ... ... (2)/ 

From (1), 3* = 9 = 3 3 , x - 2\ 

From (2), 3* = 1 = 3°, /. * - 0/* 

Thus 2 and 0 are the roots of the equation. 

2. 2* +1 + 4* = 80. 

We have 2* +1 -* 2.2* 1 

and 4* « (2 2 )* - 2* s - (2 a )*i * 
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Hence, putting z for 2* we hare 

, 2 2 + 2 1 =* 80, 

or, (s + l)* = 81, 

2 = - 1 ± 9 

— 8 ... ... 
or, = -10 . 

From (1), 2' - 8 = 2*, * = 3. 

From (2), 2 X = - 10, which gives no real value for x. 



3. 5 J + 5 2 - x = 26. 
5. 2** +8 +1 - 32.2*. 

7. 7 1 + * + 7~ x = 8. 


4 . 3 1 + a * + 3 1 - 2 ' * 10 . 

6. 2 2jr+3 - 57 = 65(2 X - 1). 

a + V.r ■ 4 - 


9. 3a? 2 - 4x + s/.3 <;* -4* -'6 - 18. 


Adding - 6 to each side, 

3-r 2 -4a:-6+ s/iu* - 4a- - (T = 12. 


Putting 2 for *J<5x* ~ 4ar —6, we have 

z s +z = 12, 
or, 2 * 4 - 2-12 = 0, 
or, (z + 4)(z - 3) — 0 ; 

either z = —4 (1)\ 

or, a * 3 (2)| 

From (1), J:u* - 4* - 6 = - 4, 

or, 3** — 4r - 6 = 16, 

or, 3a® - 4a; - 22 = 0, 

4 ± VlG + 466 
.. * - 6 

4± 2-s/4+ 66 

“ g 

2 ± s/70 
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From (2), 


<v/3x*4a: - 6 
3a? a - 4a: - 6 
' 3a? a - 4x - 15 
(x - 3)(3as + 5) 


3, 

9, 

0 , 

0 , 

3, or 


3*-2 


-J - ^ JaC^ —■ r)£ ■}” J — 


3 


We have 

3(3*-2)+ 6 ~-bx + 3 = 2(a:+l) a 

= 2 (a? a + 2 a? + 1 ). 

Hence, by transposition, 

2x a - 5r - 6 - 5*■ + 3 * - 8 . 

Adding 3 to both sides, 

(2a? a - 5a: + 3) - 6 Jlx^-bx + 3 = - 5. 
Putting s for n/ 2 c 2 - bx + 3, we have 

2 2 - 62 + 5 = 0 
or, (»-l)(»-5) = 0 ; 

either 2=1 ...( 1)1 

or, 2^5 ...( 2 )/ 

From (l), -JUi* - bx + 3 — 1, 

2r a - 5<? + 3 = 1, 
or, 2a? a - 5r + 2 = 0, 
or, (sr - 2 )( 2 a? - 1 ) = 0 ; 


2, or 


From (2), 2a? a -5r + 3 = 25, 

or, 2x a -or - 22 =* 0 ; 

5± 725+176 5± 

4 ~ 4 

11. a: 8 + 2 + 6a? - 24 - 6a?. 

12. as* +3 = 2 x/a:* -2as + 2 + 2r. 

13. a? a + 5ar + 4 «* 5 ^a? 2 + 5« + 28. 

14. * a +as+10 Vr a +3as+16 «= 2(20-as). 

(Madras University F. A. Paper, 1888.) 
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15. ** + 3- n/2x !, -3x + 2 

16. 8 + 9 J (3x—"T)(x - 2) = 

17. at* — x + 3 \/2a. 2 - 3x ■»■ 2 



*(* + 1). 
3x 2 - 7x. 


19. 9x - 4x 2 + - 9x + 11 = 5. 

20 . 2(x 2 - 3x +l) 2 +5(x 2 - 3x+l) + 3 ■> 0. 

(Calcutta University R A. Paper, 1873.) 

21 . (x + 4)(x+l) + %/(x + 5)(x - 3) = 3x +31. 

(Calcutta University R A. Paper, 1877.) 

22 . 3x + 2 s/x*~- 3* + 8 = * 2 + 6. 

(Calcutta University R A. Paper, 1886.) 

23 . (x - 5)(x - 7)(x + 6)(x + 4) = 504. 

The left-hand side — \(x - 5)(x + 4)} x {(a - 7){x + 6)} 

= (* 2 -*-20)(* 2 -*-42). 

Hence, putting z for x 2 - x we have 
(z - 20)(s - 42) = 504, 
or, s 2 — 62z + 840 = 504, 
or, s 2 — 62z + 336 = 0, 

or, (z - 6)(« - 56) = 0 \ 

either z — 6.(1)1 

or, z «= 56.(2)/ 

From (1), x 2 - x - 6 = 0, 

or, (x - 3)(x + 2) — 0 ; 

.*. x =» 3, or - 2. 

From (2), x 2 - x - 56 «= 0, 

or, (x-8)(x + 7) ■» 0 ; 

.*. x = 8, or - 7. 

24 . (2x - 7)(x 2 - 9)(2x + 5) = 91. 

The left-hand side 


- {(2a-7)(a + 8)}{(a-8)(2a + 5)), 

- (2a* - a - 21)(2x" - a - 15). 


t 
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(Hence, putting z for 2x* - ar, we have 



(z - 21)(z - 15) - 

91, 


z a -*36z + 315 = 

91, 

or, 

z a — 36z + 224 = 

0, 

or, 

(z - 28)(z - 8) ■= 

0; •* 

• 

* • 

either z = 

28.(1)1 


or, z «= 

8.(2)/ 

•From (l), 

2r a - x- 28 = 

o, 

or, 

(*-4)(2x + 7) = 

0; 


X = 

4, or - 

From (2), 

2x a - x - 8 = 

.'. x = 

o, 

1 ± %/1-4-64 


4 


1 ± /s/65 


^ 25 . 


l 


1 


3r a +-llr+10 6r a + 19r+15 


2«® + 9r + 10 
150 


Since 


and 

we have 


(Madras University F.A. Paper, 1880.) 
3r a + llar+ 10 = (3r + 5)(r + 2), 

6r 8 + 19a; + 15 = (3* + 5)(2r + 3), 

2r 2 + 9 js + 10 (2r + 5)(r + 2), 

1 f 1 1 \ (2r + 5j(x + 2) 

3r + 5\i + a + 2r + 3J 150 * 


_1 (2as + 5)(a; + 2) 

° r ’ (x + 2)(2r + 3) 150 

or, (2a; + 3)(2r + 5)(r + 2)* =* 150, 
or, (4as a + 16r +15)(r a + 4r + 4) =» 150. 

Hence, putting z for at* + 4ar, we have 
(4z+15)(z + 4) - 150, 
or, 4z a + 31z - 90 0, 

or, (4z - 9)(z + 10) » 0. 

Hence, &e. ^ * 

.26. (x-7)(tr-.3J(a: + 5)(r + lJ - 1680. , 
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27 . (a; + 9)(aj - 3)(x - 7)(x + 5) = 385. 

28 . (x + 9)(x - 4)(x - 8)(x + 2) = 825. 

29 . x(2x + l)(x - 2)(2x - 3) = 63. 

30 . 16x(x +l)(x + 2)(x + 3) = 9. 

31 . x A -2x a +x •** 132. 

[The left-hand side = (x 4 - 2x a -l-x 9 ) - (x 9 - x) 

= (x 9 -x) 9 -(x 9 -x) ; hence, &c.] 

32 . x A - 8a; 3 + 10x a + 24x + 5 = 0. 

[The left-hand side = (x 4 - 8x 3 + 16x 9 ) - (6x 9 - 24x) + 5.] 

4 . An Important Artifice. 

Example. Solve J3x* - 7x - 30 - J2x* -7x-5 

— x — 5. . (1) 

We have identically 

(3* 2 -7x- 30) - (2x 2 - 7* - 5) - z 2 - 25 . (2) 

(i e., thi8 relation is true for every value of x t and hence it is 
also true for the particular value which x has*in the proposed; 
equation.) 

(3x a - 7x - 30) - (2x* - 7x - 5) _ r 2 - 25 
J3x* -7x -30 - Jix' r -Jx - 5 * - 5 

or, 73^ 7x^30+ j2^~-7x - 5 = x + 5 ... (3) 

From (1) and (3), by addition, 

2 \/3x a - 7x - 30 ■•= 2x, 
3* 2 -7*-30 - x*, 
or, 2x a - 7x - 30 = 0, 

or, (x - 6)(2x + 5) = 0, 

x ®a 6, or - 

N. B .—We might as well have subtracted (1) from (3) and got 
the same result. 

Exercise (34). 

Solve the following equations :— 

1. J'lx* + 5x — 2 - *] 2a?* + 5x - 9^ «= 1. 

2 . *j3x 8 + 7x-l + s/3x* + 7x-lQ « 9. 
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3. sfbx* - 6* + 8 - 7 - 1. 

4. -7x + 16+ V4x*'-~7x-I = 17. 

_ » __ __ 

6. V5x a •+• 7x+2 - Vi** + 7«+18 = *-4. 

5. Reciprocal Equations. —Tn such equations if all the 
terms are brought to one side, the co-efficients of terms equidistant 
from the beginning and end are either equal and of the same 
sign, or equal and of different signs, (provided that in the latter 
case the middle term be wanting if the equation be of an even 
degree). 

Thus the following equations are reciprocal: — 

(i) x 5 + 2x 4 + 3a: 3 + 3x 2 + 2x + 1 = 0. 

(ii) x n - 2jt 4 + 3x» - 3x 2 + 2* - 1 = 0. 

(iii) x 4 - 2x :I + 3x ,a - 2x +1 =0. 

(iv) x* - 2x 3 + 'lx - l =0 

Note. The last equation would not be called reciprocal if the co¬ 
efficient of x' J wen not zero. Such equations remain unaltered when * is 

changed into ^ and hence the name. 

X 

The method of solving such equations will be illustrated by 
the following examples. 

Example 1. Solve x 4 + x® - 4s 2 + x + 1 = 0. 

We have (x 4 + 1) + ( x s + x) - 4x* = 0. 

Dividing both sides by x 2 , 

(,. + ^) + (* + l)- 4 . 0l 

or - ((*+-]r) S -2} + (* + i)-4 - °- 

Hence, putting z for x + - , we have 

x 

2*. + 2 — 6 =» 0. 

or, (2 + 3)(2-2) at 0; 

.*. either z — -3 . (1)1 

or, 2 - 2 . (2)/ 



138 


ALGEBRA MADE BABY. 


[Chap* 


From (1), x+ — « - 3 

x 

or, x 2 +3x + l » 01 

. -3*79-4 -3±75 

' • * "-2-T 2 

From (2), x + - =2 

X 

or, x 2 - 2x + 1 “0, 

or, (x- l) 2 *» 0 ; 

. . X 1. 

‘Example 2 . Solve x* - 2x* + 3s 4 - 2x 2 + 1 = 0. 

We have (x 8 * 1) - 2(x® + x 2 ) + 3x 4 = 0. 


Dividing both sides by x 4 , 

(*‘ + i( \)-2(^ + I) + 3- 0 . 


Let 

2 = 

1 

x + - ; 

X 


then 

2 1 

X 2 + „ = 

X 8 

(.+ M ’-2 
\ •*! 



“ 

z 8 - 2 . 

. (i) 

and 

4 1 

* 4 + 4 - 
X 4 




— 

( 3 2 - 2) a - 2 



- 

2 4 - 4z* + 2 . 

. (2) 


Hence, by (1) and (2), the equation becomes 
(? 4 - 4s 2 + 2) - 2(z 8 - 2) + 3 - 0, 
or, s 4 - 6s 2 + 9 0, 

or, (z 8 - 3) a - 0 ; 

* a - 3, 

2 - ± J3. 

... * + 

.or, x?,- 73* +1 — 0 ^ 


iHence, 1st. 
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reciprocal equations. 


2 

J3 ± J~- l 


2ndly, 


-j* 


or, x* + J3x + 1 = 0, 

_ — J* ± J i - 4 
■* * " 2 

-V*± V-f 

2 

Example 3. Solve 10x 4 - 63x 3 + 52u a + 63x- + 10 = 0. 

This equation though not reciprocal can yet be solved by 
a similar method. 

We have 10(a: 4 + 1) - 63(a? 3 - *) + 52® a = 0. 

Dividing by # 2 , 

l0 (*’ + J») -G3 (* - 1) +52 ~ °- 


Put z for x - 


then z a + 2 = x 2 + 


hence, 10(2 a + 2) - 63z + 52 = 0, 
or, 10z 2 -63z + 72 = 0, 

or, (2z - 3)(5* - 24) = 0 


From (1), 


either z = £ 
or, z = -V 


or, 2x a - 3x -2 = 0, 

or, (x - 2)(2« + 1) = 0, 

x = 2, or- A 

1 


5x a - 24x — 5 = 0, 
(x - 5)(5x + 1) = 0, 


x m 5, or 


From (2), 
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Exercise (35). 


Solve the following equations :— 

1. -3z s -2x*-3x+l -0. 

2. x 4 - * 3 + -J r 8 - x + 1 =0. 

3. as® — x 6 + x 4 -a: 8 +*— 1 = 0 

[The left-hand side = (x* - l)-x(x* - l) + x 9 (x 9 - 1) 

= (as* — 1 ){(ae* -l-ac® +1) — as(a: a +1) + sc*} 

= (ac* — 1 )(x 4 - x a + 2x* - x +1).] 

4 . x 4 +8a?-’ + l = 5 jc(x 8 + 1). 

5. 4x 4 - 16x® + 23x 8 - 16x +4 — 0. 

(Calcutta University V. A. Paper, 1882. ^ 

6 . X 4 + B /x a + 1 — 7x(x 2 + 1 ). 

7. ar 4 - 5x s + 15x +9 = 0. 

8. 4x 4 - 16x® + 7a; 8 + 16a; + 4 = 0. 

9. 6x 4 - 25x® + I2x 8 + 25x + 6 =■ 0. 


10 . 

11 . 

12. 



Miscellaneous Equations (36). 

N. i?.—Solutions of the equations given below will be obtained by 
Borne one or other of the methods explained in this chapter, or by the 
application of some special artifice. The student is strongly recommended 
to exercise his own ingenuity to the utmost and try to arrive at solutions 
independently of the hints given here and there. 

1. 2 x * : 2 81 -8:1. 

2 a + 2x+ J<i* - 4a;* _ 5v 
a + 2x — ~Ja* - 4x 8 a 

3. a**(a s + l) — (a®' + a*)a. 

4 . <j2x* + bx - 7 + J3(x* - 7x + 6 ) — Jlx* - 6 * -1 — 0 . 

[First see if the equation could be divided out by any common factor.} 
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5. */a 2 + 2ax - 3x 2 — Jo* + ax - 6x 2 ■* ij2a* + Sax - 9x*. 

* - 2 - 

, 7. (a + x)^ + 4(a — x$ =* 5(a a -x a )^. 

^Divide both sides by (a - x)^ and then put z for 

8. ^x + mj + ^x-ro^ = ^«, + -^ ^x a - wi 2 ^ . 

(Madras University F. A. Paper, 1884.) 

9. x 4 -2x 3 +x = 380. 

[We have (x a -x) 2 ~(j; a -.r) — 3S0. Hence, putting s for 
x 2 - x, we have s 2 - r - 380 — 0, Ac.] 

10. x 2 + x -2 + x + x‘ 1 = 4. 

11. x 4 -3z 3 = 1 - 3x. 

12. *+-4 + (* + -*\ i = J1 

\x-4/ x-4 

13. x-l ~ 2+ I. 

X 2 


14. (x 2 + 2x)(z + 4) = 2-(x + 4). 

b 

c 


- - a — x x 

15. - + 


x a — x 

16. i^ 2 + 4 j-49 = 9 + 6 . 
4 x* x 


Add to both sides, when each side becomes a complete square, 


17. x - 


12 + 8x ¥ 
x - 5 


[We have x 2 - 4x = 12 + 8x^ + x : adding 4 to each side we get 

complete squares.] 

i q x 2 x - 12 
L ° m T = x--18' 

[We have x 4 - 14x 2 — 4x 2 + 4x - 49 ; now add 49 to both sides.] 

19. x 4 - 4x 3 - 2x 2 + I2x + 9 - 0. 

[We have (x 2 - 2x) 9 - 6(i a - 2*)+ 9 = 0 ; hence, Ac.] 
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20. -6x 3 +6i: 2 +9x + 2 - 0. 

21. a*-8.r\+10x 2 + 24.c + 5 - 0. 


22 . 

23. 


Jx* - 


E + C + 

X + C- 

a a + ox4-x a 
tt a - ojc + x a 


54 -c a 


9(x + c) 

8c 




24 - (^) i+ (^i)‘ 

r- / 2 ; £T \ 2 M *• ® 

The left-hand side = (-- +—— ) - — 

[_ \x-l x+1/ x'- 1 

= ' hence ' i ,uMin e = f,,r ilrr- *'••] 

[ We have .y/1 +-— - ^ 1 - — = 1 ; now square Loth sides.] 


25. 


26. 


27. (a? - 2)(x - 3)(x - 4) = 1.2.3. 

[Since the equation is obviously satisfied if ar — f>, we know from 
Art. 2 that the expression obtlined by bringing all the terms to one tide 
must have (x - 5) for a factor. 

Now, aince the left-hand side of the equation — (x® - 5x + 6)(x - 4) 
= ae s -9x 9 +26x-24, the equation becomes X s - 9x- + 26x - 30 =0 when 
all the terms are brought to one side. Hence x 3 - 9x® + 26x - 30 must have 
x - 5 for a factor, which shows how to proceed.] 

__ x b b* h b % 

28. — +— + 3s “ * + „ '+1'* * 

a x x a a> 

29. (* -1)(* - 2)(* - 3) - (6 -1)(6 - 2)(G - 3) = 0. 

30 . (*-l)(*^ 2)(*-3) - 24. 

a +1, 


31. (l+* + * 4 )* 

1 +X 4 


-(1 +* a + ac 4 ). 


32. 


(l+E) 4 


7. 


0-1 

33. * s -l 


0, 


34. * 4 + l«0/ 
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35. ( 


36. 


/2^+3\ 7 /2r- 3\’ 

2x - 3/ + U* + 3/ 


* /2r-3\* 8 4^ + 9 

13'4x* - 9' 

[Cubing both sides, the left-hand side becomes 
2(4x 9 + 9) &4 4x 9 +9 50 4a: 9 +9 

_X _ # ___ Q%* ^— 

4r 9 -9 13 4a: 9 -9 ’ 13 4x 9 -9’ 

v (a + b) a = a 3 + 6° + 3aft(« -i A).] 

(x - 2) 8 , 


2 


sc 8 - 4-c 


= 4. 


(* “ 

(Calcutta University F. A. Paper, 1889) 
[Wo have ~ + ( ~V = ^ 


or, 4 


x 9 - 4x x 9 - 4x + 4 


= 3. Now put : for x 9 - 4x.] 


CHAPTER VIII. 

Theory of Quadratic Equations and 
Quadratic Expressions. 

2 . A Quadratic equation cannot have more than 

tWO roots. — Let us take the equation ax 8 + 6x + c = 0 which is- 
the general form of all quadratics. If possible, let this equation 
have three different roots a, P, y. We then must have 

au. a +ba + c = 0 . (1) 

ap*+b(i + c = 0 . (2). 

ay*+by + c —0 . (3) 

From (1) and (2), by subtraction, we have 

a(a*-P*) + b(a-P) - 0, W 
or, (a - P){a(a + P) + b} =■ 0. 

Now, since a - p is not zero (a and P being differ&tt ), 

#(tt + P) + 6 =■ 0 . (4) 

Similarly, from (1) and (3), 

a(« + y) + 6 — 0 


HI 


( 5 ) 



144 


ALGEBRA made east. 


[Chap. 

* 


Hence, subtracting (5) from*(4), we have 

a(P - y) = 0 . (6) 

N 

which is impossible since a is not zero and also by supposition 
(3 — 7 is not zero. Hence, the supposition is wrong, in other 
words, there cannot be three different roots to a quadratic. 

* 

Cor. 1, The equation at* +bx + c = 0 can be satisfied by 
three different values of x only when a — 0, b — 0, and c ■= 0. 
For, the equation is so satisfied only when the relation (6) holds 
good, and /?, y being different , this relation is true only when 
a 0; but when a = 0, by (4) or (5) b also = 0, and therefore 
by (1), (2), or (3) c also = 0. 


Cor . 2. If the equation ax* + bx + c = 0 be satisfied by 

three different values of ar, it will be satisfied by any value what¬ 
ever of x , (or, the equation will be an identity). For by Cor. 1, 
the equation now becomes 0.x 2 +0.a + 0 = 0, which evidently 
is true for all values of x. 


Example 1. Is 2{(a? - a)(x - ft) 4- (a - x)(a - ft) + (ft - x)(b - a)} 
e= (a - ft)® + (x - a) 2 + (x - ft)® an Identity or an Equation ? 

The student can easily see that this relation is satisfied 
when x =• a, or * ** 6, or x — 0, i. e. t by three different values 
of x ; hence it is satisfied by any value whatever of x and is 
therefore an identity. 


Example 2. Show that, if— 

(p - a) 3 + (p - ft) 3 = 2(p - c) 3 , 
( 7 -a)» + (?-ft) 8 = 2 (q-c) n , 
(r-a) 3 + (r-ft) 3 = 2 (r-c) 3 , 

then will also 


(s-a) 3 + («-ft) 3 = 2(«-c) 3 . 

' 2. Nature of the roots of a Quadratic.— If «, jS 
denote the r^ots- of the quadratic ax*+bx + c = 0, we have by 
art. 4, Chap.TH., 

-ft+-s/ft*-4aa 0 - ft - -s/ft® -4ac 

a « -*— -, p «= 


2a 


2a 


• Hence the following conclusions are evident:— 

(1) If ft 2 - 4ac be a positive quantity, \/ft® - 4«r is real 
and therefore a,- p are real (and unequal). 
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(2) If o a - 4ac be a perfect square, -Jo* - 4ac is rational 
and therefore «, fi are rational (and unequal ) 

(3) If h % - 4ac be zero, -4 ac is zero, and therefore 

*a, (i are real and equal. 

(4) If A® - 4 ac be a negative quantity, *]t> * - 4uc is im¬ 
aginary and therefore a, fi are imaginary (and unequal.) 

Exercise (37). 

1. Examine the roots of the equation 2* 3 + 7*-4 = 0. 
The expression under the radical sign in the roots of the 

.given equation = 7 3 - 4.2.( - 4) 

4 - 49 + 32 

— 81 which is a perfect square ; 
the roots are rational and unequal. 

2. Examine the roots of the equation 2* a -9a + 8 * 0. 

The expression under the radical sign in the roots of the 
‘•given equation = (-9) 3 -4.2.8 

« 81-64 

■= 17 whose square roots cannot 
be exactly found ; 

the roots are real (and unequal ), but not rational. 

3. Examine the roots of the equation 3x s + 4* + 2 — 0. 
The expression under the radical sign in the roots of the 

given equation ■= (4) a —4.3.2 

« 16-24 

«* - 8, whose square roots are im¬ 
possible or imaginary ; 

the roots under examination too are imaginary. 

4. Examine the roots of the following equations :— 


(1) 

3x* + 20*- 19 

- 0. 

(2) 

2x 9 — 8* + 9 

- 0. 

(3) 

x a + 5*+ 4 

- 0. 

<4) 

,4* a -12* + 9 

• 0. 

(5) 

— 3* a — + 6 

- 0. 

A 

(6) 

- 4x a . + 5* - 3 

im 0* 

r o 


2—10 
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5. Show that the equation 3as* + 7* + 8 = 0 cannot be 
satisfied by any real values of x. 

6. For what values of m will the equation x**- 2(5 + 2m)g 

+ 3(7 + 10m) 0 have equal roots ? 

By the condition of the problem, the expression under the- 
radical sign in the roots must be zero. 


Hence, we must have 

4(5 +2m) 15 -4.3(7 +10m) =0, 

or, (25 + 20m + 4m a ) - (21 + 30m) *> 0, 

or, 4m* — 10m + 4 «■ 0, 

or, ' 2m* - 5ni + 2 = 0, 

or, (2m— l)(m-2) = 0 ; 

m = A, or 2. 

That is, the given equation has equal roots either when- 
m = 1, or when m —- 2. 

7. If the equation 4x a - pa?+ 9 =■ 0 has equal roots, find p. 

8. For what value of m will the equation 2x* + 8x + m = 0 
have equal roots ? 

9. If the equation (1 +m)x* - 2(1 + 3m)x + (1 + 8m) = 
has equal roots, find the values of m. 

10. Prove that the roots of the equation (a-6 + c)x* + 
4(a - b)x + (a - b - c) = 0 are real. 

11. Show that the roots of a? 8 + px + q = 0 will be rational,. 


if p — k + 



where y, </, k are rational quantities. 


The expression under the radical sign in the roots of the 
given equation 




whose square root is rational- 


the roots of the given equation are rational. 


• • 
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] 2. Show that the roots of the following equations are 
real :— * 

(1) 4** - 8* + (4 -a 9 -6*) - 0. 

(2) (a - b)x 9 + 2(a + b)x - (a- b) = 0. 

13. Prove that the roots of the equation («t + c-i)x* 
+.2cjf + (b + c - a) = 0 are rational. 

3. Applications of the results proved in Art. 2.— 

§ 

Exercise (38). 

1. If * be real , prove that x 9 - 10*+ 27 can never be less 
than 2. 

Let - lOx + 27 ■* m ; 

then, ar a -10x + 25 m —2, 

x - 5 — ± Jm - 2 , 
x = 5 + *Jm — 2. 

Now, since x is real, m - 2 cannot be negative , and can 

never be less than 2. That is, whatever real value may be given 
to x, the corresponding value of the given expression will never 
•be less than 2. 

Otherwise 

The given expression — (x 2 - lOx + 25) + 2 

= (x-5) a +2. ; 

Now, since x is real’ (x - 5) a cannot be negative. Hence, 
the given expression can never be less than 2. f 

2. If x be real, prove that— t 

(1) 4« a - 12x + 17 cannot be less than £. 

(2) x 9 - 9x + 21 „ „ ,, „ „ .t 

(3) 5x a - 7x + 4 ,, „ ,, ,, ,, l^J. 

3. Find the least (or minimum) value of 2x 2 - 7x + 6 for 
real values of x. 

Let 2x* - 7x + 6 = m ; 

then 2x 9 - 7x + (6 - m) = 0, 

7 ± JitT- 8(6 - m) 
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Hence in order thrt x may be real, 

49 - 8 X 6 - m) must not be negative, 
or, 1 + 8m must not be negative, 

or » 8(i + wl ) must not be negative. 


Hence, since this expression becomes negative when m is 
less than - the least value m can have is - 

Thus, whatever real values be given to x, the value of the 
given expression will never be less than - J 

N. B .—The student must observe that when the given expression lias 
ita minimum value, the corresponding value of x is because in this case 
the expression under the radical sign is zero. 


Otherwise : — 


The given expression 


Now, since x is real, 
be negative. 



cannot 


Hence, whatever real value x may have, the given expres¬ 
sion can never be Its# than — ^ ^ is its least value. 

It is also evident from the above relation that the given 
expression has its least value when x = 

4. Find the minimum values of the following expressions 
for real values of x :— 


(1) 4**- 9*+ 5. 

(2) 3x* - 5*+ 4. 

(3) 2x a -13x + 22. 

5. In the above examples find also the values of x corres¬ 
ponding to the minimum values of the expressions. 

0. Shew that whatever real value may be given to x, the 
value of the expression 3 + 5x - 2x* will never be greater 
than 6 J. 
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Let 3 + 5x - 2a* — m ; 

then, 2.* 2 - ox + (m - 3) = 0, 

• 5 + s/ 25 — 8(«t — 3) 

' x =* • - - - — . 

4 

Now, in order that x may he real the expression 25 — 
$(m - 3) must be positive or zero, i.e., 49 - 8»t must be positive 
or zero. Hence 8 m cannot be greater than 49, or m cannot be 
greater than - 4 8 -'. 

That is, none of the different values of the given expres¬ 
sion, due to different values of r , will be greater‘than 6j[. 

iV. B .— W’Iipu the given expression him itn greatest value (i.e, 6J), the 
expression under the radical sign is zero, and therefore the corresponding 
value of x is j. 

Othmrise 

The given expression = 3 — 1!— ** x ^ 

•i o (a u 25 \ 2o 

= 3 — 2/ a: 3 - je 4- 14- - 

l 2 16/8 

49 ' 5 \* 

-8- S l-4) 

49 f <>/ 5 \ a 'l 

■«u _ r‘4-) r 

Now, since .« is real, \ cannot be negative, and there¬ 

fore the expression within the braces caimol be jfositive. 

Hence, whatever real value x may have, the given expres- 

49 *9 1 

Sion can never he greater than ‘, i e., - or 6— is its maximum 

8 8 8 

value 

It is also evident from the above relation that the given 
expression has its maximum value when x =■ 

r 7. Kind the greatest (or maximum) values of the following 
expressions for ie«tl values of r. 

(1) 6*-* 9 -l. 

(2) 5 + 8* - 8x*. 

(3) 5+L&-4* 9 . 
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8. In the above three cases find also the values of x corres¬ 
ponding to the maxima values of the expressions. 

9. Find the greatest value of - - for real values 

X ^ mix + O 


of X. 


Let 

then, 


as 9 + 14r + 9 

- ru : 

x x + 2x + 3 

(m - I)# 8 + 2(m - 7)x + 3(m - 3) 


0 


> 


2(7 - m)±2 Jim - 71* - 3(w - 1 )fm - 3) 

.. X .- ----: — 

2 (»» - 1 ) 

The expression under the radical sign 

— ( m 9 - 14m + 49) - 3im 9 - 4m + 3) 

— -2(m 9 +m-20) 

= - 2(m + 5)(m - 4). 


Now, since this must be positive or zero, m cannot be greater 
than , but may be equal to, 4. Hence 4 is the greatest value of 
the given expression. 

10. In the last example find also the least (or minimum) 
value of the given expression. 

m 

Since - 2(m + 5)(m - 4) must be positive or zero, evidently 
m cannot he less than, but may be equal to, - 5 ; (for when m has 
iany value less than - 5, say - 6, both {m + 5) and (m - 4) are 
negative, and thus the above expression, being the product of 
three negative quantities, becomes also negative) ; hence - 5 is 
the least value of the given expression. 


X. 5.—The student should carefully observe from the above results that 
whatever real value may be given to ar, the value of the given expression 
will never be greater than 4 and never lest than — 5. 


jr* + 34r - 71 

11. If x be real . prove that --- can have all 

1 x* + 2x - 7 

numerical' values 




Let 


x % + 34r - 71 
x* + 2* - 7 


m 




then, (m - l)a® + 2(m - 17)*-(7m - 71) * 0, 

2(1 7 -m)± 2 J(m - 1 7) 9 -f (m - l)(7m - 71) . 

2(m - I; 


x 
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The expression under the radical sign 

- (to 9 - 34to + 289) + (7m 9 -78m+ 71) 

— 8»i“ — 1 12 to + 360 
= 8(w 9 - 14m+45) 

= 8(to - 5/(to - 9). 

Now, when m is less than 5, both (m - 5) and (to - 9) are 
•negative, and therefore their product is positive ; also when to is 
greater than 9, both the factors are positive, and therefore their 
product is positive ; hence, for real values of x the given expres¬ 
sion can have any value from 5 downwards or from 9 upwards. 

Hut this product becomes negative when to has any value 
between 5 and 9 (for then to - 5 is positive, but to - 9 is nega¬ 
tive), and therefore for real values of x the given expression can 
have no vaine between 5 and 9. 

x 3 + 2x — 11 

12. If a: is real, prove that the expression- 

2(* — 3) 

can have all,numerical values except such as lie between 2 and 6. 

13. If x is real the value of does not lie be- 

(4j-2)(« + 4) 

tween * and 1. 

(Madras University F. A. Paper, 1884.) 

14. The expression ---+ — ■* , ; - .. cannot 

r a?+l 3x+l (jc Hr 1 )(3 jc + 1) 

lie between the values of 1 and 4, for any real value of x. 

(Madras University V. A. Paper, 1880.) 

... . ,. , r 9 - 2x + 21 

15. If x be real, prove that 


6x - 14 


cannot lie be¬ 


tween 2 and - V-. 


Let 


x 3 - 2.r + 21 


TO 


6*-14 

then, x 3 - 2(1 + 3m)a; + 7(3 + 2 to) = 0 


x — - 


2(1 + 3m) + *2 \A 1 + 3 to*‘ j - 7(3 + 2 m) 


2 


The expression under the radical sign 

— (1 + 6to + 9to 9 ) - (21 + 14to) 
= 9to 9 - 8to - 20 

= (9m + 10 )(to - 2) 

- 9(to + y )(tn - 2). 



152 


ALGEBRA MADE EAST. 


[Chap. 

t 


This becomes negative when m lies between - and 2. For 
when m is positive and less than 2, m + \y is positive, but in - 2‘ 
is negative aiyl therefore their product, negative ; also when m iB 
negative and gt cater than - numerically less than Y~), 

m + Y- i 8 positive, but m - 2 is negative, and therefore their pro¬ 
duct, negative. Hence, for real values of x the given expression 
can have no value between - l M ° and 2. 


16. If x be real, prove 
between - 5 and 3. 


that 


lla 2 + 1 2# 4- 6 

x % + ix + 2 


cannot 


lie 


17. Prove that _ - must lie between 1 and - 

x* -5x + 9 11 

for all real values of x. 

* 

18. In the equation x J - px + q 3 = 0, if a; be real , prove 
that p cannot be between + 2<y and - 2</. 

((Jalcutta University K. A. Paper, 1877.) 


19. If x be real, prove that the expression 


.r 3 +8 jc+80- 
Hx + 8 


admits of all values except such as lie between -8 and 8. 

20. If p be greater than uuity, then for all real values of 
. , — 2x + M“ n — 1 w + 1 

a*, the expression p lies between-and - . 

x*+'lx + p* p+i p - i 


21. Prove that if the equation x 2 + 4 y" - 8.r + 12 = 0 is- 
to he satisfied by real values of x and y, x must lie between 2 
and G, and y must lie between - 1 and 1. 

First, let us express y in terms of x. 

From the given equation we have 

4y 3 » - (a? a - 8x+ 12) 

= - (x - l)(x - 6 ), 


± *J -{x - 2)(x - 6). 

Since y is real, (x-2){x-G) must be negative, and thin is. 
possible only when x is greater than 2 but less than 6. 

Hence x must lie between 2 and 6. 

Secondly, let us express x in terms of y. 




VIH.J RELATIONS BETWEEN THE hOOTS AND COEFFICIENTS. 155- 


From the given equation we have 
x* - 8# + 4(y a + 3) = 0 ; 

8± 

• x “ 2 
= 4±2 Vl -y a 
- 4 ± 2 >/ - (y + i)(y - 1). 

lienee, arguing as before, y must lie between 1 and - 1. 

22. If 4cc a + 9y 2 - 36y = 0 for real values of x and y,. 
find the limits between which x and y must lie. 

23. Prove that the equation 4a: 2 + 9y 2 - 48a: - 72y + 252 
= 0 will be satisfied only by such reai values of x and y as 
respectively lie between the limits (3, 9) and (2, 6). 

24. Prove that in the equation 9r 2 - 25y 2 - 108jC + 99 = 0 
for any real value of y. x will be real but that the correspond¬ 
ing values of x will never lie between the limits 1 and 11. 

4 . Relations between the Roots and the co-effl- 

CientS —If «, ft denote the roots of the quadratic ax*+bx + c 

h c 

> os 0, to prove that a + ft = - , and oft = 

a a 

Solving the equation as in Art. 4, Chap. VI., we have 

— b + jo* — Aac 


and !i = j0 ‘ 7. A" c . 

'la 

Hence, bv addition, 

’ «/ 

,, - 2b b 

at ft = =■ - ; 

la a 

and by multiplication, 

« _ ( - b - Jh* - 4 ac)C- b - Jb* - Aar) 

af - — 4 a a 

( - b)* -(b* - 4ac) 

~ la* " 


4ac c 

4 a* a 



154 ALGEBRA MADE EASY. [CHA#. 

Cov, Siuce the equatiou ax 2 + bx + c <= 0 can also be 
' 6 c 

written in the form x® +-*+-- = 0, we conclude that in a 

a a 

quadratic equation of the form x*+px + q — 0 (t.e., where the 
co-efficient of x 2 is unity and the terms are clt on one side) t 

(i) the sum of the roots is equal to the co-efficient of x 
with its sign changed : 

(ii) the product of the roots is equal to the last term ( i.e. f 
the term independent of x or the absolute term , as it is called). 

5. Applications of the preceding Results.— 

1. To find the equation of which the roote are given. 

Suppose a, ft are the given roots and let x“-px + q = 0 
he the equation sought. 

Then siuce the sum of the roots is equal to the co-efficient 
of the second term with its sign changed) we must have 

p = « + ft 

and since the product of the roots = the absolute term t we 
.must have q = a(3. 

Hence the equation sought is 

x" - (a + ft)x + a/3 =-0 ... (A) 

or, ( x-a)(x-ft ) - 0 ... (B) 

Thus we can easily form quadratics whose roots are given. 

EiXhmple 1. Form the equation whose roots are 4 and -5. 

By (B), the equation sought is 

(x - 4)(x + 5) ** 0, 
or, x s + x - 20 =* 0. 

Example 2. Form the quadratic whose roots are 3 + J5 and 
-3 - Jb 

Since (3+ ^5) +(3- Jb) «= 6, 
and (3 + Jb) x (3 - Jb) - 4, 
by (A), the equation sought is 
x* - 6* + 4 — 0. 
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Exercise (39). 


Form the quadratics whose roots are :— 


1. 

3 and 2. 


6. 

5 + J2 and 5 - J 2. 

2. 

4 and - 7. 


7 . 

4+ and 4- Jl. 

3. 

8 and — 13. 


8 

7 ± 2 J5. 

4 . 

17 and 


9. 

± 3 Jo - 7. 

5. 

3 and — £. 


10. 

m - n . m + n 

- and - - 

m+n m-n 

11. 

4^1 + J3 + yj2 

and 

i(i + 



(Madras 

University F. A. Paper, 1881.) 


11. Given the sum and product of any two quantities, 
we know the quantities at once by solving a quadratic. 


Example. Given p + 7 = 5 and pq *= 6 , find p and q. 

From the given relations, evidently p and 7 are the roots 
of the quadratic a® -5.* + 6 = 0. 


But the roots of this quadratic 


5 ± n/25- 24 
•> 


5 ±1 
2 " 


Hence, either p 
<1 


:S} 


= 3, or 2. 

p - 2\ 
or, 1 „ >• 

Q — 3) 


Exercise (40). 



Find the values of 

/>, 7 from the 

1 . 

v + q = 7, 

/>7 = 12. 

2 . 

p + q = 2, 

— - 15. 

3. 

jP + q - - 6. 

pq = 8 . 

4. 

p + </ *» 6, 

jt>7 * 2 


III. If one root of a quadratic be known by inspec¬ 
tion or otherwise, the other root can be immediately 
found. 


Example 1. Solve 


a + c b + c 

-+-7 

x + a x + b 


2 (ft + b + c) 
x + a + b 


Here obviously x c is a solution. 
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Clearing of fractions, we have 

(a + b)x 3 + {a s + b* - c(a + 6)}a* - c(a 2 + 6 2 ) * 

Therefore' the product of the roots = — — a — 

a + b 


-■ 0 . 
2 ) 


Hence, c being one root, the other root must be 


(a 2 + 6 2 ) 
a + 6 


Example 2. Solve the equation 

Jx* +ax - 1 + Jx'~+bx- 1 = Ja + Jb . (1)< 

Here obviously x * 1 is a solution. 

Identically we have 

(at 8 +ao? - 1 ) - (jc 8 + bx - 1) = (a - b)x . (2)> 

lfence, dividing (2) by (1), we have 

six* + ax - l - Jx* *+■ bx - 1 — ( Ja - Jb)x . (3)* 

From (1) and (3), by addition, 

2 Jx* + ax - 1 = ( Jti - Jb)x + ( Ja + Jb). 

Squaring both sides, 

4(a a +aac - 1) = ( Ja - Jb)' 2 * 8 + 2(a ~ b)i + ( Ja 4- Jb)* 
or, {( N /a- Jb)* - 4}*» - 2(a + 6)* + {( Ja + Jb ) 3 + 4} = 0. 

■ ■ t i . . (\/rt+ x / 6)" + 4 

Hence, the product of the roots = ; 

( v« - - 4 

but one root » 1, the other root 

_ ( Ja + Jb) 2 + 4 
" (Ja-Jh)*- 4‘ 


Exercise ( 4 :). 

Solve the following equations :— 

1. (x — 2)(x - 4) - 5.3. 

2 . (a? - a + b)(x + c - a) = be. 

3. (■* - 3)(x - 4) =* (a - 3)(a - 4). 

4. Jr i + -L-1+ Jx'lrTcT'i = V 3 + J x - 

IV. Values of expressions directly or indirectly 
involving the sum and product of the roots of a quad ratio 
can be easily found in terms of the co-efflciecte. 
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Example 1. If a, fi be the roots of the equation x“ - px + <y = 0, 
jfind the values of a- fi and a :l +/3 a . 

Since a + jtf = p and o.fi *= </, 

we have (a - fi)* =* (a + fi)* — 4ufi 

= p* - 4 q. 

Hence, if a be greater than fi t 

a- fi as Jp* - 4r/. 

Again, a n +^ 3 = (a + fi)* - 3afi(a + fi) 

=* p 3 - 3 pq 

- - 3 ?)- 

Example 2. If «, /i be the roots of the equation — 

<lx 2 + frr + c «= 0, find the values of -- + 7 ] and (-* - ^ \ . 

P \P «/ 

h 


Since « + fi 


we have 


a 


and afi 


a 


1 i /i j_\ a _ 2 

a a /J 8 \ a + fi j af 

"" \ a/i / a, 

-(t)-- 


2 

P 


2a 
c 


- 2ac 


Again, a j - ~ a *fi* ~ -Mfi* - 


~ 4a/?j 

. 

b* fk* 4 e> 


4 e\ 

a*'a* a / 


a 1 


^ — 4 ac) 
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Example 3. If x *= 2 + 7 J - l, find the value of 

* 3 -2ar + 45^+114. 

Let us forYn the equation whose roots are 2 ± 7 \/ - 1 ; 
the sum of the roots = 4, 

and the product of the roots = 4 + 49 = 53 ; 
hence the desired equation is x % - 4e + 53 * 0. 

Thus the expression * a -4r + 53 vanishes when x has the- 
given value. 

Hence, the given expression, which is x 9 - 2ar 8 + 45a? + 114, 

= x(x* - 4x + 53) + 2(as a — 4r + 53) + 8 

— (jfx0) + (2x0) + 8 

- 8 . 


Example 4. If « and fi be the roots of the equation— 
x* + 2ax + b =■ 0, form a quadratic equation with rational co-effi¬ 
cients, one of whose roots is a + fi + Ja* + /?*. 

(Calcutta University F. A. Paper, 1878.) 

We have a + /? = - 2a and a/3 = b. 

Now since one of the roots of the equation sought is a + /3 

+ Ja* +7^ M » the other root must clearly be a + /? - Ja* + (5* ; 
for otherwise neither the sum of the roots nor their product, 
will be rational. 

Hence, the sum of the roots = 2(a + /3) = - 4a, 
aud their product = (a + /?)* - (a 3 + /? 2 ) 

- 2a/? = 26. 

Hence, the equation sought is 

x * + 4a:c + 26 = 0. 


Example 5. If a he a root of the equation 4x a + 2x - 1 = 0^ 
prove that 4a 3 - 3a is the other root. 

(Bombay University F. A. Paper, 1889.) 

Since a is a root of the given equation, we must havo 
4u a + 2a - 1 ■■ 0, 
and 1 4a 9 = l-2a. 
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Hence, 4a 8 - 3a a(l — 2a) - 3a 

■* — 2a - 2a* 

= — 2a - 4(1 - 2a) 
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- 

1 

s 

1 

ws- 

• 

-3a) 

=* 

«+ ( - a - J) 


- 

-1. 

— 3a) 

— 

5 

• 

1 

ft 

1 

MH 


= 

-a 8 - Ja 


- 

-i(l-2«)-4 


= 

" i : 


which shews that a and 4a :} - 3a are the two roots of the- 
equation 4 $ 2 + 2x - 1 <* 0 . 

Exercise (42). 

1. If a, fi be the roots of x s + px + q — 0, find the equation* 
whose roots are " and —. 

p a 

(Calcutta University F. A. l'aper, 1887.) 

2. If a, (i be the roots of x* - px + 7 * 0 , form the equation- 

whose roots are — -, and prove that 

a p r a mi p J if' q* 

(Calcutta University F. A. Parer, 1888.) 

3. If j 8 be the roots of x *+px + q = 0 , form the- 
equation whose roots are a 8 +u/3 and /? 8 + afi. 

(Bombay University F. A. Paper, 1887^. 

4. If r be the ratio of the roots of the equation ar 2 + bx + c 

= 0 , shew that { ±±±L - 0 -. 

r ac 

(Calcutta University F. A. Paper, 1883.) 

5. Find the difference of the roots of x“ - 42s + 117 = 0. 

6 . If x lt x. 2 represent the two values of x which satisfy 

the equation ax s +bx + c — 0 , prove that + «* ^ ' 

v x % x x ac 

and verify this formula by the equation 2* a - 7*+ 3 - 0. 
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7. If a, ft be the roots of the equation ax 8 + 6a + c *» 0, 
find the value of:— 

-<1) a*ft'+<Sft*. (2) a*ft-'+*-'ft*. (3) a*ft-*+a—p*. 

8. If a lf x t be the rootB of the equation x‘ 2 +m«+ »t a + »* 
*• 0, prove that a?!* +ar 1 !t x , ^ 5^ + a a 4 * »t a (2wi a + 3» a ). 

(Bombay University P. E. Paper, 1890). 

9. Find the value of x 3 - 4a a - 9* + 97, when x - 4 + J -T. 

10. Find the value of a 4 + 4a 3 + 6a a + 4a + 9, 

when a « J - 2 - 1 
(Calcutta University F. A. Paper, 1886.) 
[The given expression = (ae + l) 4 + 8 = &e.] 

11. Find the value of a 4 - 2a 3 +a a + 4a+ 8, 

when a ■ }(3+ V - 7). 

12. Find the value of 16a 3 - 16a a - 1 la + 173, 

when a » 1(6 + 7 */ - 1). 

13. If one root of the equation ax*+bx + c = 0 be the 
square of the other, prove that b 3 +a a c + ac a =* 3 abc. 

(Calcutta University F. A. Paper, 1879). 


f Since a « we have 0 9 +jS = - -..(!) and j9*/S = (2). 

From (2) ft = > hence from (1) + 

, (£V + ^ + 3<L(-*)= 

14. If a ± Jft be the roots of the equation a a + px + q - 0* 

prove that will be the roots of the equation— 

u Jh 

(p a - 4</)(p a a a + 4pa) ■» 16y. 

(Calcutta University F. A. Paper, 1880.) 

15. If the ratio of the roots of the equation a* +px + q =* O 
be equal to that of the roots of * a +p 1 a-l- 2 1 »■ 0, shew that 

J>*91 - Py*9 

. [- 


(Calcutta University F. A. Paper, 1885.) 


° _ “i 

P fit 


« _ Pi. 


a, p 


!—* 43r-(«)*•] 
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6. Distinction between a Quadratic Expression 
and a Quadratic Equation. —A Quadratic Expression when 
equated to zero gives rise to a Quadratic Equation. Thus ax 2 + 
bx + c is a quadratic expression, the value of which depends upon 
that of x so that for different values of x the corresponding 
values of the expression are also different. But ax 2 +bx + c = 0 
is a quadratic equation, where x must have one of two definite 
values and for any other value of a? the given relation will not hold. 

(i) To show that the quadratic expression aX* + bX + c 
= «(X-a)(X-p) where o, p are the roots of the quadratic 
■equation aX’ A + bX f c — 0. 

Since a, (i are the roots of the equation ax 2 + bx + c = 0, 

a + (3 — — — and a/3 = - . 

a a 

Hence, ax' 2 + bz + c = a (x* +~ x + —'l 

\ a. a j 

= a{3 2 - (a + afi) 

* a(x - a)(x - (3). 

This furnishes us with a ready means of resolving a quarda- 
tic expression into the product of two linear factors. 

N. B .—Expressions containing only the first power of x are called 
Linear. 

Example 1. Resolve the expression 3x 2 - 7x + 3 into linear 
factors. 


The roots of the equation 3« a - 7x + 3 = 0, are 

7± ^49-36 7 ± ^13 

G " 6 

Hence, the expression 3x 2 -7x + 3 

7+ JTfr 




7- 

6 


Example 2. Resolve the expression 17.* 2 -6;e-7 into the 
product of linear factors. 


The roots of the equation 17x 2 - 6z - 7 * 0, are 
fi±2 N /9~rT7Q 

ITi 


*S± v/128 S + 8./2 , 3-8 

~ ‘I" " 17 “ nd 17 


It 
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Hence, the expression 17 js 2 - 6jc - 7 


lf7 / + c 
17 (*" j 


x - 


3 - 8 ^ 2 ' 
17 , 


(ii) To show that the expression ax 2 + bx f c is divisible 
by x-h only when h is a root of the equation fix 2 ^ bx 

H-C = O. 

Let us divide ax 2 + bx + c by x - h :— 

x - h\ax 2 + + (ah + b) 

) ax~ - ahe \ 


(ah + 6)jf + r 

(«A + 6)# - h(ah + b) 


ah 2 + 6A + c 

Thus the remainder is ah*+bh + c-, and lienee a»* + bx + c- 
is divisible by x-h only when ah 8 +bh + c = 0, only when 
h is a root of the equation ax'* +bx + c — 0. 

Example. Examine if the expression a 2 + 1x- 18 be divisible 
by x - 2. 

If we put 2 for x in the given expression, it becomes 

2 2 + 7.2 - 18 or zero ; 

2 is a root of the equation x‘ J + 7x - 18 = 0. 

Hence the expression x* + 7x - 18 is divisible by x - 2. 


Exercise (43). 

Jtesolve the following quadratic expressions into the pro¬ 
duct of linear factors :— 

1. 4x 2 -5x-21. 2. x s + 22a:+ 85. 3. * s - 12a: - 640. 


4. 

3js 2 +8^-1. 

5. 5a 2 + 12 js + 2. 



Examine if the expression 



6. 

3x* -4*-15 

be divisible by 

x - 3. 

7. 

x 2 + 2r - 4 


11 11 

x — 1. 

8. 

2af 2 + x - 10 

If 

If fl 

x-2. 

9. 

x s - 5x - 48 

II 

It II 

x-8. 

10. 

sc* + 6jb — 24 

99 

11 * 11 

x — 3. 

11. 

What values of 

x will make 

2* 2 + »- 

15 positive ? 
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[The given expression = 2(aj-§)(r. | 3). If oc>g both the factors are 
positive and therefore the given expression is positive. If * be less than - 3 
(t.e., negative and numerically greater than 3) both the factors arc negative 
and the product is positive. If x bo less than ij and greater than -3, then 
ac — § is negative, but r 4- 3 is positive and their product is negative. Hence 
all values of x excepting those which lie between -ij and - 3 {i.c.. between the 
mot* of the equation '2x* + x- 15 = 0) will make the given expression positive.] 

12. Show that the expression lO-aj-Sx” is positive for 
those values of x only that lie between the roots of the equation 
10 - x — 3jc 2 = 0. 

13. What values of x will make 8a! 3 - 18a;+ 9 negative? 

7. Some Important Theorems and examples. 


(i) To show that for all real values of x the expres¬ 
sion «r- t hx f v has the same sign as «, except when the 


roots of the corresponding* equation (ax,* + bx + c - 0) are 
real and different, and x lies between them. 

Since ax* + bx + c 


f 2 b c) 

= a|ac a + — ar + —| 

-r.» 


{(■ 


* + |-) -(^ 4a ! aC> )} is P ositive negative. 


it has, or has not, the same sign as a, according as 

! )} 

/ b \ 2 . 

Now fa: + - ) • being a square, is always positive whatever 

real value x may have ; the only uncertainty then is about the 

, b z - 4 ac 
sign of 


An* 


Thus three csbcs will arise :• 


Case I. When the roots of the equation ax 2 + bx + c 
are impossible (or imaginary). 


0 


If this be so, then b* - 4ac, and —» is negative ; 




4« a 
is positive. 
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Hence, in this case ax' 2 + ft« + c has the same sign as a. 

Case II. When the roots of the equation ax*+bx + c — 0 
are real and equal. 

Here b 2 - 4ac = 0 ; becomes 

( b \ 2 

x + J and is therefore positive. 

Hence, in this case also a * 8 -vbx +c has the same sign as a. 

Case III. When the roots of the equation ax 2 + bx + c — 0 
are real and unequal. 

_ \ ae 

Here then 6 2 -4ac, and ' s positive. 

Consequently j - 4 ~ t ~~)} wil1 be P ositlve on, y 

/ ft \ a . . 4.1 ft J - 4ac 

if (x + — be greater than - - , 

V 'la 4 a 54 


if (x + —Y be greater than 

\ la/ 4a 

i.e.y if ^ 'j bo either greater than +■ 


sjb* — 4 ac 
2a 


or less than -- 


sib* - 4«c 


i e , if as be either greater thau 


— b 4- Jb* - 4ac 


1 .1 — b — sfb* — 4ac 

or less than -...-- ; 

2a 

i.e., if x be either greater than the greater root or less than 
the lesser root of the equation ax s + bx + c = 0 . 

Hence, in this case ax 2 + ftx + c has the same sign as a ex¬ 
cept when the values of x are intermediate between the roots of 
the equation ax-+ bx + c ® 0 * 

Cor, It is evident from cases I and It that ar a +&r + c is 
always ( i.e for all real values of x) positive if a be positive and 
b* - 4ac, negative or zero. 
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(ii) To find the condition that the expression ax* v'&hXy 
+ +~ fi! 4- c may be resolved into two linear factors 

(/.**.• factors containing only the first powers of X and »/.) 

Assume that the given expression 

= {lx + my + n){l'x + my + d) 


which = 

Hx 2 

+ {Int 

' 4- t'm)xy 4- 

mrdy 2 4- {In 4- I'd 



{win 4 

- wi n)y 4- nn 

f 

i 

t • 


Hence, 

W 

■\ 

= a 


lid 4- I'm 

= 2 h 


Wild 

= b 

- 1 

lit 4* t'n 

= 2/7 


nn 

— c 


m d 4- wi n 

= If 

lienee, 


= {md + idn)(In 

' 4- t'n){lni 4 

■ Vm) 


— {md -4; id n)\ll'{mn 4- win) + win l* 4- mid" 2 J 
— It {mn 4- win)' 2 + mid{n" 2 l' 2 + d 2 i" 2 ) 

+ nd{m 9 l' a +ni 2 P) 

— lL'{md 4- wi n)' 2 4* nud[{dl + ill') 9 - inn'll'} 

+ nn [{ml' +wil)‘ 2 - 

= a A/' 2 4- h 4y 2 4- cAk' 2 - Aabc ; 

whence abc + 2fyh - a /' 2 — by' 2 - ch 9 — 0, which is the re¬ 
quired condition. 

(iii) To find the condition that the equations ux* f- hx 
\ c,=0 and nX » i -bX + cS - 0 may have a common root. 

Let a be the common root. 


Then both the equations are satisfied by a, and we have 

<(a' 2 + Ihl + C = 0) 
da' 2 + ft a + c <= 0/ 

Hence, by cross multiplication, 

,a „ 1 


a‘ 


be - b e 


a‘ 


a 

cd — da 
a 9 


ab' - db 1 

1 


... (A) 


{cd - ca)' 2 (be - b'c) ab' - db ’ 

.{cd-cd) 2 = {be - b'c){ab'- d b) t which is the con¬ 
dition required. 
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Cor, 1, From (A) it is evident that the common root «. 
cn! - ca 


■' - be - Vc 

or = —7 -— 

ab —ab ca - ca 


Cor, 2, Hence the remaining roots of the equations are res- 

.. , / c ca - ca\ , / c ca - ca \ 

peotively (-^ at ._ M ), ■»•<! 

c(ab'- a'b) ctafj-a'b) . . . 

- — — and , . - ; : or the remaining roots are 

a(ca-ca) a\ca-ca) 

clca - c a) , c'(ca' - c'«) 

. , ,, and , . 

a(bc - be) a (be - be) 

Example 1. Prove that if the equation x*+bx + ca = 0, 

x*+cx + ab = 0, have a common root, their other roots will 
satisfy the equation x* + ax + be — 0. 

(Calcutta University F. A. Paper, 1892.) 
Let a be the common root ; then we have 

a 2 + ba + ca = 0 , 
and <i*+ca + ab = 0. 

Hence, by cross multiplication, 


or. 


a" a 

a{b* -e 54 ) — u(b - c) 

a 8 a 1 

a(b + c) —a — 1 

Hence, a = a ; . 

also • A I) - 

a(b + c)[-l/ \ - a I 

and -a(b + c) = a‘\ 

or, a + b + c m 0. 


1 

(b - c) 


( 1 ) 


• • • • • 


i • ■ ■ 


( 2 ) 


From ( 1 ) we know that the remaining roots of the given 
equations are respectively c and b. Hence they must satisfy 
the equation x* ~{b + c)c + bc — 0 . 

Example 2. If the equations ax a + 3bx* + 3cx + d =*■ 0 and 
ax 2 + '2bx + c = 0 have a common root, prove that 

{be-ad)* = 4(ttc — b*)(bd - c 2 ). 

(Calcutta University F. A. Paper, 1S89.) 
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Let a denote the common root of the given equations ; then 

we have , a« s + 36a 9 + 3cu + d = 0 ... (1) 

and au a + 26u + c =0 ... (2) 

Hence, we must have 

(aa :i + 3 ba 2 + 3ca + d) - a(aa 2 + 2 ba + c) = 0 

or, ba 2 + 2ca + d = 0 ... (3) 

Hence, from (2) and (3), by cross multiplication, 
a 2 a l 

2 Xbd^e*) = be-ad = 2(ac -b 2 ) ’ 

a 2 _a* _ 1 

(be - ad) 2 2 (bd - c*) 2 \ac -b*)‘ 

Hence, (be-ad) 2 —■ 4 (ac - h 2 )(bd - c 2 ), which is the re¬ 
quired condition. 


Example 3. Find the condition that the expression lx 2 + mxy 
+ ny 2 , and Vx'~ + m'jry + ny 2 may have a common linear 
factor. 

Suppose lx 2 + mxy + ny 2 = l(x - ay)(x - by), 

and lx 2 + mxy + ny 2 = l'(x - ay)(x - b'y), so that x -ay 

is the linear factor common to the given expressions. 

Now since l(x - ay)(x - by) becomes zero, when x = ay ; 

lx 2 + inry + ny 2 also becomes zero, when# = ay. 


Hence we have 

l(ay) 2 +m(ay)y + ny 2 = 0, 

or, la 2 +ma, + n = 0; . (1) 

and similarly, l’a 2 + ma + n = 0. (2) 

Hence, from (1) and (2), by cross multiplication, 

_ a 1 

mil - mn w! - n'l Im - i'm * 

, a 2 a- 1 

whence ^ ^ ^* 

and (w> — n’l) 2 =* (mn' — irin)(lm — I'm), 

which is the condition required. 


Example 4. Find the condition that the expressions ax 2 4- 2 hxy 
+ by 2 t and ax 2 + 2h'xy + b'y 2 may be respectively divisible by 
factors of the form y - mx and my + x. 
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Suppose ax 2 + 2hxy + by 2 = b(y — mx)(y — nx) 

\ 

and ax 2 + 2h'xy + b'y 2 = a'{x + my)(x — n'y). 

Now evidently the first given expression vanishes when y = mx t 

ax 2 + 2hz.mx + bm~x 2 = 0, 

or, a + 2hm + bm 2 = 0. 

Evidently also the 2nd given expression vanishes when- 
x = - my ; hence 

a'( - my) 2 + 2 h'( - viy).y + b'y 2 -- 0, 
or, am 2 -2h'm + b' = 0. 

Thus we have bm 2 + 2hm + a = 0, 

and a'm 2 — 26'»i 4- 6' = 0. 

Hence, by cross multiplication, 

m 2 m 1 

2(66' + h'a) aa' — bb' - 2(66' + ah) ’ 


whence 


m 2 m 2 1 


{aa' — bb') 2 '2[hb' + h'a) — 2(66' + a'h) * 

and (aa' - 66') 2 = — 4(7*6' + h'a)(bh' + ah\ 

or, (aa' - bb') 2 4- 4(67/ 4- 6'a)(66' + ah) - 0 ; 

which is the condition required. 


(a -- a)(* - c) 
x — b 


Example 5. Prove that if x is real the expression 

is capable of assuming all values if a, 6, c are in ascending order 
of magnitude. 

(Madras University fr\ A. Paper, 1889) 


Let 


(jc-a)(x-c) _ „ 
' x-b ~ 


Then we have 

x 2 - (a + c)x. 4- ac = y(# - 6), 
or, a 2 -(a + c + y)« + («c + 6y) = 0; 

_ (a + c + y)± y/ia + r. + y) 2 -4(ac + by) 

2 


The expression under the radical sign 
* y 2 4-2(a + c-26)y+ (a~c) 2 
- {y + (a + c-26)} 2 + {(a-c) 2 -(a + c-26) 2 } 
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= {y + (a + c - 2h)\ 2 + {(a - c) + (a + c - 26)}{(a - c) 

. - (a + c - 26)j 

=> |y + (a + c-26)} 2 +4(a-6)(6-c) f 
and is therefore positive for all values of y if a<b and 6<c. 

Thus it is clear that whatever real value may bo attributed 
to the given expression the corresponding values of x will be 
real if a, b, c be in ascending order of magnitude ; which was 
to be proved. 


Exercise (44). 

1. For what values of m will x' 1 + 8ary - 4y 2 + 2my - 5 
be equivalent to the product of two linear factors ? 

2. Find the values of m which will make 2a; 2 + mxy + 3y 2 
- 5y — 2 equivalent to the product of two linear factors. 

3. Show that the expression 5x ,a - 30r + 47 is always, 
positive whatever real values x may have. 

4. Show that the expression 

Or 2 - 4)0r 2 + 3r 4- 2)(x'~ -x-2)+\Q 
x' 1 + bx + 7 

is positive for all real values of x. 

(Madras University F. A. Paper, 1S81). 

5. If the equations x* +px + r/ — 0, x*+px + q — 0 have 

9 t 9 

a common root, shew that it must be either or, ^ . 

7 - 7 V ~V 

6. Prove that for real values of x the expression 

* x*+bx + c* 

will always lie between two fixed finite limits if a* + c 2 >a& and 
£ 2 <4c 2 . 

7. Prove that if a 2 + c 2 >a6 and also £ 2 >4c 2 , then for all 
real values of x there are two limits between which the above 
expression cannot lie. 

8. Prove that the same expression is capable of all values 
if £ 3 >4c* and o 2 + c 2 ■» ab or <ah. 

9. If x be real shew that the expression -- 

1 + x 1 — x 

can have any real value. (Madras University F. A. Paper, 1883). 
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10. Find the condition that the expressions ax 2 + bxy + cy* 
and a'x* - b'xy + c'y 2 may be respectively divisible by expres¬ 
sions of the form x + py and px + y. 

11. If x — a is a factor of a^x' £ + 26 1 a? + r , | 
and x + a of a 2 a: 2 + 26 .j* + c 3 , prove that 

(CjjGt -c,a 2 )*+ 4 : (a- l b. 2 + a 2 b l )(b 1 c 2 + b 2 c 1 ) = 0. 

(Madras University R A. Paper, 1890.) 

12. If the equations ax :i + hx 2 +c* + d = 0 and a'jc 3 + 6'js s 
= 0 have a common root, find it. 


CHAPTER IX. 


SIMULTAN SOUS EQUATIONS INVOLVING 

QUADRATICS. 


1. Simple Cases. —Most of the equations treated of in 
this article admit of being solved by methods similar to those 
for solving Simultaneous liquations of the first degree, but other 
artifices may sometimes be profitably employed as will be illus¬ 
trated by the following examples. 


Example 1. Solve = 3 

y a -6a 8 = 25 

From (1), y = 5x — 3 ... 

Substituting this value of y in (2), we have 

(5 x -3y-6x* ■= 25, 

or, 19x a — 30.*? — 16 = 0, 

or, (x - 2)(19a? + 8) = 0; 


Hence from 
Thus we have x * 21 

y - 7 J 


* = 2 , or - A,- 
(3), y-7,or-iI. 


or, 


x = if! . 

y = -ill 


0) 

( 2 ) 

(3) 


} 
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Example 2. 


Solve 3* + 4y = 18 ... 



From (1), 


V =* 


18-3* 

4 



Substituting this value of y in (2), we have 

1 4 _ 5 

* + 18-3* “ 6 ’ 


or, 6(18 - 3r) + 24r = 5r(18 - 3 jt), 
or, 15je 3 - 84r + 6.18 = 0, 
or, 5* 3 - 28*+ 36 = 0, 
or, (x - 2)(5* -18) = 0 ; 


Hence from 


(3), y - 


18-6 

4 



or, 



36 

5x4 


4 I 
5 * 


Thus w 

c have * = 

21 

„ >- 

_ 1 ! 
X 



or, " 


y = 

3J 

y = 

■Example 3. 

Solve x-y 

= 

2 


xy 

= 

15 

We have 

x* + 2 xy + y % 

= 

( x-y)' 2 +4 xy 



= 

4 + 60, 


<>r, {x + y)- 

— 

64 ; 


x + y 

= 

S ... 


or, x + y 

= • 

— 8 

From (3) 

and (1), we have 



x + y 

= 



x-y 

ss 

2 / 


Hence, adding and subtracting, we have 

2x = 10 or, * = 5\ 
and 2 y — * 6 or, y — 3/ 

Again, from (4) and (1), we have 

x \ y = -8\ 
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Hence, adding and subtracting, we have 

' 2a? = - 6 or, * ■ - 31 

and 2 y = - 10 or, y » - 5/ 

Thus we have x = 51 % = -31 

V = 3/ 0r » y = - 5 j ‘ 

Example 4. Solve 3a:-5y=2 . (in 

xy ■■ 8 . (2) | 

We have (3a; + 5y) 2 «= (3a; - 5y) a + GOxy 

= 4 + 480, 

= 484 ; 

3* + 5y = 22 . (3)\ 

or, 3a; + 5y = - 22. (4) / 

Now, from (1) and (3), we have 

3a;+ 5 y = 22\ 

3x — 5y = 2) 

by adding and subtracting, we have 

6a: — 24 or, x — 4) 
and lOy = 20 or, y — 2J 

Again from (1) and (4), we have 

3* +ft y = -22) 

3a; - 5 y — 2/ 


b}' adding and subtracting, we have 
6x = — 20 or, x — - - 1 .. 0 ) 


and lOy =* - 24 or, 


Thus we have x — 4) x * - l *°) 

Examples. Solve 2x+3y = 18 (1)> 

ary = 12 . (2 )j 

We have (2«-3y) 2 = ( 2x + 3y ) 2 — 24ary 

= (18) 2 -24x12 

= 6 a (3 a - 4 x 2) 

= 36 ; 

’ 2x — 3y «» 6 (3)\ 

or, 2x — 3y «= - 6 (4)/ 
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From (l) and (3), wo have 

2*+ 3y « 18] 

2js - 3y = GJ 

by adding and subtracting, we have 

4x — 24 or, x «■ G\ 
and Gy — 12 or, y ■» 2J 

Also from (1) and (4), we have 

2« + 3y = 18] 

2a? - 3 y = -6/ 

by adding and subtracting, we have 

4* = 12 or, a? = 3\ 
and Gy => 24 or, y — 4 J 

Thus we have a: = 6] a? = 5] 
y = 2/ 0r ’ y = 4/ 


Example 6. Solve 

a? 2 

+ y a 

= 13 



xy 

=* 6 

We have 

a? 2 

+ y* 

= 13 


and 

2ary 

- 12; 

by addition, 




* 2 

+ 2a?y 

f + y 2 

- 25, 


or, (a; + y) 2 = 25, 

a? + y = ± 5 ; 

and by subtraction, 

a? 8 - 2ary+ y 8 = 1, 

or, (a:-y) 8 = 1, 

*-y - ±1. 



Now we have the following four cases to consider :— 

x + y « 5\ x + y = 5]^ a? + y =-5] ^ at + y = -51 

x-y = 1 / ’ x - y = - 1} x — y— 1 J* x - y = - l J ’ 

Hence, corresponding to these we have the following four 
sets of values for x and y :— 

a? = 3] x * 2] x = - 2] x = -3] 

V - 2/ * y - 3f • y = -3/’ y = -2/' 

Example 7.. Solve **+y* = 2f> . (i)| 

* + y “ 7 . (-'M ' 
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Subtracting (1) from the square of (2), we have 

2ary = 49-25 

- 24 . (3) 

Hence from (1) and (3), by subtraction, we have 

(*-y ) 2 = 1 , 



x-y = + 1 ... 

. (4)1 


or, .r - y =- - 1 ... 

. (^)J 

Now from (2) and (4), 




*+y = 7\ 

. * = 41 


x-y - 1/ 8 

•• y - 3j 

Also from (2) and (5), 




ar + y = 7\ 

af = 31 


*-y = -1/’ 

y = 4/ 

Thus wo have two sets of values :— 



a; = 41 

r = 31 


y - 3j • 

Tf 

II 

>> 


Example 8. Solve x =18 . 

y x 

x + y — 12 . 


Since from (1), we have % A + y !J = lSxy ; 

from (2), 1728 = x :i + y :, + 3xy(x + y) 

— 18£By + 36«y 
= 54 xy ; 

.\ xy = 32 . (3) 

No\v since {x - y)* = (x + y) 2 - 4 ry, 

from (2) and (3), 

(ac - y) 8 = 144 - 128 
= 16 ; 


x-y = +4 ... 

or, x-y = - 4 ... 

Now' from (2) and (4), 



x + y * 
x —y =* 





• ■ 
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Also from (2) and (5), 

x + y = 12 \ . x =- 4 \ 

x-y ■= - 4J ** y = 8/ ' 

Thus we h'ave two*sets of values :— 

• x = 8) x — 4\ 

V = 4J ’ y = 8J * 


Exercise (45). 


Solve the following equations :— 


1. 

4at - 3y 

= n 

2. 2x + 3y = 

371 


12/y + 13y 2 

= 25 J 

1 1 

-j, . — 

L 4 




x y 

45 J 

3. 

x + y 

= 30] 

4. x-y = 

18) 


xy 

= 216/ 

xy = 

1363J 

5. 

x* + y 2 

- 13/ 

6. x a +y 2 = 

185) 


x + y 

= r>J 

a?-y = 

3/ 

7. 

x s + y 2 
x-y 

- 65/ 

- 3/ 

8. 1 + - = 
x y 

7 

l •! 




xy = 

12, 

9. 

x 2 + 2 y a 

= 34) 

10. ax + by = 

2) 


x + y 

- 7/ 

abxy = 

1/ 

11. 

x a + y 2 

= 58 \ 

12. s 8 +y a = 

89) 


xy 

- 31/ 

xy = 

40/ 

13. 

a 8 +y 2 

= 74) 

14. 3x - 2y = 

7) 


xy 

- 35/ 

xy = 

20/ 

15. 

x 6 + y 3 

= 637) 

16. x a -y 3 = 

2.18 \ 


x + y 

- 13/ 

*-y = 

2J 

17. 

x 4 +as*y* +y 4 

= 2613] 




as 2 +ary + y 2 

= 67/ 




[a;* + x 9 y 8 +y 4 = {{x* + y*) + xy}{(x* + y*) - xy} ; hence the value of 
x* -xy+y % is known, which combined with the second of the given equa¬ 
tions givps x % +y i = f»3 and xy — 14.] 

18. x 4 +x a y a + y 4 =9211) 19. x :i +y 3 = 4914) 

x a -ary + y a = 61/ a; + y = 18/ 

20. x*-xy + p* = 7\ 21. x a +a?y + y* = 49/ 

* 4 +* a y a +y 4 ** 133/ a 4 + aj a y a + y 4 = 931/ 
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22. x +-*' = 2J | 

y x 21 

x + y - 6 j 

24. 1 + 1 = 481 

a* y a 576 

V + 1 - 29 

x y 24 J 

26. ar + y+ = 14/ 

x*+y*+xy = 84/ 


28. 


31. 


33. 


x a +y :i « 1201 
a; 2 -xy + y 2 = 21/ 


« + y = 1072 | 

+ _ 16 J 

x + y — 65 'J 
+ ** 5 J 


1 _ 1 
a 3 y 3 

1 1 


23. * + y - £ 16 
y * 21 

« 4 

25. *, + = i-L 

125 

1 1 1 

-- + = i: 

* V o 


27. * + y- *jxy ~ 71 

* 8 +y 2 +:ry =, 133 / 

*' - :i 

ff + y « 10 

[(■^ + /') 3 = * +y +:}.»+ y 

— x -\ y + 48x*y^, J 


X \ V * = 
y x 

3 


x + y 
1 1 


= 1 


* a V - 13 ) 

if 

x y J 


(Calcutta University F. A. Paper, 1879) 

♦I-. 2 ' H ot n 0 g ene °us Equations.-liquations in which 
the sum of the indices of the powers of * and y in each term is 

tratedTbdow^— ’" 7 COnV<mientl r be 8oIved *V the artifice illus- 

Example 1. Solve 2x 2 — 3xy+ y a as 244 

3a? a -6«y + 2y® = 33/ 

. „ rWere the equations are homoReneous and of the second degree the 
of the indices of the powers ot x and y in each term bein«* •> 1 Um 

O w ’J 
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We have x*('2 -3. y +^\ 
\ x x* J 


24 ... (1) 


««(»*-B. ' +S.g) -3S ... (2) 

V 

Hence, putting 7)1 for --, we have 

2-3m + m a 24 8 . 

'3 - 5m + 2m* ~ 33 = 11 * 

22 - 33m + 11m* = 24 - 40m + 16m a , 
or, 5m a -7m + 2 = 0, 

or, (m — 1)(5m - 2 ) = 0 , 

m = 1 , or l- 

Now we have two cases to consider corresponding to the 
two values of m : — 

(i) Taking m « 1 and substituting in ( 1 ) we get * 8 x0 
= 24, which is inconsistent with x having any finite value and 
so we must reject this case. 

* (ii) Taking m — | and substituting in ( 1 ) we have 
* B (2-g + sV “24, 

or, x* x fi - 24, 

as 2 = 25 ; 

x =» ± 5 • 

/. y = 1 (± 5 ) = ± 2 . 

Thus we have x ■» 51 x •» -51 


x ■» 51 x •» - 51 

V “2/ or ’ y- -2/* 


Example 2. Solve 3z a +a:y + y a = 15 \ 

31#y —3as a - 5y a = 45/ 

Putting! m for ^ we have 
x 


by division 


* 3 (3 + m + m a ) = 15 
a*(31m-3 — 5m 2 ) — 45 

3 + m + m a 1 


31m 3 - 5 m 2 


2—12 
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9 + 3m + 3m 3 31m - 3 - 5m 2 , 

or, 8 m 2 - 28m + 12 = 0 , 
or, 2m 3 - 7m + 3 = 0, 
or, (to - 3)(2m - 1) = 0 ; 

m = 3, or i. 

(i) Taking m = 3 and substituting in (l) we have 

* 3 = \i = i, * - ±n 

and y = ±3| 

(ii) Taking m = £ and substituting in (1) we have 

1 ^ 

»2 _ „ _ . O 

•* — — ■) t t * — Z_ 

and y = i(±2) 

= +1. 

Thus we have four sets of values 


x =» 1 \ 

y - 3/’ 


x = - 1 ) x = 2 ) a: = - 2 ) 

y = -3J * y = lj ’ y = — l/ * 


Exercise (46). 


Solve the following equations :— 


1. x 2 +xy = 15 ) 

xy-y* = 2 J 

3. 2 x 2 + 3xy = 26 \ 

3y 3 +2xy = 39 J 

5 . **+xy + y 2 = 52 \ 
xy — x 2 = 8 J 

7. x 2 +y 2 - 3 = 3xy\ 
2a : 2 - 6 + y 2 » 0 J 

0 . as* + ary = 12 \ 

xy-2y 2 «= 1 J 

11 . x 2 - 2 a?y = 21 \ 
xy + y 2 = 18 / 


2. x 2 +xy + 4y 3 = 6 ) 

3ar a + 8 y 2 - 14 / 

4. ac* + ar y + y* — 3J > 
2a : 3 - 3xy + 2y 2 = 2^ f 

6 . 3a: 2 + 165 = 16xy\ 

7xy + 3y 2 = 132 j 

8 . 2x 9 + 3xy + y 9 = 20 1 
5x 2 +4y 2 = 41 J 

10 . x 9 - xy + y 2 = 21 \ 

y 2 - 2xy + 15 = 0 / 

12. x 3 +y 3 = 91 > 

x 9 y + xy 2 =84 J 


x s -y* « 127) 14. 3x 3 + 2y 2 = 50 1 

x 9 y-xy 3 = 42/ xy-3y 2 = 1 / 

(Calcutta University F. A. Paper, 1877.) 


13 . 
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15. 

16. 


3x a - 4 xy + 5y 8 
4*“ - xy 

4z 8 +7y* 
12(z a + p i ) 


33\ 

10 / 

148 1 
25 xy j 


/ 

(Cal. University F. A. Paper, 1M7H). 
(Punj. University I. K. Paper, 1887.) 


3. Equations symmetrical with respect to x 

and y :—III such equations the unknown quantities are similar¬ 
ly involved, so that if x be put for y and y for x no change what¬ 
ever is made in the equations. Thus the equations x + y — 5 
and xy -x-y — 6 are both symmetrical with respect to x and y . 

Some equations of this class as well as a few others can be 
very well solved by the application of the artifice illustrated 
below : — 


Example 1. Solve x l +y* = 706 . (1)1 

x + y = 8 . (2)/ 

[ Here the equations are both symmetrical with respect to x. ami ;y.] 

Assume x = u + v and y = u-v, then from (2), we have 
2m =* 8, or u = 4. 

Hence, we have x = 4 + w\ 

and y = 4 - vj‘ 

Substituting these values of z, y in (1), we have 



(4 + ») 4 + (4 

-r ) 4 = 

706, 

or, 

2(4 4 + 6.4 a « a + w 4 ) « 

706, 

or, 

256 + 96« ! 

8 +t> 4 =* 

353, 

or, 

v 4 + 96v a 

-97 = 

o. 

or. 

fed 

1 

k9 

+ 97) = 

0; 


t> 8 - 1 or - 97, 
v a ± 1 or + J - 97. 


x 

If 


Hence, x = 4 + 1" 

= 5, or 3 or, 

and y - 4+ 1 and 

«■ 3, or 5 

Thus we have four solutions :— 


, as =» 4 ± V-97\ 
id y = 4+ \/-97j 


* 5 
- 3 


* “ 3 ^ x m 4+ V- 97 | 

* = 4- >/ -97 

J ’ „ —5 J ’ y - 4- V-97 J 

* y - 4+ V-97 

- 
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Example 2. Solve = 3093 . (1) ) 

x -y = 3 . ( 2 ) ( 

■> 

[Here the equations though not symmetrical with respect to jt and y 
• an yet be solved by the method above illustrated.] 

Assume x <= u + v and y 

then from (2), 2t> = 3, or v = i*. 

Hence, we have x — » + f\ 
and y = w - £ / * 

Substituting these values of x and y in (1), we have 

(H + §)"-(w-f)* - 3093, 
or, 2{5.m 4 .£ + 10.m 3 .(}) 3 +(:]) r ’} - 3093, 


or, 

or, 

or, 

or, 

or, 


_ . 90m® SI .... 

5 »*+___ + l 6 = 1031, 

80m 4 + 360m® + 81 = 16496, 
80m 4 + 360m*-16415 = 0, 

16m 4 + 72u a - 32S3 = 0, 

(4u a — 49)(4?* a 4 - 67) = 0, ^ 
m® ss 4 or _*- 

** 4 I Ul ( l 


/. u - ± or ± I J - 67. 
Hence, x = ± \ + 5 

= 5 or -2, 
and y =■ ± l - $ 

* 2 or - 5. 

Thus we have four solutions :— 

* - i J -""67 +1 


or, 

aud 


* *= ± J ■v/ - 67 + J, 1 

y - +J v^67-f. J 


x =* 5| a? *= - 2^ 

y - 2j y 


-5 


y 


i V- 67 - | 


x b =-|n/-67 + £ 
y = - 67 - ^ 

4 


Example 3. Solve -- - + — 

y + 6 a; + a 


3! y 

— + f 
a b 


a + b 
2 “ 

2 


(1) 

( 2 ) 


Assume 


x 

a 


u + v, and ~ = u - r, 
© 


then from (2), 2u = 2, or n «= 1. 
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Hence, = 1 + v 
a 

i v 

and — a 1-p 
0 


g tuvow v muuo ui and ^ in (1), whioK&is 


Substituting these values of 
. V 


v. 
a 

a + 6 


+ l 


x 


a 


+ 1 


2 


, we have 


a(l+r) 6(1 - v) _ a 4 - 6 
’1 — v li + v 2 


x 

a 


or> 4-”-*} = 4'iT5} 


3?> 


or, a. - - 

b. 



2 - 

-v 2 + 1 » 



either 

u 

O 

O 

II 

s> 

a 

6 


2 

- V 

2 + « 


and 

V 

2(6 - a) 




a + 6 

Taking v 

= 0, we have 

X 

i, f - 


a 

6 


and 

x ==> 

a, S' 


(ii) Taking v « we have 

fl + O 

-2(6-a) 36 -a . v , 2(6-a) 

a + 6 a + 6 6 a + 6 


. , 3»6-„» 3aft-6* 

.. a; =-, y => - - - 

a+6 a+6 

Thus we have two solutions :— 

3a6 — a* 
a + 6 
3a6 - 6* 
a + 6 



3a — 6 
a + 6 ’ 
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y = u-v; 
u = a+ 6 . 


Example 4. If v^u-x 4- Jby ■* |(*4-y) °* a 4-^, find x and y. 

Assume x = n + i? and 

then 2u « x + y = 2(a 4- 6) and 

Hence, we have x = (a 4 -6) 4-t’\ 

y = (a + b) -rj * 

Now since Jax + Jby — (a 4-A), 

ax + by + 2 \/a6 Vxy — (a + 6) 2 ; 

hence, by the substitution of the above values of xand y, 

we have - 

(a + b)' 2 + (a - b)v + 2 Jab J(a + b)* - «* = (a 4-A) 3 , 

(a - b)v — -2 Jab J{a + b)*-v‘ 2 t 

(i a-h)' l v 8 = 4a6{(a 4-&) 2 - »’ 2 }, 

r 3 (a4-6) 2 = 4a6(a4-6) 2 , 

« — ±%Jab. 

Hence x - a + 6 ± 2 N /a6 * ( Ja ± Jb ) 2 ) 

an, l y => «4-6 + 2%/a6 =• ( Ja + Jb ) 3 


Exercise (47). 


Solve the following equations 


1. x 4 4 - y 4 = 82 
x 4-y = 4 


3. x 4 4 -y 4 = 272) 

x-y - 2/ 

5. x 4 - y 4 ns 14560) 

x-y _ 8/ 

7. x : ‘ 4-y r> = 33\ 

x + y = 3J 

9. “ + - 1 

a + ac 04-y 

x4-y * a + b 


2 . 


a b . 

- 4-— =4 

x y 


x y 

+ ; 
a o 


1 


4. x 4 4* y 4 = 257 \ 
x 4- y - oj 

6. *■’’-y r ’ = 992\ 

x-y = 2 J 

8. x 4 4-y 4 = I4x 3 y 3 

x 4 - y = a 


} 


. 10. (z* 4-y s )(x 3 4-y ;l ) = 455 

x 4-y «* 5 
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4. The method of cross multiplication.— 

If there be two equations such as a x x + b x y + 3 = 0 and 

■a.jV + b„y + c s z ■=>,0, we can find the relation between ar, y % z in 
the following way Multiply the 1st equation by c 2 and the 
second by c, and subtract the latter product from the former, 
we thus get x(a A c 2 ~ a 2 c^)+ y(b^c 2 - b 3 c x ) — 0, 

or ’ h r * hT ~ r V r 5 similarly, multiplying the 1st 

°i L * °i t \ c, i*2 “ c u a i 

equation by a 2 and the second by </,, and subtracting as before, 

. y 3 

we get — = ----- - • 

0 1 Cl ij "" C -j 1 


Thus we have 


.r 


6 x c a — 6 2 c i 


_y 

t*i Cl ^ 


Cl j b 2 “■ j 


This result can be easily remembered, for writing down the 
equations one above the other, 

o 1 * + 6 t y + Cl * - 0 \ wefindthat 
a 2 x + b 2 y + c a z = 0 ) 

(i) the quantity under x = co-etticient of y in the 1st equa¬ 
tion x co-ellicient of z in the 2nd minus co-oftieient of y in the 
2nd x co-elticient of z in the 1st ; 

(ii) the quantity under y — eo-ettieient of z in the 1st 
equatiou x co-etticient of x in the 2nd minus co-efticient of z in 
the 2nd x co-etticient of x in the 1st ; 

(iii) the quantity under z - co efficient of x in the 1st 
■equation x co-efiicinnt of y in the second minus co-etticient of 
x in the second x co-etticieut of y in the 1st. 

Cov, In the above equations if we put ; = 1, 
wc have — 


2 ~^a c i 


C | Ot., Cjfl | 


ti j 6 a | 


which gives us the solution of the equations 

a x x + b x y + c x = 0 and a 2 * 4- b. 2 y + c 2 «* 0. 

The above results should be committed to memory as a 
Teady application of them will save the student much time and 
trouble in solving a certain class of equations involving three 
•unknown quantities ; the following examples will afford illus¬ 
trations :— 


Example 1. Solve 



2x + y - 2z =- 0 

7x + 6y - 9z *= 0 

x® +y 3 + z 9 = 1728 


i i • 
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From (1) and (2), by cross multiplication, wo have 
x y _ a 

1 (- 9 y? 6.( - 2) “ ( - 2y.7 - ( - 9 yj 2.6 - 7. r 


or, 


r. y z 

-- r - 

•i 1 K • 


Suppose each of these ratios =» A*; then we have x = 3A*, 
y «= 4A-, z = 5*. 

Substituting these values in (3), we have 



**(27 + 64 + 125) = 
or, 216* :J = 

1728, 

1728, 


k» - 

8, 


A* = 

2. 

Hence 

x — 6, y = 8, z ■= 

10. 


Example 2. Solve ar + y + 3*=<i + 6 + c (1) 

+ = a 3 + b 3 +c 2 ... (2) 


a 




« 3 



(Calcutta Universitj F. A. Paper, 1880.) 


From (3), 

(l 


From (1), 


(x-a) + (y-b) + (z- 

or, 

l x 

at - 

0 +a (t - 0 +c ( ! - 


\ 

1 \t> / \c 

Hence, by cross 

multiplication, 

*-i 

i 

■ - 1 

a 

b 

- T -* Af (say) ; 

c - b 

a-c 

6 - a 

whence 

* -i 

= Jc(c-b), x-a 


a 



- A-(a-c), y-£ 


c 

= A(£-a), z - c 

Now, from (2), we have 

(**-a 3 ) + (y a -6 s ) + (z 


c(& - a)k. 


or, (* - a)(x - a + 2a) + (y - 6)(y - £ + 26) + (z - c)(z - c + 2c) — 0 
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substituting in this equation the values of x - a, y - b, z - c, 
found above, we have 

{a*(c - b)*k 2 + 2a*(c - b)h} + {6 9 (a - c) 9 /^ + 26 9 (a - c)7^ 

+ {e 9 (6-a) 3 fc* + 2c 9 (6-a)fc} = 0 
« or, fc*{a 9 (6 - c) 2 + 6 9 (c - a) 3 + c 2 (a - 6) 3 } 

<= 2&{a 9 (6 - c) + 6 3 (c - a) + c 2 (a - 6)} ; 

either k =» 0, 

z- = 9 a 3 (6-<0 + A g (c-a) +c 2 (a-A) 

? 1 ^ tt a (&-c} a +6 3 (c-a) 3 +c 3 (a-6) 3 

— jP (suppose). 

(i) Taking the 1st value of \ we have 

*-1 = 0 , x = a 

a 

| - 1 - 0, /. y - 6 ■ 

* - 1 =* 0, 8 = C 

c 

(ii) Taking the 2nd value, we have 

— - 1 - l\c - b ), x = a{ l + /'(c - b) } ; 

CL 

I - 1 = /*(« - c), /. y = 1 + P(a - c )} ; 


* -l = P(b-a), z - c{l + P($-a)}'. 

Exercise (48). 



Solve the following equations' 

• 

■ 




1. 

5a? - 4y + z a* 01 

2. 

3jc - 4y 

+ 7« 

°) 


2.r + 5y -42 *s 0> 


2ur - y 

-22 

Oi¬ 


a? 9 - 2y* + z* = Oj 


3x 3 - y 3 

+ 3 3 = 

ls] 

3. 

ax + by + cz = 01 
hex + cay + abz = 0 

. 





*yz + «6c(a 3 * + 6 3 y + c 3 z) — Oj 





4. 

3a: + y - 2z = 01 

5. 

at* + 2y* 

+ 32* = 

23), 


4 x —y -3 2 = 0 1 


3a? + y 

— 52 sa 

o" 


a?» + y« + 2 » = 467] 


7x - 3y 

- 92 = 

0 » 


(Calcutta University P. A. Paper, 1873.) 
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0. 9*+ y-Sz = 0] 7. 3sc 8 -2y 8 + 5s 8 = 0' 

ix-Sy + lz = 0 - 7a; 8 - 3y 8 - 15s 8 = 0 ■ 

ys + zr + ary = 47 j 5a; - \y + 7z = 6 


x — a y - b z - c 

+ + - 
b — c c — a a — o 


ax + by + cz = 0 V (Calcutta University F. A. Paper, 1875.) 


x y z 

+ . + 

« « c 


5. Miscellaneous Artifices.—The student is strongly 
recommended to try each equation himself before looking into 
its solution. 

Example 1. Solve 4x 2 + 5y = (> 4- 20a?y - 25y 8 + 2a; (1)\ 

7jf - 1 ly = 17 ... (2)J 

From (1), we have, by transposition, 

4x a -20i:y + 25y 8 - 2.r-5y + 0 
or, (2* - 5y) 2 - (2.x - 5 y) -6 = 0 

or, !(2.« - 5 y) - 3}|(2x - 5y) + 2] =0, 

either 2x - 5 y — 3) 

or, 2x -by — - 21 

(i) Taking the 1st of these values, we have 

2x — by - 3 = 0, 
and from (2), 7x-lly-17 = 0 ; 
by cross multiplication, 

x y l 

85-33 " -21 +34 * -22 + 35 

or ~ V 1 • 

’ 52 13 13’ 

X = 4, and y = 1. 

(ii) Taking the 2nd value of 2x-5y, we have 

2a: - 5y + 2 = 0, 

and from (2), 7x-lly-17 = 0; 

by cross multiplication, 

* _ y Ji_ 

85 + 22 14 + 34 " - 22 + 35 
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107 

78 

13 

x — 

107 
13 ’ 

vs 

II 

*-> • 4»- 
C* X 


or, 


Thus we have two solutions :— 

x = 41 107 48 

y - 1 j ; * " 13 ’ y " 13 ' 

Example 2. Solve x +y + ? 3 “= 43 * 

(x + y)* {z-y)* 8 

5x -7y — 4 

Since x a +y* = (* + y) ;J - 3xy(x + y) 
and x :i -y* « (x - y) 3 + 3 xy{x - <y), 

from (l), we have 


{ 


<* + y) - x7y} + { (X ' V) + ^ ” 


m 


« f 1 1 1 43 js n 27x 

* —: - —- [ = o- - 2* - 


4+yj 

V 

y : 


x-yf 8 
2 

8 


or, 3jry. 2y - = 27 * 

y * a - v/~ 8 


or, 


a*. 


2y a 

a: 54 -y : 


0 

- 


187 


( 1 ) 

( 2 ) 


either as =» 0, and from (2), y = - 
or, !l*r 2 « 25y a , 

3jc = + by. 

■(«) Taking the upper sign, we have 

* = f and each of these ratios = = ] by (2). 

5 3 iio-21 J w 

a = 5, y «= 3. 

•(ii) Taking the lower sign, we have 

*ss ^ and each of them = ® 

* 3 -25-21 

4 

-46 
2 


os 

-5 


fty (2) ] 
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10 _ 6 
.i-i »y ■ 


Thus we have three solutions : — 


X = 0 

\ 


10 ) 

X — 5 

x =* 

23 

4 '» 

■» 


6 * 

y = - 7 J 

y = 3 

4 

y - - 

23 J 

Example 3. Solve 

x*+y‘ z = 

7 + xy 

. (1)1 


x* + y ' = Gary - 1 . (2)J 


From (1), we have 

7 « ac a - ary + y 2 ; 

7(a; + y) = a 3 + y 3 

=> 6ry~ 1, by (2). (3)- 

Again from (1), adding 2 xy to both sides, 

7 + 3ay = (a + y) 9 , . (4) 

/. Gary - l = 2(x + y)*-15. 

Hence, from (3), 

2(a + y) 2 -15 = 7 (x + y). 

Hence, {(a + y) - 5}[2(* + y) + 3} = 0; 

either ar + y = 5^ 

or, x + y = - ‘ 

Taking the 1st value, we have from (4), 

3 xy *=25-7 

= 18, /. xy = 0. 

Thus we have a? + y = 5 and xy ** 6 ; 

= (« + y) 9 -4xy = 1, .\ x - y — ± 1. 

Now since x + y = 5\ x = 3, 21 

and x - y = ± 1 ) ’ and y — 2, 3J ' 

Similarly, we get two other solutions by taking the other 
value of x + y. 
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Example 4. Solve (3 -+ (^3 +- 82...(1) ( 

3x+7y = 26...(2)' 

f3(x-vn» + |3(x_ + y)|» = (j2 

l x + y ) l x-y | 


From (1), 


x A- y 

Put --- = z ; then we have 


x- jf 


1 


+ z 2 


) “ 82, 


or, 9z* - 82z a + 9 =» 0, 
or, (z 8 - 9)(9z 8 - 1) - 0 ; 

2 3 = 9, or J. 

Thus we have four values for z :— 

z = 3, - 3, J or - -J. 

{i) Taking the 1st value, we have 

* + * = 3; 
x-y 

x 4 „ 

•• y “ 2 “ 2 

<)j m§ 

‘ =* j and each of these ratios 

■L J. 

3a? + 7y 26 


(Componendo and dividendo) 


64-7 13 


[by (2)] 


* 2 ; x - 41 
and y » 2/ * 

(ii) Taking the 2nd value, we have 

* +Sf = _3_ . 
x-y - 1* 

by componendo and dividendo, 
x _ 2 1 

y " 4 " 2 * 

a: w , . . . , 3x + 7y 26 

1 = - and each of them - y- t? " , » i -. * = 


14 17 T7 f 

andy - }?.J 
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(iii) Taking the 3rd value, we have 

* + y _ 1 . 

t x-y 3 * 

by componendo and dividendo, 
x 4 2 

y “ "2 - 1 ; 

SC 1/ 

= ■ and each of them 

3* + 7y 26 

i * 

and y = 26J 

(iv) Taking the 4th value, we have 

x + y = 1 

x-y - 3 ’ 

by componendo and dividendo, 
x -2 -1 . 

- a - — s* - r , 


±7y = 26 , • * = _5 2 ) 

6-7 — 1 !- . 


* 

-1 


y * 

^ and each of them 

3as + 7y 26 
-3+11 = 11’ 


Thus we have four solutions : — 


x ■» - 


3 ft 

n 


and y = 


A 

261 


261 

x - 4 

x - 17 

x — — 52 

* “ - 11 


L 

' 5 52 

■» 

’ 52 

y - 2 

y - 17 J 

y = 26 

. 

• m ttJ 


Example 5. Solve -+-- + — = 9 ... 

x y z 


2 3 

— + 
x y 

8* + 3 y 


13 


» • • 111 


From ( 2 ), _ 13 . 

xy 




IX.] 


MISCELLANEOUS ARTIFICES. 


191 


Multiplying this by (3), we have 

(3ag + 2y)(8a + 3y) = ^ 
xy 

$Iow putting y = nir, we have 

(3 + 2m)(8 + 3m) _ 

m ' 

or, 6 m 2 + 25m + 24 = 0 ~jiu ; 
by transposing and dividing by 2 , 

3m 3 - 20 m + 12 = 0, 
or, (3m — 2)(m — 6 ) = 0 ; 

m = a> or 6 - 

(i) Taking the 1st value, we have 

V \ , and each of them 

x 6 3 2 


/ 


82 + 3y 
24 + 6 



i • 


x = J and y » i. 

Hence from (1), - * 4, ' 3 = }. 

3 * 

(ii) Taking the 2nd value of m, we have 

^ = 6 , f = JI-, and each of them 

2 16 


82 + 3y 
~8+l8 



x = 


r> 

■s<r 


and 


_ IB 

y - ts* 


Hence, from (1), i - 9 - (*? +1|) = 9 - g 

— 41 • 

lT» • • 

Thus we have two solutions :— 


* - n 

y - U, 



X 


*■ 1 5 

. i* - 
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Example 6. Solve x(x + y + z) - a 9 ... (1) | 

y(x + y + z) * I s ... (2) [ 

z(x + y + z) *=■ r 9 ... (3) J 

Adding the equations, we have 

(x + y + z)(x + y + z) = a 9 + b‘ J + c 2 ; 


x + y + z 
Hence, from (1), a* 

.. (2), y 


± + b 9 + c 2 . 

a* 

+ i > 

vu J + 6 8 + c* 
h l 

Va* +6 2 + c 2 




+ , • 
va* + 6 2 + c 2 


Example 7. Solve x(y + z) = a 

y(? + x) = 6 
z(x + y) = r 

We have a «= xy ■+■ zx, 

b « yz + xy, 

<• zx + yc. 

lienee, a + ft-r = (xy + xz) + (y: + xy) - (xz + yz), 

** 2xy . (1)] 

Similarly, 6 + e-a *» 2yz . (2) 

and c + a-b » 2zx . (3)j 

Nowinultiplying together (1), (2), (3) we have 

8x a y 2 z a « (a + b -c){b + c -a)(c + a- b) ; 


2xyz 


-J 


(a + b - c)(A + c - a)(c + a 


2 


Hence, 'from (2), x — ± . A a+ ^ ~ ( 'H C + a ^ 

V 2(6 + c-a; 


ii 


(3), 9 - ± . /<“ + 6 " c >< 6 + « -°>, 
W y V 2(c + a - 6) 

(i), >- ± . /( 4+7 -# +a £y. 

V 2(o + 6 - c) 


[Chap. 


b) 


m 


i) 




•IX.] MISCELLANEOUS ARTIFICES. 


From (l), 
.. ( 2 ), 
„ (3), 

Hence, 


Solve 

xy - a(x + y) 

... ... (1) 


a: — b(x + z) 

. (2) 


yz - c(y + z) 

. (3) 

1 

r + y 1 1 


a 

"»* % 

*y y x 



l x + z 

o xz 

1 y + z 

c " yz 

1 1 1 

a b e 


1 1 1 

, + ~ 
b c a 


1 1 

+ 

: x 


1 I 
+ 

* y 


, i i i 

and - +-. 

cab 


'Example 9. Solve xyz 
We have 

xyz = a*(y + z), \ 

(« 

xyz = 6*(s + jt)i 

jryz = c-(r + y), * 


n 111 

Hence, „ + a 
a * 6 


1 1 _ 1 
b A + c i a* 

1 ! _ i 

c* + a’ { 6 s 


2 . 2 abe 

, - .- 

x be + ca — ab 

2 . 2 abc 

* . • •• *° . .» 
z ca + ab - be. 

2 . 2aAc 

y * ' ^ ab + bc- ca ’ 

a~(y + z) = b*(z + x)<* c*(jr + y). 


1 1 

+ ; 

xz xy 

1 1 
+ ; 
xy yz 

1 1 
- + 

yz xz 


2—13 
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Now, dividing (2) by the product of (1) and (3), we have 

1 1 _ 1 
_ h**c* a- 

" I 1 1 >' 1 1 


/ 1 1 _ 1 1 1 _ 1 \ 
o J y \c' + a- (>•} 

! i l i 1 . 
2 {h* + C* “a" ) 


/(« 1 * + A'“f*)U + «*"**) 


Similarly, y and ~ can be round. 

Example 10. Solve xyz = rt(y‘- + z l )-=b{z~ + a:*) = c(x 8 + y-). 


We havo 


Hence, 


1 

a 

1 

0 

1 

c 

1 11 

6 c a 


V + 2 , 

** 

C J! 

+ “ 

jy ys 

,r y 
+ y . 
yz zx 


2 r 


y y - 


and 


111 2y 
+ — — 
c a A cjc 

11 1 25 

a b c xy 


0> 

«■ 

(3> 




Now, multiplying together (2) and (3), we liuve 

4 

•» 
x~ 

± • ..- - 2 

Similarly, y and z can be fouud. 
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Example 11. Solve (* 4-y)(* 4 -:) = 40\ 

(^+ -)(? + •*> & ;i:> * • 

(- +-»A- + y> = MJ 

Putting ?*, r, w for y 4 -2 4-.r, x+y respectively, we haw 

— 40, utr = 35, vw = jG . . (1) 

Multiplying together these equations, we have 

u*r*to* - 40 x 35 x 5G = 5*x8 a x7- , 

nrw = ± (5 x 8 x 7) 


Hence from (1), 


n 


v 


iv 


5 x 8 x 7 
40 

5 x 8 x 7 
35 

5x8x7 

56 


= 7 


= 8 or. 


- it 




« = - 7 


r = - 8 
//' = - 5 


j 


Taking the 1st set of values, we have 

V t : = 71 2 x = 84-5 — 7 = 6, or, x » 31 

:+* ■= N;, *-y — 5 4-7—8 - 4, or, y «* 2 V 

ac4-y - 5] 2i = 7 4-8-5 - 10, or, z = 5/ 

Similarly, for tho other set of values of m, r, w , we have 

x — - 3, y *» - 2, z =* — 5. 


Example 12. Solve # a 4 -y‘ J 4- :* *» 84 ... 

x4-y + z *» 14 ... 

jrz » y 2 ... 

(Calcutta I'nivmity F. A. Paper, 1884.) 

Since (jp 4 -yh 2 ) 2 - * 3 + y a + 2 2 4-2(acy4-y2 + zx), we have 
from (1) and (2), 

(14)* = 84 4- 2(jry 4-ys 4- zx), 

.’. ary4-yz4-cx «=» £(196- 84) «= 56. 

Hence, from (3), ry + yz + y* — 56, 

or, y(* + z + y) - 56 ; 

i»y (2), y - 



4. 
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Hence, from (2), 
and from (3), 


x + z = 10, 
xi -m 16 ; 

(jf- 2 ) 2 - (x + z)*- 4/3 

- 100-64 - 36 ; 
x — r ■» ±6. 


Thus we have 
and 

Hence, x 


x + z 
x - z 


i°i 
± 6 / 


X 

z 


n 


x * 

y - 

Z B 


Jl 

«) 


X - 8\ 

: * 2/ ° r ’ 

Thus the solutions are :— 

x » 8| 

y = 4 !*■ and 

3 - 2 j 

Otherwise 

Krom (1), (x + 3 ) 2 -2x3 + y a -* 84; 
from (3), (x + ?)* - i/ 2 = S4 ; 

also from (2), (x + ) + y=» 14. . (4) 

Hence, (x + ?)~y «* 6, 

which combined with ( I) gives the values of y and x + z. 


Example 13. Solve x* 4- ry + y 3 

y s + yz + 2 3 
- a + ax + x* 


37 

10 

28 


Subtracting (2) from (1), 

(x* - 3 a ) + y{t - z) =■ 18, 
or, (x - 2 )(x + 2 + y) 18. 

Again subtracting (3) from (1), 

(y*-* 9 )+ .»(»/ --z) - 9, 
or, (y-z)(y + i + r) - 9. 

Hence, from (4) and (5), by division— 

y-z 

whence y !(* + *). 


o>) 

mi 


w 


(5) 


(«) 
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Substituting tiiis value of y in (2), we have 

z 


(x + z)* 

4 

or, x* + 4xz + 7z s 
also from (3), * a +X 2 + : a 

. x a + 4x2 + 7: a 

x* + xi + z* 


or, 


“-I-' + > + *> + ** - 19. 

7l> ; 

28 ; 

ID 
7 ’ 

ID 


1 + 4m + 7m a 
1 ■+■ in + m a 


putting ni for 


j: 


30/a a + Dm-12 = 0, 
or, 10m 8 + 3m - 4 ■■ 0, 
or, (2m - 1 )(5m + 4) «* 0 ; 

m - J. or - 

(i) Taking m * 1, we have from (3) 

28 x 4 

r* 

l 


X - 


10 ; 


and 


i l'om (6) 


i « ±4] 

/. z - ± 2 V 
6) y ~ ±3j 


(ii) Taking m « - f we have r ■■ —- fc (suptose> 

•> — 4 


Hence, from (3), k*( 1G - 20 + 25) « 28 ; 


s. or * 


2 

*7 3 


Hence 


± v/3> 


10 

* « + .1 
" J* 

and 2 n + j ^/3| 

and /. from (6), y - i( ± V* 7 3 + £ 7 3 ) 

Hence the solutions are :— 


± i v/3- 


■x 

y 

2 


4 

» * 

aj 


* « — 4 
y - - S 


z 


-2 


x 

y 

2 


*■ !r73| * *■ “ V 73) 

- * 7 3 }, y - - $ 7* ■ • 


* V'l 

-S73J 


M 

s 


#1 
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EiZ£kQipl6 14. Sol vi! x + y + 2 


1117 

+ + = , xyz 

x y z 2 y 


o; 1117 

• Mil Cl! 4. 4 _ 

X y ; 2 ’ 

yz + zx + xy =■ hyz = l . 

TIltIH wo hiive 

* + ?+' .• . (m 

y? + ^ + ry *=■ I . (2)1 

*9* =1 . (3)| 

I'rum (2), wo have 

yz + x(y + z) - l ; 

Hence, from (3) and (1), 

l + *(;-') - i; 

2 . 1 : ■•* - Ijl - + 7jc - 2 - 0 , 

or, 2(.c- 1) - 7x(.c - 1 ) = U, 
or, (x- - l)(2.t a -fix+ 2) = 0, 
or, (x - 1 )(x - 2;(2x - 1) = 0 ; 

x = 1, or 2, or *. 
{i) Taking x = 1, we have fiom (1) 

, , // + - = :: 1 

and from (3), y Z = 1 / 

whence y - 2) y - \ \ 

* - It ° r * 3 - 2/ 

^ii) Inking x = 2, we have from (l) 

,, y + ; - 111 

and from (3), ^ _ ij 

whence y = 1 1 •/ = 1 "i 

= - ii or > , = !} 

(iii) Taking x -» we have from (1) 

y + 3 = 31 

and from (3), y : * oJ 

whence y - 21 « » n 

* - l) \ * 2 } 

Thus we have six solutions. 
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Example 15. Solve x a -y; =» (I- 

y‘ - :c = h* 
z' 1 - xy * c a 


0) 

0)1 


Multiplying (1) by y, (2) by ; and (3) by ,r, we have 

•2 4 •' 

a-y = x*y - y :, 


L-z 


y*- -***. 


t‘*x ~ z*z-x*y. 

Hence, by addition, 

c*x + a-y + b-z = 0 . (4) 

A^uin, multiplying (1) by z f (2) by x and (3) by y, we have 

•> •> •» 
a-: = x-: - :-y, 

b‘ 2 x = y-x-.r-z, 

c'-y = z l y — y' l x. 

Hence, by addition, 

6 2 x + r-y a": =0 .(5) 

Now from (4) and (•*»), by cross multiplication, we have 

x = y _ 2 

a 1 -b“v 2 b* ~c*a* c* - a 2 b' 2 
Let each of these ratios =- k ; 

then f = k[a x -b' 2 c‘) | 
y = k(b* - c*fi*) - 

c = A(c* - a 2 // 2 ) J 

Substituting these values of jr, y, z in (1), we have 
k' 1 [(a 4 -6V 2 ) 2 -(/>* -c*a 2 )(c 4 -a 2 6 2 )} 


' = a 2 


or, A 2 (a ,: + A* +c' ! - 3a 2 6 2 c 2 ) 

1 


i ; 


k — ± 


s r a"'+b*~+c*- 3a 2 6 2 c 51 
a* - fc a c 2 


Hence, x = + / ; 

Va“ + 6“ +c # - 3a*b*c % 

and we have similar expressions for y and 2 . 

Example 16. Solve x +y +z — 9....(1) 


e+y+z bb 9 .... (1) | 
•*+‘y 3 + 2 * - 29 . . . . <2)V 

3 +y 3 + 2 * „ 99 . . . . (3)J 
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Since 

2 (xy + ya + zx) 



*= (x + y + 2 ) a -(x*+y a 

+ * 8 >, 

we havi 

e from (1) and (2), 



xy + yz + zk A (81 

-29) 


- 26 . 

• • . (4) 

Again, 

since x :i + y 3 + 2 ; ‘ — 3xyz 



= (x + y + z)(a a +y* +z 

» - yz — %x — xy), 


[ ii well-known . 

Algebraical identity 

we have from (1), (2), (3) and (4), 



3xyz = 99 - 9 x (29 - 26) 



= 72 ; 



• 

• 

* 

41 

M 

0 

li 

4- 

« 


Thus wo have x + y +z — 1) 

... ... ( (t ) | 


xy + ya + a.r =* 26 ... 

. iPn 


xyz — 24 ... 

. (y)J 


From ((i) wo have 

ya + or(y + a) — 2G ; 

hence, by (a) and (y), 

24 + *(9-*) - 26 ; 

JC 

.r*-9.r« + 26*-24 « 0, 

or, (x — 2)(x a - 7x + 12) - 0, 

or, (z - 2)(x - 3)(x - 4) ■» 0 ; 

x » 2, or 3, or 4. 

(i) Taking x — 2, we have 

from («), y + a «* 7\ 

and from (y), ya *■ 12/ 

whence y — 31 _ y 

* - 4/ or - * - 3/ 

(ii) Taking x -* 3, wo have as before 

y + z « 6, and ya «* 8 ; 

whence \ ” ®} or. * Z 2 / 
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(iii) Taking z — 4, we have 

y + z — 5, and yz ■» C ; 

whence ^ 

z •* 3J 

Thus we have six solutions altogether. 

Exercise (49). 

Solve the following equations :— 


1. z + y = 

3y-z = y*J 


2 -.2 

3. + y =9 


1 1 3 

+ - . 
z y 4 


2. 4(x + y) «* 3/yl 

z ■+■ y + * 2 + y a =* 2(» J 

(Madras University K. A. Paper, 1887.) 

4. r + - y* — 


>. 

>/y + v/! “ Vx/* ] 

6. 

7x* - Hzy « 
5x+ 2 y 

1591 


’Jj> ii y+ Jy'x = 7S- J 




7. 

5/y *• S4-ac‘“y 2 | 

8. 

z + y + zy - 

in 


at-y = G J 


ac*y+jry a «• 

30 J 

9. 

x + 3(z + y= 18-y ] 

A .. I 

10. 

* 3 + y 3 “ 
ay - 

3511 

14/ 


.. 2jf + v r -y m 

* * '6z — y dC + y”"* 15 [ Reducing the 1st cijuation we have 

7-c + 5y - 29 3r = 2y “ r - |:Jx ' 

12. (*+y)S + 2(*-y)3 - 3(**-y*)* \ 

3x - 2y - 13 J 

[Divide each term of the 1st equation by (»- and then, 
put i. lor (HS ; we thus get a quadratic in ] 
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13 . 


14 . 

15. 

10 . 


•Jx + y + s/x - y => 4\ 

**-y* - !>/ 

x* + 4y a - 15x - 10(3y-S)) 

j y - o / 

2 x 3 - a-y+ y a = 2y) 

2x a + 4xy = Dy j 

- + r + - » ,•) 

» 4 -’l 

x -y = 2 | 


((’alculta F»iver*ity F. A. 
Fa per. IfMifi). 


17. 

18. 

19. 


20 . 

21 . 

22 . 


Tin- l»-t equalinn may In* ledmed t<» a quadratic in ^ 

x + y f 3 Jx + y *= x a + y a = 10. 



1 ' 
a? + —a 

y 


y + 


1 




(Punjab l-iiivcrsity I. K. Paper, 1887.) 


(Calcutta I'niverwity F. A. Paper, 1881.) 


(i i +. r )w« 6 + '* +21)4 ) 

x y ( 

\ (Madras Fnivorsity F. A. Paper, 1888.) 

3‘ + *r-l + *, +,Sii i 

£\\ T e have .r - -- y - * — 2j|J 

I > - Jy = 2 wy) 

x + y « 20 j 

x* + y a + 2(x + y) * 11 1 

3a y ■* 2(x + y)/ 

x s + <t a * y a + 6 a “ (x + y) a + (a - 6)*. 


[Wo have (x + y) 9 -x 9 ----- n 9 -(n-A) 9 and(x + y) 9 -y 9 -- A*-(«i-6) a 
"'Inch mo llonuti'oncuua *. hence tind a relation l«tween x and y.] 

53. x(9 - ary) » y(ary - 36) \ (Madras Fniverity F. A. 

xy( 3x + 12y - xy) — I0b(x + y - 3) J Paj»er, 1882.) 

[From (1), xy(x + y) - 9ix + -iy), and from (2), xyjxy - 3(* + 4y)} 
= 108{3-(x + y){. Heme, x 9 y 9 --- 108(3 -(x + y)} ; 

whence, * + y =3, or x 9 y 9 — 3.108 — 0.36 = 18 9 .] 
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_ . / \ v f I>ivi«liiiK one by 

24. I x'~+v*) y = L 

y 9 f x :i |y _ - ,,lJr " e hod one value of m l ; 

) r hence from x 4 -// 4 S a , ■ 7$, x ns detor- 
- “ 7Jj mined.] 

25. x — mx + tty j only on«* solution. 

y l => my+iu ) J 


[I>ivi»ling one l>y the other and puttiug 


< ' I mined.'' 


20 . 


x _y 

y x 


x + y 
x* + y- 


x- y- x - y 


V* X* 


[ lJividing the 2nd equation tty the lht, 


.r y _ x - v x 2 t y* 

y x xl y y* 


From this 


1 ± V‘2. 


Now from the l.«t equation 


o:r by (a + h)c 

27. +, * « . : * + y = 

a + x A ■+■ y n + h ■+• r 

[ SulMilutinn x4 // for •• in the list, equation and IraiiHjMmiug we have 
/ n a \ b \ / n i b A \ 

’ \u i x <t t- h -t x I // / ‘ \« t-A < .r | y b i y) * 

whence nu — bx 0, or ^ ,V . I 

a b J 

28. nV j + *‘‘) + '/<■*“ + 6 “)(y :i + «“) — (« + *) i, l 

* + y «= a + A J 

[We have \ sx J +«*h. f /* t A a j I \ / (x a f b*)(y' J -i «< a ) — (a-t-Ajfx-t »/). 
Now applying the artitice of Art. 4, Chapter VII, we have 

- v'(x a 4 « a \y * I b 1 } ( n -| A)(.r I »/) H«- A/// ~ x) 2{<ty I Ax), 

whence by Mjuaring, 4c., xy ah.] 

29. x - y - z ■» 2) 

x a + ya_ 2 a „ 22^ 1 *’ uttin K w for x - y we have u -. ‘2, 

xy ~ 5j and M * ~ - 9 - 12 - J 


x // 

.V x 


, p 4 \ K'vch y. ] 

C M ) J 


zy. x — y — 2 - 2 

* a +y*-i ,J = 22 - 
xy ~ 5 

30. (y-z)(z + x) - 221 
(2 + x)(x-y) = 33- 

C x -y)(y-*) - 6j 

31. x: + y + 2 => 3 ] 


+ y + 2 ■» 3 | 

yz + zx + xy — - 1 | 

111 1 | 

- 3 J 


‘Calcutta I’nivernity F. A. Paper, 1878.) 
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32. 


*»(* + *) -m( »+',) “ U 

x + y + z *■ 16 ) 

£wohavc.r + V ~~ and y -t- * ~ ; add and form a quadratic- 

in z by the help of the 2nd equation.] 

rg + y mm 7s 1 34. ry mm (x + y)l 

yz + x * t$2 * XZ mm 2(a?+ z) J- 

x+y + z = 12 J yz mm 3 (y + :) j 

X + y + z 
x*+y* + z* 


35. 


37. x*+xy + xz 
y* + yz + yx 
z* +zx+ zy 


45 
75 - 
105 


xyz 

xyu' 

xzw 

yzw 


231 i 
420 I 
660 
1540 


x + y + z - 13 


**+y*+* a 

yz 


651 L(y + ;: )* ~(y a + -*) = 2y~, hence find a 

ia| quadratic in or.J 


X + y + z «■ 13 [Subtracting the 2nd equation from tin* 

X a +y*+Z* •* 61 ■ square of the 1st, we get by the 

flf(y + 2) = 2yz help of the 3rd equation, yz - is.] 

40. ** -y* - 2 * +2yz - 3 

X* + y 8 —2* +2jz » — 9 ■ ((Jal. ITuiversily F. A. Paper, IStStS.. 

- ** - y* + 3* + 2ry — - 3 

[Putting u for x + y - v for x-y+j, and w for y + z-x, we have 
uv 3, uw ss - 9 aud vie ■— - 3. Fiuding u, r, w it must be 


a* + y“ +Z* 
x(y + z) 



obaerved that x 

+ y + ; - tt + 

t» + ie and is known ] 


41. 

*' J + 3ry + 5x2 

- 62 

1 It can lie 

easily seen Mint 


3y* + byz + yx 

« 93 - 


x v 

•F 

** 


52* + 2 * + 3 zy 

- 124J 


2 ~ «J 

4* 

cq 

y + z: i 

i + x:x + y 

■ « ; 6 

: C I* i 



(y + 2 )* + (2 4- x) 

* + (* + y;* 

- 1. 

j (C. i T . t 

. A. P. 

43. 

x % + xy+y* - 

13) 

44. 

x4-y + 2 — 

12 


y*+y2 + 2* - 

49 \ 

x * 

4*y*-fs* 

60 


2*+2S+»* 

3l) 


+ y* + 2 3 * 

216 



X.] KQUATIONAL FROULKMS. 


205 



x 

y 



41 

a 

•2 


} 


(Calcutta University F. A. Paper, 1889.) 


j^Froin the 2nd equation we have — = 


= 2, or 
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EQUATIONAL PROBLEMS. 

1. What are e^'K a dozen when two more in a shilling’s 
-worth lowers the price one penny per dozen ? 

Let * * the number of eggs we get for a shilling. 

1 ** 

* Then the price of each egg — w pence, 


144 

and the price of a dozen - pence .... (1) 

X 

If two more were obtained for a shilling, t.«„ if (at+ 2) eggs 
-were worth a shilling, the price of a dozen would, for a similar 

. 144 

reason, be —_ pence. 

X + 2 


Hut by the condition of the problem, the latter price is one 
penny less than the former price, hence 


144 
x + ‘J 


144 

x 


-1 


i 


x* + 2x - 288, 
a* + 2* + 1 - 289, 

x + 1 - 17. 

t X mm 16. 

Hence, from (1), the price per dozen — Drf. 
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2. Kind two numbers, whose dillcmicc, multiplied by the 
difference of their squares = ICO ; and whose sum, multiplitd 
by the sum of their squares gives the number 580. 

Let a: +y and x - y be the numbers. 

Then, by the 1st condition of the problem, 

2 y.(ixy) =» ICO 

or, ary-' - 20.(1) 

Hy the 2nd condition of the problem, 

+ y*)} - 580 

or, x (* a +y‘ J ) - 145.(2) 

Dividing (l) hy (2), 

y* __ 20 4 

x 145 29 * 

25y* - 4* a ; 

r - J " fe (8»PPO«t‘). 

M U 

Hence from (1), 

20* a - 20, k - 1 ; 

x « 5. and v «= 2. 


Henco the required numbers nre 7 and 3. 

3. A sets off from London to York and B at the same time 
from York to London, and they travel uniformly ; A reaches 
York 16 hours and B reaches Loudon 36 hours, after they have 
mot on the road. Find in what time each has performed the 
journey. 

M 

L .- --- Y 

m n 


Let A, Y represent London and York respectively, and M 
the place whero the travellers meet. Let m, n be the measures 
of A M Y respectively in miles. 

Now, since A travels n miles (t e , from M to F) in 16 hours, 

16 16 

lie travels l mile in hours and m miles in - .m hours • 

n n 

hence the time in which A travelled from L to Jf 


16 k 

— — m hours. 
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Similarly the time in which 11 travelled from 1” to M 

• 3G , 

as .n hours. 

tit 

\ow, since they started at the same instant, the time in 
which A travelled from L to .1/ is evidently equal to the time 
in which D travelled from Y to M ; 

Hi 36 

m = ./», 

h m 


whence 


to 3 


Hence the time in which A performed the journey 

( 1G \ 

- -.wt + 16j hours «■ 40 hours ; 


and the time in which B performed the journey 

= .u + 3g) hours « 60 hours. 

\ w* / 

4. A fraudulent tradesman contrives to employ his /«/*$ 
balance both in buying and selling a certain article, thereby 
gaining 11 per cent, more on his outlay than he would gain, were 
the balance trw. ff however the scale pans, in which the 
article is weighed when bought and sold respectively, were in¬ 
terchanged, lie would neither gain nor lose by the transaction. 
Determine the legitimate gain per cent on the article. 


[In a fid»t balance if any weight he placed cm one of the scale p/ms 
the weight to he put on the other pan in order to rnskc the hemu horizontal 
will he different. For inwt.uiee, if in buying rice a live-seer counterpoise he 
put on the pan, the quantity of rice put on the other will he either jimrc or 
less than 5 seers. Suppose when the live seer counterpoise is put on the 
scale pan .1, wo are required to put on the pan B, a quantity of rice whose 
real weight is greater than H seers ; but whatever may be* its real weight, as 
its weight now is supposed to I*e equal to the weight of the counterpoise, 
we take it to be f» seers. Thus we take for 5 seers what is really more than 
5 seers. Hence if the merchant contrives to put the counter|K»se on A and 
the.article bought on B, he will evidently take away more of the article than 
he is soppnscd to do ; let the supposed weight of the article so Ixjught bo vr 
B». ; if then H' lbs. be the real weight of the article, *e is less than IF. Again 
in selling the article if lie puts the counterpoises on B and the article on A 
and if W be the weight of the counterpoises, then W* is greater than IF, 
By this contrivance then the merchant buys IF lbs. of the article at the price 
of w lbs. and sells away these IF tbs. again at the price of IF' lbs. Hence in 
such a transaction the merchant's gain is two-foid, he buys more of the 
article than he pays for and the whole quantity thus bought he sells away 
at the price of a still greater quantity.] 
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Let w aud W' be the apparent weights of the article when 
’bought and sold respectively. 

Then evidently w» is less, and W greater, than the true 
weight. 

Let p « prime cost of a unit of weight, 
x « the legitimate gain per cent. 

Then the selling price of a unit of weight 

— /> + * hundredth* of p — . 

Hence the price paid by the merchant in buying the article, 
i. his outlay — iv.p, and the price realised by selling it 

• \ 

100 / 

by the condition of the problem, 

+ “ w.p + (* + 11) hundredth* of iv.p 

" w ’ p ( 1+ 100 ). 

If the scale puns were interchanged, the cost of buying 
•the article would be aud the price realised by sale, 

+ jqqJ > hence by the 2nd condition of the problem, 


w >( ,+ ro-'- 


mp ( 1 + luo) " n " P - 
From (1) and (2;, 


( 2 ) 


1 + 

1 + 
1 + 


or - ( 1 + ioo)'- 


ir+ 11 
1U0 
x 

100 
x 

100 - 


• 1 + 


1 + 


100 

*+11 

100 


or, 




x 1 
1U0 + 4 
* 


11 1 
iuv + T 
6 1 
kT~2 


*’ 100 

* - 10 . 

t.e., the legitimate gain is 10 per cent. 


36 

* lu0‘ 
1 

To* 
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5. A body of men were formed into a hollow square, 
three deep, when it was observed that with the addition of 25 
to their number, a solid square might bo formed, of which tho 
number of men in each side would bo greater by 22 than tho 
square root of the number of men in each side of the hollow 
square. Required tho number of men in tho hollow squaito. 

[A number of men are' said to b»* arranged in a solid square when they 
an* arranged in parallel mw* ami the number of rowa is equal to the number 


of men in 

each row. 

The foil. 

•wing diagram, 

in which A,, U,, 

Jkc., represent 

men, xsill clearly illustrate the matter. 



A, 

B, 

1 

Pi 

1>. Ki 

F t <; t 

H. 

A, 

B, 

1 

U, 

1> 3 K, 

V, (i 

w* 

A :i 

B* 

1 


-iv ->V 

-V V 

w. 

a 4 

Ba 


V 

1), — k 4 

^ 4 V 

H 4 

A s 

B, 


r i 

v; 

>,— V. 

V V 

H, 

A rt 

Brt 


■ i 

'i;- 

-D fl -iv 

- V 

Ha 

A; 

By 

0, 

i 

1>7 Ky 

h 7 G 7 

Hy 

A„ 

b 8 


1>« K„ 

F 8 

H h 


The above diagram represent# an arrangement in which there are 8 rows, 
each containing 8 men. This is a solid square. If the square (b, K, I*,. <J„ 
be removed from inside, the remainder will he a hollow square tioo deep 
having S men in each side ; if, however, the square I) 4 E 4 K.„ l) r . be removed 
the remainder will be a hollow square three deep. 

Hence, the number of men in a hollow nquare two deep having x men in 
each side = x- - (x - 4) 1 * ; in one three deep = x % ~ (x ~ 6)* ; and so on ; 
thus the number of men in a hollow square n deep having x inen in each side 
— x* -(* - 2n)*.] 

Let x =» the number of men in a side of the hollow square; 
then the whole number of men 

«**-(* - 6 )* ... ( 1 ) 


2—14 
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Hence, by the 2nd condition of tin: problem, 


jc a - 

(* - G) a + 23 - 

(J + 22) 2 

or, 

Vlx - 11 = 

s + 44+ 484 ; 

■ 

• 

ll-e-44,1^ = 

193, 

or, 

•r;- 4*“ = 

in; 

■ ■ 

1 

X - 4jr:- +4 - 

19, 

• 

• • 

s 

1 

ti 

B 

7 ; 


whence x = 

81. 


Hence, from (1), the whole number of men 

- 81* - 70 a 
~ lob x is = i)•}(i. 

6. A c*n«^iitrt'M to piny u game of cheiss a\ itli /Von the 
following conditions : - that /> should name a certain number 
and put into A’’s possession twenty four rupees together with as 
many rupees as equal the square of this number and that at 
the conclusion ol the game A" should leturn to 11 only a number 
of rupees equal to eight tunes the number named. What tiutii 
ber could 11 name with the greatest advantage possible to 
himself '! 

Let x = the number which //should name ; then he has 
to deposit with A’, (21 + .r~) rupees and get back at the end of 
the game only 8r rupees ; 

hence /> has altogether to lose (.i ,a + 21 ~ Sx) rupees ; 

x must bo such that this loss may bu as small as possible. 

Now, since x~ - $x + 21 - (,r-4) 2 +8, which is always 
greater than 8 except when .»• -= 1, the loss will for all values 

of x be greater than Us. 8 except when x has this value. 

Hence in order that the loss may bo a minimum J1 should 
name the number 1. 

7. With the object of examining a student of the 1st 
year as regards his progress in Algebra, I undertake to engage 
iu a curtain contract with him, which is as follows :—he is to 
give me a certain number of books, each worth as many rupees 
as tho number of books, and to get from me in return six times 
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aj!> many rupees as any of those hooks is worth ami also 21 
rupees more. How many books should ho bring me, with the 
greatest possible advantage to himself ! 

Let x = the number of books that the student brings me ; 

then, since the price of each book is r rupees, evidently 1 
get x- rupees from him ; and in return l give him (Ox+ *21) 
rupees. 

Hence his gain (or loss as the case may be) 

* ("21 + 6x - ,i ~) rupees 

Now, *2l+6x-x" =. 21 - (.e* - Ox) 

- 30 - (x a - Gx +11) 

« 30 - (a - 3)*. 

Kvidently therefore the student is a loser if (x-3) be 
greater than b, w, if x be greater than f* , and lie is a gainer 
if x be S or less than S. 

Ihit not only should the student he a gainer but his gain 
must he the greatest possible, which evidently is the ease when 
(x-3)“ is the least possible, i.a., when x --- 3. 

Hence the student should bring me only three hooks. 

3. Lam, Lakshmau and Bharat went to visit a Hishi 
and brought their wives with them. The llishi knew the wives’ 
nflhnes to he I’rnnla, Mandavi and Sita, hut forgot, which was 
the wife ot each hero. They told the Hishi that they had given 
present* to Bandits, and that eaeh of the si\ had rewarded as 
many Bandits, as he or she had given gold minims to each 
Bandit Barn had rewarded 23 more Baudils Ilian I'runla, and 
Lakshmau had rewarded 11 Bandits more than Mandavi, like¬ 
wise each hero had given away 03 gold minims more than his 
wife. The llislu having thought on what they said, dismissed 
them with his blessing, naming correctly the wife of each hero. 
From the conditions given, do you also find out the names of 
the wives. 

Let x -= the number of Bandits rewarded by any hero, 

and y = the number of Bandits rewarded by his wife ; 

then the number of gold mudras given away by the 
hero - x s , 

and the number of gold mudras given away by his 
wife « y~. 

lienee, by the last condition of the problem, we have 

x*-y* =-. 63, 
or, (x + y)(x - y) = 63 
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But 63 «■ 63 x 1, or 21 x 3, or 9 x 7 ; 

hence, since x + y and x - y are positive integers, and a + yis 
necessarily greater than x - y, we get the following three pairs 
of values for x + y and x - y and no other : — 

(1) x4 -y — 631 (2) .r + y ■* 21) (3) as+y = 9^ 

jc-y «• 1/’ x-y--~ 3 / * x -y «= 71 

Hence we have the following three pairs of values for 
x und y :— 



i.s,, the wife of the hero who rewarded 32 Pandits, reward 
ed 31 Pandits ; 

the wife of the hero who rewarded 12 Pandits, rewarded 
9 Pandits ; ... ... ... (a) 

and the wife of the hero who rewarded 8 Pandits, reward¬ 
ed only one Pandit. ... ... ... (fi) 

Now let us find out the names of the wives from the other 
conditions of the problem. 

The number of Pandits rewarded by Ram may bo 32, 12 
or 8 ; but since he is known to have rewarded 2.3 more Pandits 
than somebody else, the number of Pandits rewarded by hid! 
must be 32. 

^ The number of Pandits rewarded by Lakshman may then 
be either 12 or 8, but as he is known to have rewarded 11 more 
Pandits than somebody else, the number of Pandits rewarded 
by him must be 12. ... ... ... (a) 

lienee the number of Pandits rewarded by Bharat must 
be S. ... ... ... ... (h) 

Again, since the number of Pandits rewarded by Crmila 
is 23 less than the number rewarded by Ram, it must be 9 ; 
hence ny (a) and (a) Urmila is the wife of Lakshman ; 

also, since the number of Pandits rewarded by Mandavi 
is 11 less than the number rewarded by Lakshman, it must 
be l ; and by (/i) and (A) Maudavi is the wife of Bharat; 

evidently Sita is the wife of Ham. 

Thus we have— 

Kami Lakshman 1 Bharat \ 

Sita / Urmila / Mandavi I * 
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Exercise (50). 

1. A person bought a certain number of oxen for £80; 
if he had bought 4 more for the same sum, each ox would have 
cost £1 less ; find the number of oxen and the price of each. 

2. A gentleman sends a lad into the ^market to buy ai 
shilling’s worth of oranges. The lad having eaten a couple, the 
gentleman pays at the rate of a penny lor fifteen more than the 
market price ; how many did the gentleman get for his shilling ? 

3 . The plate of a looking glass is 18 inches by 12, and is 
to be framed with a frame of equal width, whose area is to be 
equal to that of the glass. Required the width of the frame. 

4 . A and B lay out some money on speculation. A dis¬ 
poses of his bargain for £11, and gains as much Mif. as B 
lays out ; H 's gain is £36, and it appears that. A gains four times 
as much per cent, as Ik Required the capital of each. 

5 . A boat’s crow row .‘U miles down a river and back 
again in l hour and 40 minutes. Supposing the river to have 
a current of 2 miles per hour, find the rate at which the crow 
would row in still water. 

6. What two numbers are those whose sum multiplied 

by the greater is 204 ; and whose difference multiplied by the 
less is 33 ? 4 

7 . What two numbers are those whose sum added to the 
sum of their squares is 42 and whose product is 15 ? 

8. A and B distribute £60 each among a certain number 
of persons. A relieves 40 persons more than B docs, and B gives 
to each 5s. more than A. Ho# many persons did A and B res¬ 
pectively relieve ? 

9. The product of two numbers added to their sum is 23 ; 
and five times their sum taken from the sum of their squares 
leaves 8 ; required the numbers. 

10. A horse dealer buys a horse, and pays a certain Hum 
for it ; he afterwards sells it again for Rs. 171, and gains 
exactly as much per cent, as the horse had cost him. How much 
did he pay for the horse 1 

11. The small wheel of a bicycle makes 135 revolutions 
more than the large wheel in a distance of 260 yards ; if the 
circumference of each were one foot more, the small whecd 
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would make 27 revolutions mote than the large wheel in a distance 
of 70 yards ; lind the circumference of each wheel. 

12 . lly lowering the price of apples and selling them one 
j enny a dozen cheaper, an apple-woman finds that she can sell 
<‘•0 more than she used to do for 5s. At what price per dozen 
did she sell them at first ? 

13. Thereds a number between 10 and 100 ; when multi¬ 
plied by the digit on the left the product is 280 ; if the sum of 
the digits be multiple*! by the same digit the product is 55 ; 
required the number. 

14. A and 11 are two stations 300 miles ajwirt. Two 
trains start simultaneously from A and 11, each to the opposite 
station. The train from A reaches It nine hours, the train from 
}$ roaches A four hours, after they meet : find the rate at which 
each train travels. 

15. By selling a horse for £24, 1 lose as much per cent, 
as it cost mo. What was the prime cost of it '( 

16. Find three numbers, such that if the first be multiplied 
by the sum of t he second and third, the second by the sum of 
tho first and the third and the third by the sum of the first and 
the second, tho products shall be 408, 480 and 504. 

17 . There are two square buildings that are paved with 
stones, a foot square each. The side of one building exceeds 
that of the other by 12 feet, and both their pavements taken 
together contain 2120 stones. What are the lengths of them 
separately ? 

18. Thoro are three mumbers, the difference of whose 

differences is 5 ; their sum is 44, and continued product 1050 ; 
find the numbers. t 

19. A train A starts to go from P to two stations 240 
miles apart, and travols uniformly. An hour later, another train 
B starts from P , and after travelling for 2 hours, conies to a 
point that A had passed 45 minutes previously. The pace of B 
s now increased by 5 miles an hour, and it overtakes A just oil 
entering Q. Find the rates at which they started. 

20 . A square court-yard has a rectangular gravel walk 
round it. The side of the court wants 2 yards of being 6 times 
the breadth of the gravel walk ; and the number of square-yards 
in the walk exceeds the number of yards in the periphery of the 
court by 92. Required the urea of the court. 
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21. Divide the number 2G into three such parts that their 
squares may have equal differences, and that tho sum of those 
squares may be 300. 

22. The number of soldiers present at a review is such 
that they could all be formed into a solid square and also could 
be formed into four hollow squares each 4 deep and oach con¬ 
taining 24 more men in the front rank than when formed into a 
solid square : find the whole number. 

23 . A and B run a race round a two-mile course. In tho 
first heat B reaches the winning post 2 minutes before A. In the 
second heat A increases his speed 2 miles an hour, and B dimi¬ 
nishes his by the same quantity ; and A then reaches tho 
winning post 2 minutes before />’. Find at what rate each ran 
in the first heat. 

24 . From a vessel of wine containing a gallons, b gallons 
are drawn oil', and the vessel is filled up with water. Find tho 
quantity of wine remaining in the vessel when this has been 
repeated 4 times. 

25 . A wall was built round a rectangular court to a certain 
height. Now the length of one side of the court was two yards 
less^ whilst three times the length of the other was 25 yards 
greater, than 8 times the height of the wall ; and the number of 
square yards in the court was greater than the number in the 
wall by ITS. Required tho dimensions of the court, and the 
height of the wall. 

26 . A person bought a number of £20 railway shares when 
'they were at a certain rate per cent, discount for £1,500; and 
afterwards when they were at the same rate per cent, premium 
sold them all but GO for XI,0(^0. How many did he buy and 
what did he give for each of them ? 

27 . r i ’ho sum of 1 numbers is 44 ; the sum of the product 
of the 1st and 2nd, and 3rd and 4th is 250 ; of the 1st and 3rd, 
and 2nd and 4th is 234 ; and of the 1st and 4 th, and 2nd and 
3rd is 225. Find them. 

28. To complete a certain work A requires m times as long 
a time as B and C together ; B requires n times as long as A and 
C together ; and C requires p times as long as A and B together. 
Compare the times in which each would do it and prove that 

1 1 1 

--: + ■. + - 

m + 1 u + 1 p + 1 


1 . 
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29 . In a certain village there lived in the year 1872 a 
number of families each constating of as many members as there 
were families. Ten years afterwards it was found that during this 
interval there were 670 births in the village aud that on the 
average 50 lives were lost per family. Prove that the number of 
persons, living in the village at the time of this calculation, could 
not be less than ^5, and if this number he actually 45, find out 
the number of souls that lived in the village in the year 1872. 

30 . Suppose you agree to give me out. of your landed 
property a square plot of ground and receive in exchange a 
circular plot of land whose area is 76 square feet and also a 
rectangular plot, one of whose sides iH 36 feet and the other is 
equal to a side of the piece of land you givo me. What must be 
the area of the plot you give me, so that you can profit most by 
the exchange ? 


CHAPTER XI. 

IMAGINARY QUANTITIES. 

m- 

1. Definition and Conventions. Juntas Ja is re 
garded as a symbol such that Ja x Ja «= «, so >J -a is defined 
to be such that */ - a x - a =* - a. 

The symbol J -a is alwaysj regarded as equivalent to 
*Ja x V-l: thus we have to deal with only one imaginary 
expression, namely, */-l, in ail investigations. 

Honco J -ax J -b *» Jax V - 1 x N /6x <J - 1 

- >Ai6x( n /-1) 8 - - 

The imaginary expression a >J - 1 is considered to vanish 
when a - 0. 

Any algebraical expression of the form a + b J~- 1 whero 
a and b are real quantities is regarded as au imaginary ex¬ 
pression ; it is said to cousist of u real part a and au imaginary 

part' b J - 1. 

N, B. The letter » is generally used to denote the symbol - 1. 
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2. Powers of i. 

<i) 1 = \ (<)" - <<)*.<*> - -<■ \ 

(i) a *-i. r (o 4 - (Omo* - i. r 

By the help of these 4 results we can very easily determine 
any other power of the symbol. 

For instance, (t) 4fl = K*) 4 } 11 * 1 “ 

(i)” 1 « {(i)*J ,s .(i) 8 - (i) a - 
(i)«« - {(») 4 ! lrt .(i) a - (i) a - -1 : 

(0 T * - U*) 4 J ,S - I- 


Exercise (51). 

Simplify the following expressions :— 

1. i 8f *. 2 . v‘ ,s . 3. i" 7 • 4. i**5 t'" 

0 . i l \ 7 . t'°\ 8 . i ao:1 . 9. i 5 * 7 . 10 . i :l4 

3. If a + bi = 0, then = 0 and b - 0. 

For if a + bi “0, 

*"**thcn hi = — a, 

-6 8 - a 8 , 

« 2 + 6 s =0. 

Now since a 8 and h 8 are neither of them negative, their sum 
cannot be zero unless each of them is separately zero ; thus we 
have a = 0, and 6 = 0. 

4. If a + bi - c + tfi, then r/ - c and b = f/. 

Since a + 6i =» c + tfi, 

by transposition (a-c) + (b- d)i = 0. 

Hence, bythe last article, a - c = 0 and 4 - = 0 ; 

that is a = e, and A = <Z. 

Thus *m order that tiro imayinary expressions may be equal 
it is necessary and sufficient that the real parte should be equal , 
and the imaginary parts should be equal. 

5. Conjugate imaginary expressions.— 

Two imaginary expressions are said to be conjugate when 
they differ only in the sign of the coefficient of ». Thus 
a + bi and a-bi are conjugte. 
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Now, Mince (a + bi) + (a - bi) = 2a, 
and (a 4- bi)(a - bi) 

* a 2 -& 2 i 2 = a*+fc a , 

e conclude that the sum and the product of two conjugate 
may inary expressions are both real. 

6. Definition. The positive value of the square root of 
a* + 6 2 is culled the modulus of each of the expressions a + bi 
and a - bi. 


(i) To prove that the modulus of the product of Itro ima¬ 
ginary expressions is equal to the product of their moduli. 

Let a + bi and c + di ho auy two imginary expressions. 

Then their product *» (or -bd) + (ad + be )i, 
whose modulus *= J(ac - bd)* +(ad + bc)‘~ 

- Ja-rd + b i d i + a *rf* + 6 2 c 2 

= n/(u 2 + 6 a )(r ii + </“) 

■* Ja* + b* x Jtr +d* % 
whiih proves the proposition. 

<•--. m 

(ii) To prove that the modulus of the quotient of two ima¬ 
ginary expressions is the. quotient of their moduli. 

The quotient obtained by dividing the first of the above 
expressions by the second 

a + bi 
c + di 

(a + bi)(c - di) 

(c + di j(c - dx) 

(ac + bd) 4 - (be — ad)i 




+ d‘‘ 


whose modulus 


ac +■ bd be - ad . 
r 2 +rf 2 + c a +/f 2 

//ar + MY* /bc-ad\ 

V \c* +d*l + U a +rf*/ 

Ja*c* +b*d* +b*c*+a*d* 
. c*'+rf* 
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%/(«“+ 

c^'+^V 

Ja'+b* ... . 

which proves the proposition 

s'c* + <J a 


7 . To find the square root of a + bi. 

Assume Ja + bi ** x + yi, where x unci y are real 
quantities. 

Then a + bi = x a -y 3 + 2xyi; 

by equating real and imaginary parts, 

x a -y % = a . (1)1 

:ui(l 2xi/ = 6 . (2) / ’ 

Hence, (x a + y a ) a = (x- - y-) a + 4x a y a 

= «*. + £*, 

.'. x a +y a = V«*+A*. ... (3) 

From (l) and (3), we get 

. ,. <Jfi*+h*+n Ja'*+b~ — a 

* r* t=s W* = , . - t - * 




/ Ja- + - 11U 

l 2 J ‘ 


aV. B. .Since x and y are real quantities, x 2 t-y 2 is positive ami in 
(3) the positive sign must he put before the quantity v# 2 t h*. 

Also from (2) we see that the product xy must have 1 lie same sign as b ; 
hence x and y must have the tame sign if h be positive, and •lijfvrcnt dgns 
if h be wrjutivc. 

Cov. Supposing a •= 0 and b — ± 1. we have 



8 . The cube roots of unity. 

Let * ** VI. t ^ eu * 9 *■ 1| or x 9 - l — 0, 
i.e., (x - 1 )(x * + x + 1) — 0, 




220 


ALGJCBftA MAlJB BABY. 


[Chap. 


8 >) 


»» 


( 2 ), 


x 

X 


either x - 1 « 0 ... 

or, ' x*+* + l = 0 ... 

From (1), x = 1, 

- I ± V-3 
2 

Thus the cube roots of l are 

i — 1 + 3 . ~ 1 - v/ - 3 

1. „ ■ ft "' 1 2 

Now with regard to the latter two roots, both of which are 
imaginary, we observe that 

-1+n/"3\ 3 _ 1+(-3)-2n/ 3 


rv-T - 


-2-2V-3 

- - 4 

-1 - V-3 
". 2 * 

and (-‘-./-y . l+»-S) + 9^-3 

- 2 + 2 v ; - 3 

4 


— 1 + \/ - 3 
"" . 2 " 

That is, if <u denote either of the imaginary roots, the other 
is t«>*. 

Hence it is usual to denote the three cube roots of unity by 

l t to, to*. 

COV, 1 • Siuce cu satisfies the equation x* +ar+l — 0, we 
have w* + w +■ 1 «■ 0 ; that is, the sum of the three eube roots of 
unity is zero. 

COV . 2. Auy positive integral power of w is equal to 1, 
or w, or w* ; thus w 7 • (w a )*.to ™ l*.w ■» w. 

o)* w «■ (to 8 )*.w* ■■ w* ; and so on. 
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9. A few miscellaneous examples. 

‘Example 1. Show that (tom + to 9 n)(to*m + ton) » wi* - mn 4- n *. 
(tiim + c»i*n)(w*i» 4- ton) = w 3 w* 4- mn(to l + w*) + w' 1 a* 

— »4 a -w» + n*, 

(since oj 4 +<»* ■** w*.w + w* *= w + w* «= -1). 
Example. 2. Show that (a? 4- toy 4- to*i)(x + to 9 y 4- toz) 


** a: 2 + y“ 4- z a -yz- zx - xy. 

(x + toy + to 9 s)(x 4- t»*y 4* »o3) * x* + oi 3 y 3 + w :, z 2 4- 4- w a ) 

+ y3(10 2 4- <«**) 4- ZJf(c*> 2 + w) 

« jr 2 + y 2 + z* - xy - yz - zjc, 

(since to + w* *= - 1 and w 2 + »o 4 = r.j 2 4- to = - 1). 


Example 3. show that 

4 -r>i 3 + 2i _ 81 -r,83i 

2 4- 3i * 7 4-t 051) 

12 - lOi* - 7» 
The given expression = ^ + + 23l 

^ 22- 7i 
“ 114- 23i 


(22-7i)(U-23i) 
~ (11 4-23»j(ll“-23t) 
242 4- 1611 2 - 5S3i 
121 - 529i a 


242- 161 -5831 
121 4* 529 
81 - 583t 

o6'o" 


Exercise (52). 


1. Multiply 
"2. Multiply 
3. Multiply 

4- Reduce 


3 4-7 J :i by 5 - 4 J - 3 
3 J-0 by 2-s/-3 
3V-“7 4-5>/-"3 by 2 n/^7-7v/-3 

* to the form A + Bt. 

3 4 2t 
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5 

0. 

7. 

8. 


11 . 

13 


14. 


15. 


16. 


17. 


18 

19. 


( 


l - 


Kx press 


a + hi 
c 4- di 


in the form A + Bt. 


Multiply * - 1 by a - 1 

Jd 

Show that 3 + 2 * + 3 "-- - 

■i fl 1 *> X III 


3 


Kx tract the square roots of - 

l+W-3. 9. 7-30s/-2. 10. W-5-1. 

12. Si. 

Kind the square of 

s/'J + lOi + *J\I — 401. 

Kind the value of 

(4 * 3 J - 20)“ + (4 -- 3 J - 20)^- 
Kxtract th*e square root of 
jr -M n/x* + .r 8 4- l. 


(Miitloi- I nivoi-ity K. A. 1’npcr, ISjvS.) 
Kind the value of V - 1. m 


Prove that [** 1 [ 


- i - J 


) ~- 1 - 


Prove that ^ 


~ l + J - 3 i * 1 / - 1 - ^-3 


•> 


; n 


i 


*> 


Determine the simplest value of 
^ . ^in - m• y. ^ 1 - ;/t'^ , when 


m 


- 1 4 */ - 3 
2 


If l, <•>, «» a are the three cube roots of unity, show that— 
20. (1 4 «>)•■ - (1 +(9-) ;1 = 0. 

21 • <'** + 2ti»’‘ +<«**=» 1, 

22. (1 - 0> + 10' i )‘‘ sss ( l + tu — <() “ )’* = — 8. 

23. * a 4* y ‘ * ( r + y)(i«u- 4 io a y)(«o s x 4 u>y). 

24. Jr’-y a *® (of-y)ic.jar - w*y)(w ,l x - «y). 

25. (a 4* h 4 c)(<* 4- /so 4- c<o*)(« 4 6«* 4- cto) * a ;i 4 & a 4* c :| - 3a£c. 

26. (* 4- y)“ 4- {xui + yto 8 ) 8 4- (jcw s 4- y<*>) 8 <= Gxy. 
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27. Provo that (x a 4- a' 2 )* = (r :l - 3,m a ) a + (3x*«t - a'*)-. 

28 Prove that (e a +a a ) 4 = (x 4 - C.r a a‘- + a 1 )' J 

+ (4x H a - 4xa :i )’ 1 

29. Prove that (x a +«')'*’ =■ (x s - 10x :l a a + 5xa 4 ) a 

+ (5.c 4 u- 10x a a* + «•’)*. 

30. Prove that (x s +a J ) : = (x 7 - 2 \x'a‘ 2 + 35x' l /i 1 - 7W ! )- 

+ (7x M a- 35x‘a : ’ + 21x a rt'' -a 7 )' 2 . 

31. If -V « ax 4* ry + A;, )' - c r 4- by + az f 

Z — bx 4- ay 4- r:, 

show that A-* 4- + Z- - ) Z - ZX-X V 

— (a - 4- b" + »* a - b<: - oi - ab)( 4- // a 4- -yz~ zx - .ry). 

32. If -V - arhey + bz, V -- rx4-/>y + n: f 

-- or 4- uy 4- e:, 

show that A* * 4* Y“+Z A -:\XYZ 

= (a :l f- b :i + r 1 - 3abr)(i :i + y" 4-; 1 ■ 3xyz). 


CI1 APTKIt xn. 

ARITHMETICAL PROGRESSION. 

1. Definition. —(Quantities are said to he in Arithmetical 
Progression when they increase or decrease regularly hy a ro m 
man dtli' i'cntr. 

Thus each of the following series of quantities is in Aritli 
metical progression : — 


2, 


*. 

11. 

14, 

An*. 

0. 

a, 

S, 

a 4- b y 
a - by 

1, 

-3. 

a 4- 2 by 

a - 2 by 

a 4- 3 by 

a - 'iby 

A’c. 

tVrc. 

.tc. 


In the first of the above examples the quantities increase 
by 3, whereas in the second the quantities decrease hy 4 ; so 
tho common differences in these two cases are said to bo 3 and 
- 4 respectively. Similarly in the third example the common 
difference is b and in the fourth it is - b. 
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Note. If (t bo the first term and b the common difference of a series 
of numbers in Arithmetical ProKressioii, we have the second term = 4 + 6. 

the .‘ird term -- 4+26, the 4th term -- a h-'J6,., the 10th term = « + 

1*6,.the 21st term 4 + 206, and no on. Hence the nth term — n + 

I n - 1 )6. 

Example 1. Find the 19th term of the series 10, 8, 6, 4, «kc. 
The first term • 10, a?»d the common difference =< - 2. 
Hence tho 19th term 10+18.(-2) 10 - 36 = -26. 

Example 2. What term of the series 5, 7, 9, 11, ifcc. is 25? 

Let the rth term of the given series he the required term ; 
then we mnst have 

25m5 + (r-l).2 
- 3 + 2r ; 
whence r » 11. 

Thus the 11th term of the given series « 25. 

Exercise ( 53 ). 

*, 

1. Find the 8th, 20th and (/t — 3)th terms of the series 
2, 4, 6, 8, t fco. 

2. What terms of the series 9, 11, 13, 15, ,fcc. are 65, 99, 
and 6n - 13 f 

3. The first term of a given series is 3 and the 7th term 
39 ; find tho common difference. 

4. If there ho 60 terms in d. /\ of which the first term 
is 8 and the last term 185, find the 31st term. 

6.‘ If a he the first term and l the last term of a series 
of numbers in A. P. % shew thut the 5th term from the begin¬ 
ning+tWfe 5th term from the end «■ a + L 

6. In the preceding example, shew that the rth term from 
the beginning + the rth term from the end ■» a + l. 

•2. To find the sum of n terms of an Arithmetic 
series of which the first term is a and the oommon 
•difference, h . 

Let 8 denote the required sum, and /, the last term (t.e. 
the nth term). 

Then £«a + (a + 6) + (a + ft^ + (a + 3 d) + &c. + {a + (n- 1)6}. 
And, by writing the series ln*the reverse order, we have 
also i 5 l + (l - b) (f - 26) +■ (l - 36) + &a. + {/-(»- 1)6). 
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Therefore, by addition, 

2.S' ■ {o, + /) + {cl 4 * f) + (<t + 1) + Ac 
* »(a 4- 1) ; 

.V - "(a + o . 


to » terms 


* 


(1) 


Thus the sum of n terms in A. P. is n times the semi-sum of 
the first and last terms, or, in other words, a times the average 
of the first and last terms. 

Also, since l *= « + (n-l)i, 

s - :;[«+ [a+(«-D6}] 

- ”/ 2 a + («-l)i } . ( 2 ) 

y. B .—Tho fonnal.i’ (l) sunl (2) -hould he r.upfully numimhorod so that 
•they might readily he applied in any -uitahh* avse. 

Example 1. Find the sum to 20 terms of the series 5, 4| 
3 2 , Ac. 

The first term = 5, and the common difTerence 

■ ijfcN W .1 } :$• 

Hence, the required sum = ^"-{2 x 5 + (20 - 1) x ( - $)} 

= io(io-? v 2 ) 

- 10(-.1) - -2Gj{. 

Example 2. Find the value of 1 + 2 + 3 + 4 + Ac. to 100 
•terms. 

The last term of the series evidently « 100. 

Hence, the required sum « 1 !. ,o (I + l00) 

- 50 x101 

- 5050. 

\ 

Exercise (54). 


1. 

Sum 

1, 

It' 

3, 

4, 

Ac. 

to 

25 terms. 

2. 

Sum 

1, 

3, 

* 4. 

7, 

Ac. 

to 

30 terras. 

3. 

Sum 

5, 


*b* 


Ac. 

to 

21 terms. 

4. 

Sum 

13, 

12?,, 

US. 


Ac. 

to 

40 terms. 


15 
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6. 

Sum 

2, 

7, 12. 

&c. 

to 101 terms. 

0. 

Sum 

n — 1 

Ji - 2 n - 3 

• f 

tfce. 

to n terms. 



n 

n n 



7. 

Sunni* 

a — h 
a + A ’ 

3a - 2A r>a - 3A 

a + A ’ a + A 1 

Arc. 

to n terms. 


3. Applications of the formulae (l)and (2) of the 
preceding article. —The following examples will illustrate 
some important applications of those formula*. 

Example 1. Thu first term of a series in A P. is 17, the 
last term - 12jJ, and the sum 25^ ; find the common difference 

Let n ■> the numher of terms ; then we must have 


•I", 7 — « 117 x f — 1 o « o 

i n ~ j i 1 * + k 

- 5 ( 17 - 12 !!) 




nr Ol7 

ur » i r. 


'i 7 « 

I » 


•. // = VV 7 - 11. 

If then A bo the required common difference, we must have 
— 12j|( = the 11th term) = 17 + 10^», 

10A- -12^-17 

= - 29 s « - 3 "*' 

2.30 fi x 47 47 


A - - 


^ x K) 


5 x 2 x S 


10 


Example 2. The sum of a series in A. P. is 72, the first 
term 17, and the common difference - 2 ; find the numher of 
terms, and explain the double answer. 

Let n «* the number of terms. 


Then we must have 


or 


72 

- *{2x 

17 + (it - 1) x ( - 


- SJ34 

- 2(it 

-D! 


- t?(3a 

- 2») 



« ISn ■ 

-w* ; 


it* 

-18« + 

72 - 

o; Jk' 

(»* 

- 6)(n - 

12) - 

Q; 


• 

• • 

H <+' 

,6 or 12. 


The double answer shows that there are two sets of num* 
ben satisfying the conditions of the problem, and this oan be 
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easily vcrfied. For, the series to G terms is 17, 1 />, 13, 11 , 9, 7; 
ami to 12 terms it is 17. 15, 13, 11, 1», 7, 5, 3, 1, - 1 , -3, -5 ; 
now since the sum of the last 0 terms of the latter set of num¬ 
bers = 0, evidently therefoie the sum of G terms or the series 
iN exactly the same as that of 12 terms 

Example 3. How many lei ms of the series, - S, - (> t - l f ^c., 
amount to 52 ? 

Ix;t n — the required uumher. 

Then we must have 


52 = " 2 x ( - S i + (a - 1) x 2J 

■= *^ 2 /i - \*) 

----- u~ —9 n . 

n - - 9/i. - 52 U ; 
or (/< - 13)(/t +■ I) - 0 ; 

h - 13, or - 1 . 

lienee, since the numher of terms can only he a positive 
integer, we inuft reject the negative value and take 13 to be the 
answer to the question. 

l E xa mple 4. The sum of /> terms of au A. /*. is 7 , and the 
sum of '/ terms is // ; find the sum of j> + 7 terms 

hot n he the first term, and h the common ditl'erenee ; then 
since the sum of p terms — 7 , we must have 

7 * * + (p-l)ij, 

or, 27 = p'ln +p(p- 1)4 . (1)| 

Similarly 2 // — 7*2*4 + 7(7 - 1 )0 . ( 2 )/ 

Subtracting (2) frrm (1), we have 

2(7 -p) = (p - 7).2a + \(v 2 - 7 2 ) - (p - 7 )\f> 

~ (p - '/)■ 2,1 + 11 > -'//'(/' + 7 - I ; 

-2 - 2 « + (/j + 7 - \)b. 


Hence, tlie sum of//+ 7 terms 

■ _ P + 7 

2 


p|2a + (/> + 7 - 1)41 


P+_2 

2 


x(- 2 ) 


“ -(p+v)* 
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Exercise (55). 

1. The first torm of an A. I*, is 5, the number of terms 
30, and their sum 1455 ; find the common difference. 

2- The first term of a series being 2, and the 5th term 
being 7, find how many terms must be taken so that the sum 
may be 63. 

3. What is the common difference when the first term is 
1, the last 50, and the sum 204 ? 

4. How many terms of the series, 19, 17, 15, Ae., amount 
to 91? 

6 . The sum of a certain number of terms of the series, 
21, 19, 17, Ac., is 120. Kind the last term* and the number 
of terms. 

0. Mow many terms of the series, 54, 51, 48, Ac., must be 
taken to rnako 513? Kxplain the double answer. 

7. If the Hum of 8 terms of an A. 1\ is 64, and the sum 
of 19 terms is 361, find the sum of n terms. 

8 - Kind the series of which the nth term is ; and 
also find the sum of the series to 105 terms. 

9. Kind the series whose rth term is 2r - 1 ; find the sum 
of the series to n terms. 

10. The sum of « terms of an A. P. is 3n a - 1 > and the 
common difference 6 ; find the first term. 

11. The sum of n terms of an A. P. is 40, the common 
difference 2, and the last torm 13 ; find n. 

12. Prove that the latter half of 2 n terms of any Arith¬ 
metical series «= Jrd. of the sum of 3a terms of the same sories. 

13. H 2n + l terms of the series, 1, 3, 5, 7, 9, Ac., be 
taken, then the sum of the alternate terms, 1, 5, 9, Ac., will be 
to the sum of the remaining terms, 3, 7, 11, Ac., as n +1 is to a. 

14. Prove that (i) b « 1 , 

2« - (e + a) 

and (ii) s «= l -^l{l- a + b). 

4. Arithmetic means.— 

Definition 1. When three quantities are in Arithmetical 
Progression, the middle one is said to be the Arithmetic 
mean between the other two. 
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Thus 5 is the Arithmetic mean between 3 and 7. 

Definition 2. If A and B bo any two quantities and x lt 
x a* x :» x 4 f A’c., *„-i> r m a number of others such that A, x Xl x 9 , 
x a , Ac., x n , B are in Arithmetical Progression, then, x Xt 
x s , X.., ike., are called the Arithmetic means between 
A and B. 

Thus 3, 1, 5, C, 7 aro Arithmetic means between 2 and 
, and so are the numbers 3£, 5 and G4 ; for both the series 
, 3, 4, 5, 6 , 7, 8 , and 2, 3J, 5, c|, 8 are in“A. P. 

Note. It is evident from the shove example that between any two 
quantities the uutnhcr of different seta of Arithmetic meant in unlimited. 

5. To insert a given number of Arithmetic 
means between two given quantities. 

Let a and c be the two givou quantities, and n the number 
of means to be inserted. 

Then we have to find out n quantities x lt x t , x. it Ac., 
*„_ 2 , .r n _ lt x n such that a, x x , x., t x. it Ac., , x n , c may be in 
A. P. Kvulently the series [re, or,, jc 2 , x. iX , Ac., x n _ lt x nt c] consists 
of n + 2 terms of which a is the first term and c the last. 

UJ i -r* Hence, if b be the common difference, wc must havo 

c » re + (n + 1 ) 6 , 

whence b =* C 

n+ I 


Hence, x x ** a + b 
x % = a + 26 


a + 

a + 


c - a . 
n +1 ; 

2 (c — a) 
n +1 


y 


Ac. Ac. Ac. 


. »(c - a) 

x H «■ a + nb «** a + - '. 

n + 1 

Example I. Find the Arithmetic mean between any two 
quantities a and 6. 

Let x — the quantity sought. 

Then a, ar, b are in A. P., and we must have s 

a + b 


whence x 


2 



230 A Ml Bill* A MAI)It EASY. [CHAP. 

Example 2. Insert 4 Arithmetic means between 3 and 18. 
Let a?,, r ;ll r t , bo the means. 

Then 3, ar,, x.„ x it 18 are in A. l\ 

Hence, if b = the common difference, 
wo must have 18 --- 3 + 5/>, b ~ 3. 

Hence, x^ « 3 + A •* O' 

«., = r, +/> « 9 

* 

- f t+b - 12 

.r* *= x. x f ■ h ~ 15 

Thus flu* required means are 6 , 9, 12 and 15. i/ 


Exercise (56). 


1. Find the Arithmetic menu between (i) 5 and 8 ; (ii) - 5, 
and 21 ; (iii) m - n and in f n ; (iv) (a + r)' 1 and (a - r)~. 

2 Insert 2 Arithmetic means between (i) 8 anil 12; 
(ii) - (I nnd 14. _ 

3 . Insert 3 Arithmetic means between 117 and 477. 

4. Insert 4 Arithmetic means between 2 and - 18. 

5. Insert 17 Arithmetic means between 3J and -41i. 

0. There are v Arithmetic means between 1 and 31, such 

that the 7th mean : in - l)th mean «* 5:9; required it. 


6 . The Natural Numbers.— The numbers 1 , 2 , 3, »to. 
arc called tho natural nmnbrru. 

(i) To find the sum of the first n natural numbers. 

Lot S denote the sum ; then, 

S « 1 + 2 + 3 +.+ w 


” d+«) 


n(n + 1 ) 
o ' 


(A) 


(ii) To find the sum of the first w odd natural num¬ 
ber* 

Let S denote tho sum ; then, 

S ■ 1 +3 + 5 + 7 ... 


« • ■ 


• • • 


... to n terms 
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- .”{-2 + (i/-l)x 2 } 

- 2n am U* .(R) 

(iii) To find the sum of the squares of the first u 
natural numbeis. 

Let ^ denote the sum : then, 

.V =* l* + 2* + 3 a + 4 * + . +n-. 

We have w : * - (n - 1 ) :; 3 ri* - 3 n + 1 . 

Hence, putting I. 2, 3, Are., for n , we have 
1 : * -0 » = 31* - 3 l + 1 , 

2 ‘ - 1" = 3 2 s -3.2+ 1, 

3 :l - 2® = 3.3* -3.3 + 1 , 

4- 3 3 * 3.4*-3 1 + 1 , 


<«-l )*-(«-2)* - 3(n - 1)- - :».(« - 1)+ 1, 
n :i -(n- l ) 3 » 3 m* - 3.u +1. 

Hence, by addition, 

- 3(1* +2* + 3* + ... + «*)-3(l+2 + 3 + ... + «) + » 
-3S-3. M( "., + 1) + n, 


3.S* a« «* — ?l + 


3«(n+ 1) 


n(n+ 1)| (n- 1)4- .]}, 


0 »(n + l)(2n + 1) 

6 " ” 6 


... ( 0 ) 


(iv) To find the sum of the cubes of the first it natural 
numbers. 


Let 5 denote the sum ; then, 


5 „ 1® + 2® + 3® +.+ n®. 

We have n*-(»-l)* « 4n® - 6«* + 4» - 1. 
Hence, putting 1, 2, 3, &c , for n, we have 
1* -0 4 - 4.1* - 6.1* +4.1 - 1, 
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2 4 -l 4 - 4.2 a - 6.2 s + 4.2-1, 
3 4 -2 4 - 4.3 a -G.3 8 + 4.3-1, 


<n-l) 4 -(n-2) 4 - 4,(n - l) a - G.(« - 1)* + 4.(»- 1) - 1, 

n 4 —(n-1) 4 = 4.« 3 — G.n 8 +4 ,n —1. 

Hence, by addition, 

m 4 « 4(l a + 2 a + 3" +&c. + n 3 ) - 6(1* + 2 8 + 3* + «fcc. + n 8 ) 

+ 4(1 + 2 + 3 + il'c. + b) - b 

. iS -6- n(n+l f n+l) + 4.” ( '‘ +l) -»; 

U w 

4 S =■ n 4 + n + n(n + l)(2n+ 1) - 2n(n + 1) 

«* n(n + l){(n* - »+ 1) + (2n+ 1) - 2} 

— n(n + l)(n 2 + n), 

. w 2 (»t+1)* __ fn(»+l)\* 

•• “ " t 2 j. W 

Thus the sum of the cube* of the. first n natural numbers is 
equal to the square of the sum of those numbers. _ 


Example 1 . Sum the series 1.2 + 2.3 + 3.4 + JL*c. to n terms. 
The nth term of the series evidently = n(n+l) = w a +«. 
Hence, putting n *■ 1, the 1st term = 1 8 + 1, 

„ „ w - 2, „ 2nd term => 2*+ 2, 

„ „ n -* 3, „ 3rd term — 3* + 3, 


and so on. 

Hence, if 8 denote the sum of the given series, 

wo have S «■ (I s +1) + (2* + 2) + (3 3 + 3) + itc. to n terms 

- (1« + 2* + 3*+&c. + » i ) + (l + 2 + 3 + < fec. + n> 
n(n + l)(2n + 1) n(n + 1) 

- 1 pfV>) * 

n(n +1 )(n + 2) 

-3 
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Example 2. Sum the series— 

l* + 3*+5 a 4.7* + Ac. to n terms. 

Since evidently each term of the given series is equal to the 
square of the corresponding term of the series 1, 3, 5, 7 f Arc., 
the nth term of the given series <= the square of the nth term 
of the series 1, 3, 5, 7, Ac., 

and the ath term =■ {l + (»t-l)x2| 3 

- (2/i-l)* 

■a 4n 3 - 4a + 1. 

Hence, putting n = 1, 2, 3, Ac., we have 
the 1st term = 4.1*-4.1 + 1, 

„ 2nd „ - 4.2* -4.2 + 1, 

„ 3rd ,, - 4.3*-4 3+1, 


and so on. 

Hence, if .S' denote the sum of the given series, we must have 

S = 4(1* + 2* + 3* + Ac. + n*) - 4(1 + 2+ 3 + Arc. + //) + n 

. n(a + 11(2// + 1) . ?/(// +1) 

« 4* - - — 4* .. +»/ 

ti 2 


o / . n ff2»+l) ,1 A 

2»(// + l)| -g -lj^+M 

2?t(a +1)x 2(w — 1) 


+ n 


K 4 "’ - 0 • 


Example 3. Sum the series— 

1* + (1* + 2*) + (1* + 2* + 3*) + Ac. to w terms. 

The nth term of the series 

- 1* + 2* + 3* + Ac. + «* 

n(n+ l)(2n + 1) 

6 

n(2n* -f 3n + 1) 

6 

- Jn 3 +J»* + Jn. 
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Hence, the 1st term - 1* f ^.J a + 

„ 2n«i ^ 2 s +$.*J a + 1.2, 

» 3rd „ - 3* + |.3* + J.3, 

.» 

ami no on 

Hence, if »S' liennt* 1 the required sum, we must have 

.S’ - 4(l : * + 2" 4.3® + »■'*) 

+ 4(l* + 2 ] * +3*+ Are. +»*)+jl(1 +2 + 3 + &e + n) 
, n*(" + 1 )* . n(n + 1 )('ln + 1 ) , n(n + 1 ) 

“ *' 4 + *' 6 + »' ■> 

"'" la +,) ["!»4-l ) 4- ( 2»4-l)4-l| 

iiin + \)/ „ ,, \ 

“ 12 (“ + ''" + -) 

4 

11(n + 1 )“(h 4 - 21 

=d , 

12 

Exercise ( 57 ). 

Sum the series :— 

1. 2‘ J 4 5‘ J + S* + Arc. to 11 tcrnis. 

2. 1 2 s + 2.3* +3.1" + «Vo. to n lei ms. 

3. 1.3 + 3.5 f 5.7 + 7 t) + »tir to n terms. 

4 I a +■ 3 :v + 5 :l + Arc. to n terms. 

5. I + (1 ■*. 2) +■ (1 + 2 + 3) + Are. to n terms. 

7. Miscellaneous Examples. 

Example 1. Prove that if the number of terms of an A. /*, 
he mid, twice the middle term is equal to the sum of the first 
and last terms. 

Since the number of terms is odd, let it be denoted 

by 2« + l. 

Kvidentlv the middle term is one which has n terms on 

V 

either side of it ; hence it is the (a + l )th term from the 
beginning and also the <a 4-1 >th term from the end. 

Hence, putting M fur the middle term, we must have 

M « a + (»-»■ l - 1)6 

® fl *+ H^l ... ... ... ... ^ 11 




xn.j 


ARITHMKTICaL riU>GK80ION. 


235 

and also M = l - {// + 1 - 1)6 

—» l — nb .( 2 ) 

Hence, l v addition, 

2J/-a + /. 

Example 2 Prove that, the se.rn of an odd number of terms 
in A. I* is equal to the middle term multiplied by the number 
of terms. 

Let 2«+ 1 = the number of terms. 

Then the sum of the terms 

= — ^ a + l j - “ n + ^ x 2.1/ [last example] 

= (2/i + 1) x M. 

Example 3. Find the first five terms nf the series of which 
the sum to n terms = 5// a + 3// 

Let f t , t. £ , t .„ we., t u denote lespertively the fit., 2nd., 3rd., 
A’c., //tli terms of the series ; 

and let s. it p ;i , Arc, denote respectively the sums of 
1, 2, 3, ifcc., // terms of the series. 

^Ividently then /», = t x ; s., — +/ 2 ; 

s a = t t + t. t + t ;i ; and so «>n. 

Now, by the question, we have 

* n — fin' 2 + 3/i. 

(i «, the sum to any number of terms 5 times the square of 
that number +3 times that number). 


Hence, putting ?i 

ss 

1, 

we have .<r, = 

m 

i ) 

+ 

3 

- 

8, 

n, 

as 

O 

“i 


20 

+ 

6 

s 

26, 

„ n 

as 

3, 

ii ^.1 5=1 

45 

+ 

!J 

- 

51, 

„ » 

= 

4, 

.. *4 = 

80 

+ 

12 

= 

92, 

» m 

* 

5, 


125 

+ 

15 

- 

140, 


and so on. 

Hence, t x *• « l ■» 8, 


t g — — 5 j **f 26 — d = 18, 

t 3 ■■ » 3 - ** — 54 - 26 — 28, 

t A « - * 3 - 92 - 54 - 38, 

( t ■> s s -f 4 *■ 140-92 » 48, 
and no on. 
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Thus the first five terms of the series are 8, 18, 28, 38 
and 48. 

Example 4. Sum tho series— 

1 + 5 + 12 + 22 + 35 + &c. to n terms. 

[The peculiarity of the Mcrio-t is that the .successive differences of the 

terms are in A. l\l 
* 

Let S denote the required sum and let t n denote the nth 
term of tho series. Then we have 

S « 1 + 5 + 12 + 22+ . . . . +t n ; 
also nS ■ 0 + 1 + 0+12+ .... + ^ 

Hence, by subtraction, 

0 - 1 +4 + 7 + ]0 + tfcc. + (*„--* B _ 1 )-f f , 

«* {1+4 + 7 + 10 + ifcc. to n terms} - t n ; 

i. - !]{2+<»-i)3} 

«(3n - 1) 

2 

, the nth term of the given series :]•«'- - fai. 

Hence, the 1st. Lorni ■» :i ■ 1 58 — i* 1» 

2nd. „ - :J-2 3 - £-2, 

3rd. „ * 'i!’3 a - J-3, 

and so on. 

Hence,S - :‘(l a + 2-+ 3 a +ifec.+ »*)- 1(1 +2 + 3 + *fec. + n) 
3 n(n + l)(2u + 1) l «(«+l) 

2' 6 "2 2 
»(n + l) 0 ^ _ *•»(» +1) 

“ 4 --a- 

Example 5. Sum the series— 

- + * + -L + Sic. to « terms. 

1.2 2.3 3.4 

Let S denote the sum to u terms. 

Now, we have 


1 


1 
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t % 

Ac., 


1 

1 1 

2.3 

2 3 * 

1 

1 1 

3.4 

* 

/ 

1 

B 

Ac., 

Ac, 

1 

1 1 

n(n + i) 

M rt + 1 

1- 1 

H + 1 

n 

H + 1 ‘ 


t = 


Hence, S 

Example 6. Find three numbers in A. I*, whose product 
= 120 and whose sum = 15. 

Let >t - /i t <i and « + (1 be the numbers ; 

then we have 

(« + /i).«.(u + /*) = 120.(1) \ 

and (a - fi) + u + (<* + fi) — 15.(2) J * 

From (2), 3« = 15, « = 5. 

From (1), u(a a -/j a ) = 120, 

5.(25 - ft 2 ) = 120, 

25 - /i a = 24, 

.*. £ a - 1, /. P - ±1. 

Hence, the numbers are 4, 5, 6. 

Example 7. If 6 a , c* be in A. I*., then 

1 l _ 1 
b + c ’ c + a ’ rt + 6 

Kvidently —, * , * 

e» + c c + a a + 6 

i _ i _ 11 

c+a b + c a + 6 c + a* 

b — a c — b 

(c + aj(b + c) (o + 6)(c + tt)' 

if (6-o)(6+a) = (c-6)(c + 6), 

i.s., if b*-a 2 = c*-£ a ; 

but this is true by hypothesis. 


are in A. 1*. 
are in A. 1\, 


if 

if 


1 


1 


1 


6 + c’ c + a ’ a + 6 


are iu A. P. 





ALGEHKA MADS KASY. 


[Chap. 


Ixampie 8. Determine the relation which must exist between 
«, A and c, in order that they may be icspectivelv the />th, yth 
and rth ter iiih of an A 1‘. 

Let a denolo the first term and /J the eornmon defferenee 
of the A. I*, of which a, 4 and c are the /Ah, yth and rth terms ; 
then we must have 

a - a + (p - l )/i . (I) 

4 --- <i f (y - \)fi ... .. (2)\ 

<•“« + ('•■ i)/<. (•'*)( 

Now we have to eliminate a and fi fiom these three equations 
Subtiaetih*' (2) fiom (l), and (3) from (2/, we base 

a -4 - (p - >/)/i 

4 - c = (y - r)fi. 

Hence, (a - 4)(y - V) — (4 - - y), 

or, «(</*+ ?•) + 4(r - p) 4- r(p - </) --- 0 ; 
which is the relation required 


Exercise ( 58 ). 


1. The (h >■ 1 )t.l» term of a series in A. 1*. is 


t‘i - 11F 


* • /.. .. . . » 

a - 4 

required the sum of the series to ('In t- 1) terms. 

2 Kind the first live terms of the series of which the 
sum to n terms is *2//.“ + In. 

3. The sum to n terms of an A. I*, is 3 n" + 10a ; find 
the first term and the common dilVerenee 

4. Kind the 311 1 term of the series of which the sum to 
n terms is n* + it. 

5. Sum the series — 

1 + 3 + 6 + 10 + 15+ Arc., to n terms. 

6. Sum the series - 

2 + 5 + 10 + 17 + Ac., to n terms. 

7. *Sum the series— 

2 + 7 + 14 + 23 + 34 + «fcc., to n terms. 

8. Sum the series— 

-m + aW» + *°’ t0 “ ten " s - 
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9. Find 4 numbers in A. P., such that their sum shall be 
56, and the sum of their squares 864. 

[ Let a - a - t i, a -I fi iin«l a + '' t i the imnibcit*. "! 

10. The sum of three numbers in A. P. is 15, and the sum 
of the squares of the two extremes is 58. IVlint are the numbers t 

11. There are four numbers in A. P., the sum of the two 
extremes is 8, and the product of the means is 15. What, are 
the numbers ? 

12. Find six numbers in A I*, such that, the sum of the 
two extremes may be 16, and the product of the two middle 
terms 63. 

[ Let o ~ :i,i, n -lift, a - fl, a + /i, a * ',\i. a r M I v the mi in hern. ] 

13. If (c-a ) a , (a-t>y £ are in A. I*., shew that 

1 1 1 vi. 

># . , , are m A. P. 

b - r r — a a - b 

-v , 

14. Determine «the relation which must etist between >t, 
h and c, in order that they may be respectively the sums of />, 
y and r terms of an A. P. 

15. (iiven P and Q the rath and wth terms of an Arithmetic 
series, find the rth term. 

16. There are n Arithmetic means between 3 and 54, such 
that the 8th mean .' (a-- 2)th mean = 3 ; 5 ; find «. 

17. If •''’a. he the sums of a terms of three Arith 
metic series, the first, term of eaeli being 1 and the respective 
common differences 1, 2, 3 ; prove that 

.S, 4- .S' ;J « 2 S.. . 

18. If there be r Arithmetical Progressions, each beginning 

from unity, whose common differences are l, 2, 3, Ac., r ; shew 
that the sum of theif wth terms is - \(n - 1) r~ + (a+ I) r\. 

19. Sum the series— 

«.l + (n - 1).2 + (n - 2).3 + (w - 3) I + Ac + l.a. 

[The rth term of tlio series - Jii - (r-1 ){./■ (»rl)r-r*. IIen«c 

the required sum — (h + 1}{1 f2 + 3 + .... raj-jl* ; ii* + 3*d — \r.1 

20. On the ground are placed n stones; the distance 
between the first aud second is one yard, between the 2nd and 
3rd three yards, between the 3rd and 4th 6ve yards, and so on. 
How far will a person have to travel who shall bring them, one 
by one, to a basket placed at the first stone 1 



CHAPTER XIII. 

GEOMETRICAL PROGRESSION. 

1. Definition. —Quantities are said to be in Geometrical 
Progression when each is equal to the product of the preceding 
end some constant factor. 

The constant factor is called the common ratio of the series, 
and it is found by dividing any term by that which immediately 
jtre.vfidex it. 

Thus each of the following series forms a (Geometrical 
Progression :— 

1, 2, 4, H, 1G, Ac.; 

1 I 1 i I Ar (1 • 

*i 4 » ,s» lrt> tvv '* > 

1 „ 1 1 _ I 1 ,C.« . 

* I 3» ‘,(1 2 “ I Nil t 

a t ai\ ar" t ar !i , ar 4 , iV:c. ■» 

In the first example the common ratio is 2, in the second 
A, in the third - and in the fourth r. 9 

Note. If n hi* the lii'Mt lorm mill /• the common ratio of a (Geometric 
HericM, wo have tin* 2ml. term u.r, the 3rd. term n.r*, the fourth term 

n.r'\ .I In* 10th l*'i in ~ u.r v .the 21 nI term - and so ou. 

Hence the nth term n.r'~ *. 

Exercise (59). 

1. Kind the Sth term of the series 4, 12, 36, drc. 

[The common ratio — 3 ; hence the Sth term — 1.3 7 — Gfec.J 

2. Kind the 0th term of the series 3jJ, 2J-, 1J, Ac. 

3. Find the l)th term of the series 1, 4, 16, C4, Ac. 

4. Kind the 6th term of the series 1, r 3, 0, - 27. Ac. 

5. Kind the 5th term and the (n - l)th term of the series 

3 __ 1 « ,{*C 

; Ji v 1 * 8* iV ''* 

6. Kind the 7th term of the series -21, 14, -9J, Ac. 

7. The first two terms of a series in G. P. are 125 and 
25 ; what are the 6th and 7th terms 1 

, 2. To find the sum of a number of terms in 
Geometrical Progression. 

Let a be the first term, r the common ratio, » the number 
of terms, and S the sum required. 
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Then 

.S? =s a + ar + «r a + «r a + Ac. + ar H ~ 1 , 

Sr = ar + sir 3 + ar a +• Ac. +■ ar" * 1 + ar". 

Hence, >iy subtraction, 

Sr - .S' =s ar ‘ — a, 

.S'(r-l) = a(r’-l), 


«(r n -l) 

.. ** i • • • 

i" — 1 

a( 1 -r") 

or, = 

1 - r 


... ( 1 ) 
... <3) 


Coi\ If l denote the l.i-t (or the wth) term of the series 
we have l = nr n ~ x ; hence from (1), 


, rl - a 
S = , 

r - l 


... (3) 


Not©. Tin* formula (2^ may f>niv«;ui« , ntly he uxeil in ill ruses txctp 
•••hi it r is )iositi>r <uui <jnnt> r l/ntu 1 . 

Example 1. Kind the sum of !y - * + ‘ - Are. to 7 terms. 
The common ratio = - * ™ - =* - * x ?; = - f. 

1 . t i I o J 

ir^u c.e, by formula (2), 

1 *. I | _ / _ l > r i 

the sum = * 7 ' - - - * 

1 f j 

1 rt i i , I h ; i 

.■ r i 1 + i i 


_ i <t v u a i .1 

— - 7 * | ... s 


= 4 11 

T 1IM' 

Example 2. Kind the sum of 

3 + 4£ + 6 a + Ac. to 5 terms. 

The common ratio = 4i-i-3 •» 1! x J * :J. 

Hence, if S denote the required sum, we have by for- 
.niula (1 )j 

s - 3 '' ( |>'r *’ - 3 IV ( “ 11 - 3»W. 2 

ft " l 5 


1—16 
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Exercise (60). 

1. Sum 1 +3 + 9 + 27 + «ke., to 12 terms. 

2. Sum HI - 27 + 9 - Sic , to 8 terms. 

3. Sum 2 - 4 + <8 - Arc., to 10 terms. 

4. Sum 4 - 1 | - «fce., to a terms. 

5. Sum 2 - 4 + 8 - Arc., to 2r terms. 

6 . Sum 2.> - 1 + jf - «fcc., to n terms. 

7. Shew that the sum of // terms of all. 1*. beginning with 
the jwth tern, is t p v limes the sum of an equal number of .terms 
of the same series beginning with the 7 th term. 

3. If a be an integer and r a given 'proper 
fraction, to prove that #- diminishes as n increases. 

Lot r m '•}, Now, since of any number is undoubtedly 
less than that number, 

(») a is less than : J, because (y) a = 1 ! of y s - 

( 2 ) :l is less than ( : l ) a , heenuse (y l ) : ‘ ** : J of (y) a ; 

( 2) 4 is less than (?) a , because (y 1 ) 4 =* y* of ; 

and ho on. t * 

lienee, it is clear that in the seiics y 1 , (y l ) a , («) a , (l 1 )*,...each 
term is less than the preceding ; which is briefly expressed by 
saying that ( 2 )" diminishes as w increases. 

Similarly the proposition may he proved for any other value 
of r which is less than 1 . 

Hence, generally speaking, if r has any given value less 
than 1 , *•’* diminishes as n increases. 

Note. Knrni the shove it is quite clear that if r be a proper fraction, 
r" is very small when >1 is infinitely large. 

✓ 4. Geometrical series continued to infinity. 

Let us consider the series < 1 , »*»•, «?•*, ar 8 , etc. 

If .S denote the sum to n terms, we have 

* a( \ -r n ) 

* ’ ~TZV 

a ar" 

1 - r 1 -i* * 
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If then r be a proper fraction , the larger w is, the smaller 
will ( r* and ) - -- be ; hence by sufficiently increasing the 


in 




value of n we can make ^ less than any assigned quantity, 

however small ; and therefore by sufficiently increasing the r alur 
of n, the sum of n terms of the series can be made to <l\[fer from 


a 


1 - r 


by as small a quantity as we please. 


This statement is usually put thus . — The sum of an infinite 

number of terms of the tieumetrical Progression is —- ; or, 

1 - r 


more briefly, the sum to infinity is 


a 

1 - r 


Let us apply all these remarks to a particular example. 
Consider the series 1, I, ], ifce. 

Here a » l, r =» .[ ; hence the sum to n terms 



Now, by taking n large enough, 2"“ 1 can be made as large 

us we please, and therefore t as small as we please. Hence 

we may say that by taking n large enough , the sum of n terms 
of the senes can be mule to dfier from ‘J by as small a quantity 
as we please ; or, brielly, the sum of an infinite number of terms 
of this series is l d. 


A\ D. It inuHt be borne in iniinl that the sum of a terms of a 
(Jeoiuctriml Progression upprawhcs a fixed limit as n increases indefinitely 
on/.*/ ir/im r is leas than unity. If r be yrentcr than unity there is no such 
,itixid limit. 

Example I. Prove that in a decreasing Geometrical Progres 
sion continued to infinity each term bears a constant ratio to 
the sum of all which follow it. 


Let the series be a, ar, ar *, ar 3 , <fec., where r is less than 
unity. 
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Thou the n ,h term =* «»•" 1 and the sum of all the terms 
which follow this 

«= «r*(l +r + r 2 + r :t + Ac., to infinity) 

1 

■» ar v - 

I - r 

Hence the ratio of the n' h term to the sum of all which 
follow it 


- c.* 


1 - r 
r 


Now this is const mt irlutftvet ruhin u muy h ore, which 
proves the proposition. 

Example 2. Sum to infinity if - i; + *. - Jets. 

Here a — if, ami r » - fj if - - 


Hence, the required sum 


1 + , 1 , 
- x 


i i 


— V 7 

' “ *J »', ■ 


Exercise (61). 


Sum to infinity each of the following series :— 

1. .*+.[+• + »t'C 2. 1 — .* + ^ — i + Ac. 

3. If + i- 4- * + .7**Jf + Ae. 4. 1 “ + * “ A’C. 

6. 3i|+2| + lJ + Ac. 

« - :i - , 

. O. . + , + .+ . 4 + Ac. f Split. thin up into two mmici. 1 
•) •) •)’ •) 


„ 4 f> 4 5 . _ 1 1 

7. - + 7- + 7 ., + 74 ♦ a*c 8. v + j 6 + ;J ^ 

9. ( % '2+I)+l+( N /:i-l) + Ac. 


rs 


+ Ac. 


10 . Find the common ratio of a CJ. P. continued to infinity 
in which each term is ten times the sum of all the terms which 
follow it. 


5. Recurring Decimals. — Recurring decimals furnish 
a flood illustration of infinite Geometrical Progressions. Thus, for 
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example, -23-4 = *234343434 

- *2 
+ 034 
+ •00034 
+ -0000034 
+ Ac., Ac., J 


2 34 31 

10 + 10 


34 , 

1 + io A + lo 7 + Ac 


Here the terms after constitute a (Geometrical Progres- 

34 1 

sion, of which the first term is and the common ratio . 
Heiici', we may take "J.U - ,o + ' I 1 ~ |0«} 

O 1.1 ‘)11 

- i«> + u!.o“!m-"' 1,icl '' ,Brccs 

with the value found by the usual Arithmetical rule. 

6 Geometric means. Definition i When three 

quantities are in (Geometrical Progression the middle one is 
called the Geometric mean between the other two. 

Difinxtum When any number of quantities x lt x ;l , Ac. 
are such that ft, j*,, .r a . /-.j, Ac, h are in (G. P., then jr,, x., y x :i , 
Ac. are called Geometric means between a and b. 

(i) To find the Geometric mean between two given 
quantities. 

Let a and h he the two given quantities ; (f the (Geometric 
mean. 

(i b 

Then since a, G, h are in (G. P. t we must have « ,, , 

a Or 

each being equal to the common ratio. 

•Juft. 


(w* » ab, and 


G 


(ii) To insert a given number of Geometric means be¬ 
tween two given quantities. 

Let a and b be the two given quantities ; and ar,, x it x 3 , a 4 » 
Ac., J*„, the n means to be inserted. 

Then a, x lt z t , x 3t Ac., r m , 6 are in (G. P. 

Let r denote the common ratio of the series ; 
then h a the ^n + 2)th term « a.r" fl , 

b 
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and 


Bence x l — 
and so on. 




r 


3 


3 


*\a) 


f 


Example. Insert 3 Geometric means between * and 128. 
Let r |, ar a , x ;i be the means. t 
Then r if x v , x a , 128 are in G. 1*. 

Hence if r be the common ratio of the Beries, 
we must have 128 — the 5th term «* ^-r 4 , 

.*. r 4 «= 256, whence r — 4. 

Hence, x x — 4.4 ■ 2 | 

*- - i -* 1 ■ 

ar :1 - J 4« - 32) 


Exercise (62). 

1. Insert 2 Geometric means between 3 and 24. 

2. Insert 3 Geometric means between 2| and 

3. Insert 4 Geometric means between £ and — 5,%. 

4. Insert 5 Geometric means between 3jJ and 40i. 

7. Miscellaneous Examples. 

Example 1. If x<\, sum the series 

1 + 2jp 4 3x* 4- 4x 3 4* *fcc. to infinity. 
Let £ denote the required sum, then, 

S *■ 1 4- 2* 4- 3r* 4- 4r 3 4- *fec. 
and $v — x 4-2e a 4-3* 3 4-ifec. 

Hence, by subtraction, 

8 (l - x) ■- 1 +* + **+ar 8 + ifec. to infinity 
l 

l-*’ 

1 

(l -x)' ’ 


,S’ 
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n 


} 


Example 2. Sum to n terms 5 +■ 55 + 555 + Ac 
Let S deiiote the required sum ; then, 

= 5 +• 55 4 * 555 4- Ac. to n terms 
* 5{ 1 4-11 4- 111 4- Ac to u terms} 

=* f; x 9| 1 4-1L 4-111 4- Ac. to n terms} 

= f; {9 4- 90 4- 999 4- Ac. to n terms{ 

« l j( 10 - l) 4- (10 s - 1) +• (10* - 1) 4* Ac. to u terms} 

= *{(10 4- 10 a 4- I0 :l 4- Ac. to n terms) - n] 

5 f! 0 (io--n 

9 I 10 - l 

)- 5 ;- 

Example 3. Sum to n terms 1 4*5 4 * 13 4*29 4 - Arc. 

Let t n denote the nth term of the scries, and $ the 
required sum ; then 

V = I + 5 4 * 13 4- 29 4- Ac. 4* t n ; 
al wo $ =» 0 4-1 4* 54* 13 4* »tc. 4* i 4* t n - 

Therefore, by subtraction, 

0 = (14-44-84*16 4*Ac. to ?i terms)- i„ ; 
t n « 1 4- {4 4 - 9 4-16 4-Ac. to (a — 1) terms} 

U2— 1 - 1 ) 

J - l 

\ 

3. 


= 14- 


14-2 


».(2--l) - 2-*' - 


Hence, the 1st. term — 2 -i - 3, 

„ 2nd. „ - 2‘* - 3, 

„ 3rd. „ - 2* - 3, 

and so on. 

Hence, X - (2 a - 3)4-(2 s - 3)4-(2* - 3)4- Ac. 4-(2** 1 - 3) 
-« (2* 4 - 2 :1 4- 2* 4-Ac. to n terms) - 3» 
2*.(2"-l) , 

- - 2 -r - 3w 

- 4(2* -1) - 3». 



248 


ALGEBRA MADE BABY. 


[Chap. 


Example 4. 


We have 
common ratio. 


If a, 6 , c, d be in G. 1*., shew that 
(*- c /) 8 - ( 6 -c) 8 +(c -«) 8 + (r/- 6 ) 8 . 

= . =* ^ , each of them being equal to the 

a 6 c 


6 8 ■=> tic ; c 8 =» hd ; and 6 c = ad . (a) 

Hence, (b - c) 8 + (c - a)* + (</ - 6) 8 

~ (A* + <•* - 26c) + (c 8 + /»» - 2ca) + (c/ 8 + - 2</6) 

«* 2(6 8 - tic) + 2 (c 8 - 6 c/) + a 8 + </ 8 - 26c 
*= 2 x 0 + 2 x 0 + a 8 + t/ s - 2«c/ [by <* J 

« (a - c/) 8 . 

Example 5. If <i, 6 , c, d be in G. 1 ’., shew that 
a" - 6 s *, 6 8 - c", c 8 - d‘ l are in G. P. 

Evidently a a -6 8 f 6 8 -c 8 , c 8 - d % are in G. P, 
if (a 8 - 6 8 )(c'“ - d 8 ) = (6 8 - c 8 )-. 

Now, since a, 6, c, d are in (I. i\, we have 

6 c d 

n - • 

a 6 '* c 

cic «=» 6 *, 6 </ •— c* and nd -* 6 r. 

Hence, (<c a - 6 8 )(c s - d 8 ) <* a“ r 3 - 6 8 c- - a-d 8 + 6 8 d 8 

- 6 4 -6 2 r fl -6 s c J +c 4 

- 6 4 - 26 8 c s + c 4 

- (6* -c 8 ) 8 . 

a 8 -6-, 6 s - c 8 , c 8 -d 8 are in G. P. 

Example 6 . The continued product of three numbers in 
G. P. is 216, and the sum of the products of them in pairs ia 
156 ; find the numbers. 

Let rt , «, ar be tho numbers ; 
r 

Then, by the conditions given, we must have 

— 216 ... ( 1 ) 
r 

► 

and a o + *«r + a.ar - 156 ... (2) 




Exercise ( 63 ). 

1. Find by the method of summation of infinite (Jeometrir 
Meries the values of : — 

( 1 ) 02?; (ii) l'l if*; (lii) ’2i:»ul ; (iv) • (42S5T. 

2. Sum l + 3x + f* c 2 + Tx l +iV:e. to infinity. 

3. Sum l.2x + 2.4x 3 + 3.N t 1 + Are. to infinity. 

4. Sum 1.3r + 4.9x* + 7.27x :> + »V«*. to infinity. 

•5. Sum n + 2't 8 t-3'i -1 + bi 4 +A*i*. to n terms 

6. Sum 1 - 3x + fu 8 - 7.»" + Am*. to infinity. 

7. Sum ^ + !*, + + »Ve. to infinity. 

2 3 4 

8. Sum 1+ t + ...- + .. +- At to n terms. 

2 2 8 2 ** 

9 . Find the nth term, mid the sum to n terms, of the 
series— 

1.1, 2.3, 4 . 0 , 8.7, Ac. 

234 

10. Sum 1+ : + ~+ ^. t + Ac , to n terms. 

n 5* o‘ 

11 . Sum to h terms 4 + 44 + 444 + Ac. 

12 . •Sum the series 9 + ’90 + 999 + Ac , to n terms. 

13. Sum the series 1 + 3 + 7 + 1 o + Ac., to n terms. 

14. Sum to n terms — 6 - 4+ 0 + 8 + 24 + Ac. 

] 5. Find the sum of 6 + 9 + 21 + 69 + 261 + Ac., to n terms, 

16. If a, A, c, d be in G. 1\, shew that 

(a 8 + A 8 + c*)( 6 * + c*+<* 8 ) - (ai + Ac + cd)*. 
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[We have ” ^ \ — k (say) ; thus a -- bk, ft — rk, c — dfc ; 

bed 

tieucc «*+ft* + i:* - k*(t/ J i-r* j-f/'*) and also «*+ ft*+«* Jt(«ft + ftr 4-»v/j.) 

17. If «, ft, <*, d are in G. I*., prove that 

(i) (b + c)(b + il) ■= (c + a)(c + d) ; 

(ii) (a + d)(b +■ c) - (a + c)(b +■ d) » (ft - c) 3 . 

18. Three numbers whose sum is 15 are in A. I*. ; if 1, I 
and 19 he added to them respectively, the results are in G. I*. 
Iletermino the numbers 

19. Three numbers whose product is 512 are in G. P. ; if 
8 be added to the first and 6 to the second, the numbers arc 
in A P. Kind the numbers. 


20 The sum of three quantities in C. P. is 24 g, and their 
product is 64 ; find them. 

21 . Find the relation between a, ft, c that they may be the 
joth, 7 th and rth terms of a Geometric series. 

22. If I* and Q be the />th and 7 th terms of a Ceometric 

series, find the a Mi term. • 


23 If .S' be the sum, /* the product and It the sum of the 

reciprocals of 11 terms in G. P„ prove that / >,J « (]>')• 

24. Kind the sum of n terms of the series, the rth term 
of which is (2r 4- 1 )2 r . 


25. In a G. P. shew that the product of any two terms 
equidistant from a tfiven term is always the same. 

[ If I ho nth term l>e t tken as th« given term, it can be easily shown 
that, the product of the (» +/i)th and (« - p )th terms is independent of />.] 

20. If there be a terms in O. I*., prove that the n* root 
of their product is etpial to the square root of the product of 
the first and last terms. 


27. If a Geometrical means be found between two 
quantities a and c, shew that their product will be (ac)-. 

28. If a, b, c t d arc in Ci. l\, shew that the reciprocals of 
a* - ft 3 , ft 3 - c 3 , c 3 - d 3 are also ill G. P. 
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29. If A',, S 2 , .s' a , Jtc., S m are the sums of infinite (Seometrie 
(series, whose first terms are 1, 2, 3, tfcc.. n, and whose common 

ratios are L J, }, &c , respectively, prove that 

H + 1 

,Vj f .s'jj + t S'j + ike. + iS„ * ^(tt + 3). 

?0. Find the sum of the infinite series— 

1 +(1 +a)r + (1 +« +a*)r* + (1 +a + a* +a : ')r a + Ac., 
r and a being proper fractions. 


CHAPTER XIV. 

HARMONIC PROGRESSION. 

1. Definition. A series of quantities are said to he in 
Harmonical Proqression when their reciprocals are in Arith¬ 
metical Progression. 

finis the series 1, $, ], &c. % and - J, - J, - - 1 1 H , 

«ke., are in Harmonical Progression, their reciprocals, 1, 2, 3, 4, 
5, Arc., and 2, -3, —8, -13, -18, *kc, being in Arithmetical 
Progression. 

From the above definition we can deduce the following 
which is sometimes given as the defining property :— 

If a, by c be three consecutive terms of an Harmonical Proares- 
sion , then a : c “ a - b : b - c. 

For, by definition, ^ ^ are in A. P.. 

a b c 

. 1111 
** b a " c b ' 

a - b b - c 

or ’ ab “ &r' 

Hence, ~ ^ » a , which proves the property 

b - c be c 

in question. 
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2. Harmonic means. —Definition 1. If three quantities 

a, //, b are such that * f A, * are in A. then If is said to 

a II b 

ho the Harmonic mean between a and b. 


Definition 2. If any number of quantities ar,, x. lt &c., x* 

be such that ^ , * , * , , tfco., ^ , * are in A. P. t then 

a r, x. t x ;l x n b 

*11 **<i *.u *te , r n are said to be n Harmonic men a* between 
a and b. 

(i) To find the Harmonic mean between two given 
quantities. 

Let a, b be the two quantities and II their harmonic mean ; 

then ^ , A , J are iu A. /*., and therefore 
a H b 

I _ 1 I 1 

II a “ b " It ’ 

2 1 1 «+A 

H a "** b a/> 

lienee, II «= . 

tt + 6 

Example 1. Insert IS harmonic means between 1 and 
Let a:,, ar a , x :i% *tc., a* lM be the required means. 

Then 1, * , * , * , vte., ^ - , 20 are iu A. /*. 

*i *a *:i s 

^ If /i denote the common di tier cnee of this series, we must 
have 20 «■ the 20th term 

- 1 +1»/*, 

p - 1 . 

1 - 1 + p - 2 ; 

*1 

1 _ 1 + 2/1 - 3; 

*« 

1 - I+3/S - 4 ; 

»fcc. &c. *kc. 


whence 

Hence, 
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— - 20-2 fi - IS; 

x 1 7 

1 - 20- fi « 19. 


Hence, the required means are 

i, i- *0, t \, l \,. 

Example 2. Kind the 7th term of the series * + + ] + \ c. 

The reciprocals of the terms, namely, * 4 7 , ' 4 ", Ac, are in 
*1. /*., hence the «'ivcn series is Harmonic, and its 7th term 
must bo the reciprocal of the 7Mi term of the Arithmetic scries, 

i m 1 : 1 « i... 

I i | i 4 » lV *• ■ 

Now since the common difference of this series =» - ] and 
the first term = * 4 S , 

.’. its 7th term = \ H -G-J - y =3. 

Hence the 7th term ctf the ^iven series -= ^. 

Example 3 Knnl the first three terms of an II. P. whoso 5th 
term is and ‘Jlh term 

Let ft he the 1st term and h the common dillerence of thu 
corresponding A. P. : 

then ] = the 5th term of the A. P 

~ a +Ah ... ... (1) 

and 2 = the 9th term oi 11*•* I P 


a ij + <S f) 


<-) 


From (1) and (2), hy subtraction, 


Ah 


i 

S» 


h 


I . 

V I 


3, 


hence, from (2;, a •= 2 - Rh = 3. 

Hence, the first, three terms of the corresponding A. P. are 
3 - t, 3 - *, 3, and 1 t l 

Hence the first three terms of the //. P. are $, ^ and y. 


Exercise (64) 


1. Find the harmonic mean between 4 and fS. 

2. Insert 2 harmonic means between \ and , 4 -. 

3. Insert 4 harmonic means between 4 and J. 



254 


ALOKlfHA MAbJS ICASY. 


[Chap. 


4. Kind the 5th term of the series— 

(») 4J, 3, 2, Arc. ; 

(.i) 4*. 3, 2J, Arc. 

£>. Find the 8th term of the series ,* 4 tt Arc. 

0, Continue to 3 terms each way the series *, jj, *. 

7. Find the first three terms of an //. /*., whose 4th term 
is ]{ and 8th term 

8. Find the /<th term of an //. of which a, b are 
respectively the first and second terms. 

9. insert n harmonic means between x and y. 

10. Find the ath term of the series 

4 +1 = +1.", + & + i-c. 

(Calcutta I'mversity F. A. Paper, ISSli ) 

3. Relation between the Arithmetic, Geometric 
and Harmonic means between two real positive 
quantities. 

Let A, (>, 11 he the Arithmetic, Ceornetric and Harmonic 
means between any two real positive, quantities a and b. 

Then we have 

a + b 

■*' " •> • • * • • • (*) 

(• ■ + Jab ... ... ( 2 ) 

11 * ~ <ll \ . (3) 

.. ... a + b lab 


Hence, All 


a + b 


ab - (1* ; 


i.e,, (• is the Geometric mean between A and II. 

Again,.( - (/ - “*■ - Jab - HJa- Jt>)* ; 

and (,' -II - Jib- 2 “* - Ja - J 

(4 "4* b (f + 6\ 

Now, since a and 6 are both positive, Ja and Jb are both 
real, therefore ( Ja - Jb)* is a positive quantity j 

also Jab and a + 6 are both positive. 
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Hence both A — G and G - // are positive. Therefore A>G 
and G>/f. 

Thus it is proved that the Arithmetic, Geometric and Har¬ 
monic means between any two real positive quantities are them 
selves in Geometric Progression ; and that they are. iu descending 
order of magnitude. 


Miscellaneous Examples. 


Example I. If a. A, c he in Harmonic Progression, show 
that a" + c*>2A a . 

We have the Harmonic mean between a and c ■» b. 

Hence, since the geometric mean between any two (juunti 
ties is greater than the Harmonic mean, we must have 

, >A and «f\>A*. 

Now, since (a - c)“ is a positive quantity, 

a* +c*>'2ac 
a fortiori rt s +c*>‘2A-. 

Example 2. If four positive quantities a , b, r, d he iu II. P., 
show that fi 4 </>A + r. 

'I’lie Harmonic mean between a and c ---- A) 
and „ „ ,, „ b and d « ej' 

Hence, since the Arithmetic mean between two positive 
quantities is greater than the Harmonic mean, we must have 


a. + c 
'l 


>b 


, b + d 

and —>c 

•/ 

4 » 

Hence, |(o + fl?) + |(A + c) .>b + r, 

+ > \ (b + c), 

(l + dz> b + C. 

Example 3. If a* = l 9 «* c » Ac., and a, A, c, Ac. be in 
G. P. t then will x , y, z , Ac. be in If. P. 

Let a' *> i" » r‘ ■ d *» &c. — A'. 
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Then, a 


'> U- ' - ' 

- ran K v e 


d = l< ’ 

ite., Ac. 


1 i 


Ac., iVe. 


lint /#, A, r, d., iVe. bciii£ in /*., we have 

A r d 
. - , - . “ ‘Ve ; 


i i * i i _ i 

1\'« ' — A - v r= A' 


Hence, 


I 1 


1 _ 1 

// J' 


1111 

f I 


1 1 


= Ac. 


, Ac are in -I. /* 


//, •, »\ Ac, are in //. /». 

Example 4. If •i , A, <’ are in //. /*, shew that 

<i A v .... 


, , are also in // /*. 

A + <• r + a a -t- h 

*1 ^ f 'iiit 

A + o c + n a + A 


A + i* t* f «i »i 4 - A 


are in J. 


„ A +■ ,* , r + « . a + ft 

».«. if + 1, . + 1, +1 lire in ,1 

(1 A <* 

, a + A +■ c u + A r a + A + c , „ 

i.e., it . . » are in J. P 

a A c 


if (« + A + c){ * - ^ j ** (a + 6 + t:)^- 


1 1 


i.r., if 


1 1 

A a 


1 1 

A ’ 


i.r, if - , ! , * are in A /*., 
a b c 

t.t >, if <», A, c are in //. /*. 

Thus the required result is established. 
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Example 5. An Arithmetical progression and an Harmonica! 
progression have the same first term, the same last term, and 
the same number of terms ; prove that the product of the r ,fc 
term from the beginning in one series and the r"' term from the 
end in the other is independent of r. 

(limnbuy Tniversity 1*. K. l’apei, IS'JO.) 

Let p he the first term, 7 the last term, and n the number 
of terms of each progression. 

Let h be the common difference of the arithmetic series, and 
c that of the arithmetic series corresponding to the given har¬ 
monic series. Then wo must have 


7 

and ^ 
7 


7 > + (" - 1)6 j 

' +(« -1W 


lienee, 

and 


h ~ ^ , and c — 

,i - 1 

. * 

we have r - 

V! 


p - 7 

V 7t" - 1)’ 


(1) 


Let t, /' be the r h term of the *1. /*., from the beginning 
and the r"' term of the //. V. from the end, respectively. 

'ljicn we have 

t - p + (r - 1)6, 


and 


Thus we have 
1 
)' 


1 

7 

1 

7 


- (/• - l)c 

+ O’ - 1 )A 

V'l 


[ h y (U ) 



p 4- (r - 



1 

- xf, 

Pi 


and ft' — p/ ; 

ft' is independent of r. 


Exercise (65). 

1. Prove that the three quantities a, 6 , c are in A. /*., 
U. or //. I*., according as 


a ~ b 
b — c 


a 


or 


T or 


a 


, respectively. 


•7. 17 
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2. If a , A, c be in arithmetical progression, A, c, d in 
geometrical progression, and c, <1, a in harmonica! progression, 
prove that a, c, e are in geometrical progression. 

(Bombay University I*. K. Pajasr, 1888.) 

3. If «, A, c be the jr/\ </ th and r ,h terms respectively of 
an Harmonic series, shew that (p - q)>ib + (q - r)Ac + (r - p)ca — 0. 

4 . If the Harmonic mean between two quantities is to 

their (ieomotrie mean as 12 to 13, prove that the quantities are 
in the ratio of 4 to 9 * 

5. The Harmonic mean between two numbers is 14?, and 
the (ieomotrie mean 24 ; find the numbers. 

0. If the wtth term of un 11. 7 *. be equal to n and the xth 
term bo equal to »m, find the (m + //)th term, 

7. If ft, b i «• be in //. /', show that « :1 + c\> 2A :> . 

3. Show that b' 1 is greater than, equal to, or less than 
«r, according as a , A, c are in A. /*., <»'. P , or //. I*. 

9. If A, c bo in //. 7*., shew that 

11 11 

~- + = + 
h — a ft - c ct c 


If rt ^, A, ^ ^ r be in // /’., then a, A, c are in <V. 7 J . 


11. If «, A, r bo in d /' ; n, fi, y in //. /'. ; a«i, A/$, cy in 

6\ P., then will « a + — . 

y « c a 

12. «, /^, y are the l Ieomotrie means between c«, uA ; «A, Ac ; 
Ac, cn respectively. Prove that if a, A, c are in d. 7*., « 8 , /:? 8 , y 8 
aro ulso in A. 7\, and /i + y, y + u, <»+/i arc in //. 7\ 

(Mailnis Uiu\oihity K. A. Paper, 18110.) 

13. If * ;l denote the sums of n terms of three 

arithmetic series whose first terms are unity and their common 
ditVerences in harmonic progression ; prove that 

n » - *--* 8 ^ 8 * ,> . (Bombay University P. K. Pajair, 1889.) 

l If Ait A 9l t< n reflectively bo the common differences, it is easy to see 

that *• ” * = n 1 

A, A, b 9 J 

14. If 2(y-<i) is an 7/. M. between y-a:andy-£, then 
x - a, y - a, s - a form a 6\ P. 

(Allahabad University I. E. Paj>er, 1890.) 

P It can bo shown that---^- 4 -^ ~ = ~~? I rSlZ (t ) whence the 

result follows by cowponeiido and dividendo.J 



CHAPTER XV. 

PERMUTATIONS AND COMBINATIONS. 


1. Definitions. (U When we have n things at our dis¬ 
posal the different oid*r# in which r positions can ho tilled up, 
placing one thing in each position, are called the permutation# or 
arrangement# o| the n things taken r at a time. 

Thus the permutations of the three letters a, b, c taken two 
at a time are ab, ba t ae, at, be, cb ; 
and the permutations of them taken all at a time are 

a be, acb, bar, bat, cab, cba. 

(2) Til* diff rent group# or jW*i of r things that can be 
formed out of n things, without regard to the order m which the 
things am placal in each gr-mp, are called the combination» or 
Helvetian# of the n things taken r at a time. 

Thus the combinations of the three letters a, b, c taken two 
at a time are ab, ac, be \ 

and if all the three letters be taken, we have the single eombin- < 
atioi^ abc. 

y [I, It hIiouUI In' clearly underntood that ab and bo are regarded an 
tio ill lb relit pf mutations l.cmune a and h reaper lively occupy difirmt 
in them ; l>u( leaving position out of account, liotli of them have to 
lie reg.utied a» the snmc roinbinntinn ; »iiuilarly ab>\ urb, bm, f»tr, rub, rbu, 
though it ifir nit pi mutations, have to 1 m* regarded a-t the .1 nine combination. 

It should ah<» home in mind that two eomninatioiin are conniderod 
different whenever they do not consist of rjrurtf;/ thi tame thing-; thus 
nbrdi and abfdc are tiw+difcrent eoinhinntinu*, li»*cauno the former contains 
-i, b, d, i and r, whereat* the latter n, b, d, r and /; i. for r iir the. one wo 
have got / in the other, the other things nmaining unchanged. The 
student mIumiM jMrticularly attend to this point a« ho not uufrequently 
feph disinclined to consider such emuhinntiona am different. 

2 . Before taking up the question Of finding the number of 
permutations of n things taken r at a time, it is deemed advis¬ 
able to give the student a clear view of the question itself and 
thus prepare him for a ready comprehension of its solution. The 
following examples have been devised with this object in view, 
and it is desired that the student should carefully attend to the 
reasoning by which each result is arrived at. 

Example 1. In a two storied building one room in tj»c 2nd. 
stcry and one in the lower have to be let, each room being cap- 
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able of accommodating only one person ; if there be 6 candidates 
for the rooms, in how many ways can the rooms bo disposed of ? 

Call the candidates A, 13, 1>, F, F| 

Now suppose the upper room is given to A ; then the lower 
room can be given to any win of the maim in/ ji ; thus we 
have the following 5 arrangements : — 

A A A A A . (1) 

It <: 1> K F 

Similarly, we have the following - r » sets of arrangements in 
which the upper loom is given respectively to It, (’, 1>, F and 
F:- 


15 15 11 It It (2) 

A C 1) F F 

C C (’ (’ (I (3) 

A 15 l> F F 

l> 1> D l> D ... (4) 

A 15 C F F 

K K K F F . (fl) 

A It <’ I) F 

F F F F F . (6) 

A It <J I) F 


lienee, the total number of ways of disposing of the rooms 
- 6x5 - 30. 

&ff&mpl6 2. Shew that, the number of permutations of 4 
things taken 3 at a time is 21. 

Let the things he denoted by ft, 6, <•, d ; then we have to 
find the number of ways in which we can fill up three positions, 
placinQ on a in each position. 

Putting a in the 1st. position, any one of the rest can be 
put in the 2nd. ; thus we can till up the first two positions in 
3 ways, namely, ab y ac, ad. ... (1) 

Similarly, the first two positions can also be filled up in the 
following three sets of ways in which 4, c, d respectively occupy 
the 1st. position :— 



Inly 

bCy 

bdy 

■ * • 

• * • 

<2) 


CU, 

Chy 

rdy 

• • • 

• ■ • 

(3) 


d'ly 

dhy 

dc. 

■ • ■ 

• • ■ 

(4) 

Thus altogether 

the number of ways of 

filling up 

the first 

positions 

*=» 4 x < 

3 - 12 

!, and they 

are — 



ab. 

Of, 

ady 

hiiy 

be. 

bdy\ 



Cby 

erf, 

rfti, 

dby 

rfc.j 
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Now, evidently for *ach of the above ways of filling up the 
first two positions there are on>y two ways of tilling up the third 
(for instance, a and b occupying the 1st. and 2nd. positions 
respectively, the third position cun occupied either by c or 
by d) ; hence we have altogether the following 12 pairs of ways 
of filling up the three positions :— 

aha ) acb \ adb | hue ) bca | bda \ 

abdj ' acdj 'add ' bad) ’ bed I ' Me ! ' 

cab 1 eba \ eda 1 dab \ dba | dca \ 

cad) * cbdj ' cdb j * dacf * dbc J ’ deb J 

Thus the number of permutations of 4 things taken 3 at a 
time = 12x2 = 24. 

Example 3. Suppose that the 1st., 2nd and 3rd. teacherships 
in a certain school are vacant, and that 4 candidates apply each 
for any out of the appointments ; in how man}' ways can the 
teacherships bo disposed of 1 

(’all the candidates A, B, 0, I). 

Xow, since the 1st. teachership can he given to any one of 
the candidates, suppose it is given to A : then the 2nd. can be 
given either to B, or to C, or to 1>, and thus the first two 
teacherships can he disposed of in the following three ways : — 
AB, AC, AD. ... (1) 

Similarly, giving the 1st. teachership to B, C, I) respectively, 
wc have the following three sets of arrangements for the first 
two appointments : — 


BA, 

BO, 

BD, 

... (2) 

CA, 

OB, 

CD, 

(») 

DA, 

DB, 

DC. 

(4) 


Hence the total number of arrangements for the first two 
teacherships - 4x3 ■* 12. 

Now, evidently, after having disposed of the first two 
teacherships in any one way there are o/dy two ways of disposing 
of the 3rd. (for instance, A and B getting the 1st. and 2nd. appoint¬ 
ments respectively, the 3rd. can be given either to C or to D) ; 
hence we have altogether the following 12 pairs of arrangements 
for the three appointments in question :— 


ABC\ 

ACB\ 

ADB) 

BAC\ 

BCA \ 

BDA | 

ABDJ • 

ACDJ’ 

* ADC/’ 

BADJ’ 

BCD/’ 

BDC/ ’ 

CAB\ 

CBA\ 

ODA\ 

DAB* 

DBA* 

DCA \ 

CAD J • 

CBDJ ’ 

1 CDB/’ 

DACJ 1 

’ DBC/’ 

1 DOB/’ 
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Thus the total number of ways iri which the appointments 
can be disposed of = 12 x 2 « 24. 

Example 4. Suppose there are 5 appointments vacAiit in a 
Magistrate’s office ; in how many ways it is possible for the 
Magistrate to provide for three select candidates A, It, C 1 

If one of the appointments be given to A, any one of the 
remaining four can be given to 11 ; thus, corresponding to each 
way of providing for A there are four ways of providing for A 
and H ; hence them are altogether 5x4 ways of providing for A 
and Ii. 

Again, giving one of the appointments to A and another to 
/?, any one of the remaining three can bo given to C ; thus 
corresponding to each way of providing for A and B, there are 
hree ways of providing for A, It and C. 

Hence, the total number of ways of providing for A, B and 
C « (5 x 4) x 3 - CO. 


Exercise (66). 

N. It. Tim following examples arc intended as an exercise for the 
nt’ident and it in nlrongly recommended that he nhould work out the results 
exactly in the way pointed out in the above examples :— • 

1. Show that the number of permututions of 4 things 
taken 2 at a time is 12. 

2. Suppose 1 have 7 flags of seven different colours (red. 
oraligo, yoHbw, green, blue, indigo, violet), and 2 flagstaff* of 
unequal heights. How many different signals can I make 
using both* the flagstaff* for a signal ? 

3. A student has got 6 subjects to read (English, Mathe¬ 
matics, Sanskrit, Physics, History and Logic), but having got 
holidays ho wants to rend only 2 of them, one in the morning 
and one in the evening : in how many ways can he draw up a 
routine ? 

♦ 

4. Shew that the number of permutations of three things 
takeu all together is 6. 

5. A gentleman has got 6 rooms to spare ; in how many 
ways can he accommodate 3 guests (/l, B t C), each in a separate 
room 1 

6. A gentleman has got 3 rooms to spare, but he has got 
6 guests to accommodate ; if after accommodating three of the 
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guests one in each room he takes the othor three elsewhere, 
shew that the number of ways in which the three rooms can be 
<lisposed of is 120. 

7. If there are 32 stations on&the Eastern Bengal Rail¬ 
way from Calcutta to Coalmulo, find the number of tickets 
required in order that a person may travel from any one station 
to any other. 

3. To find the number of permutations of n differ¬ 
ent things taken r at a time. 

Ret a. b, e , d , e, lire.. /, k denote the n things. Then we 
have to find the number of ways in which we can fill up r posi¬ 
tions placing one in each position. 


Now, if we put a in the 1st. position, wo can put any one 
of the remaining (n - 1) things in the 2nd. ; thus we can fill up 
the first two positions in (it - 1) ways, namely, 


a b, ac, ad. 

ae. 

At., al, ak. 

(1) 


Similarly, putting h, r, 

i d, A 

r e, k respectively 

in the 

first 

position we can also till up 

the first two positions as 

follows : 

: — 

ha, be, bd. 

be. 

»Src., bt, bk, 

( 3 ) 


ca, ch, cd, 

ce, 

Ac., cl, rk, 

•(3) 


• da, db, dc, 

de, 

tVo, dl, dk. 

( 4 ) 


tire 

tfcc. 

tire. * 



ka, kb, he. 

kd. 

k•>, ttc, kl. 

(») 


Hence the total number of 

ways in which the first 

two 


positions can be filled up «= n(n - 1). 

Now it is evident that for each of the above Ways of filling 
up the first two positions there arc only (n - 2) ways of filling up 
the 3rd. (for instance, a and b occupying the 1st. and 2nd. posi¬ 
tions respectively, the 3rd. position can be occupied by any one 
of the remaining n - 2 things).; i.e for each way of filling up 
the first two positions there are (n - 2) ways of filling up the 
first three Hence the total number of ways of filling up the 
first three positions n(n - l)(« - 2). 

Evidently again for each way of filling up the first three 
positions there are only (a - 3) ways of filling up the 4th (for 
instance, a, b and c respectively occupying the 1st., 2nd. and 3rd. 
positions, the 4th position can he occupied hy any one of the 
remaining n - 3 things) ; i.e., for each way of filling up the 
first three positions there are (a - 3) ways of filling up the first 
four. Hence the total number of ways of filliug up the first 
lour positions ■* n(»-l)(n-2)(«-3). 
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Proceeding thus, we find that the total number of ways of 
filling up any number of positions always « the product of an 
equal number of factors and that these factors commencing from 
n successively diminish by 1. 

Hence, the total number of ways of filling up r positions 

*» n(n - 1)(h - 2)(a - 3) »fcc. to r factors 

*= n(v - l)(n — ii)(n - 3)...{« - r - 1). 

Thus the number of permutations of // things taken r at a 
time «* «(//— l)(w — 2)(w--3) ...(//-r+1), 

Cor . The number of permutations of ii things taken all toge¬ 
ther « n(n - 1)(// - 2) tl’c. to n factors 
« n(n -!)(/»- 2)...3.2.1. 

This product is usually denoted by which is read facto 
rial n ; thus [» denotes the product of the natural numbers from 
1 to r< inclusive. 

Noth. Fur the Make **F roiivonuMiee tlm iiit»«tl 9 I* r is usually employ 
<*d to denote the uundier of jum mulul imn of /• things takeu r at n time ; 
thus r 'l* x denote the tiumlier of permutations of f» tliinga taken 4 at a time. 
It should also )>e observed that n /m l - n{n ~ 1)|« - 2, and so on. 

Example 1. Kind the value of c 'l\. # 

The required value ■* the number of permutations of 6 

things taken 4 at a time 

s* Ox 5x4x3 =* 360. 

Example 2. How many numbers can be formod taking only 
3 out of the 5 digits I, 2, 3, 4, 5 ? 

Since each arrangement of 3 digits gives us a new number, 
the number of dillerent numbers that can he formed is evidently 
the same as the number of permutations of 5 things taken 3 at 
a time. 

Hence, the required number » 5x4x3 

- 60 . 

Example 3. Of the different words that oan be formed from 
the letters of the word courtesy how many will begin with c 
and end with y 1 

We have altogether 8 letters, namely, c, o, n, r, t, «, a, y. 

Now if c and y always occupy respectively the first and 
last positions, then we can form only as many words as there 
are ways of arranging among themselves the six intermediate 
otters. 
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Hence, the required number of words 

- *7*„ = 6.5.4.3.2 l 
* 720. 

Example 4. Ill how many ways can the 7 letters A, ft , C\ 
D , E t F, 6" he arranged that /f and C may always occupy 
contiguous positions 1 

Since It and C will always he together, let us put them 
within brackets as (EC), and find the number of ways in which 
the six things, namely .1, ( ftC), D, E, F, (f can bo arranged 

The number of such arrangements evidently «■ 

= 6.5.4.3.2.1 
« 720, 

and in each of these the letters ft, C stand in the order EC ; 

similarly there are 720 arrangements in each of which they 
stand m the order CIt. 

Hence, there are altogether 2 x 720 or 1140 arrangements 
in each of which the letters ft, C occupy contiguous positions. 

Example 6. Ill how many ways can the letters of the word 
ratedJttorp be arranged so that the vowels may never be 
separated 1 

Let us put the vowels within brackets, as (ueio) ; then we 
have got ouly 8 things, namely, r, /, </, c, t, r, y, ( attio ) to 
arrange. * 

Hence, the number of arrangements of the letters in which 
the vowels stand together in the order ae.it> 

•m « 8.7.6.5.4.3.SM. - 40320. 

Similarly, corresponding to each order in which the vowels 
may stand together there are 40320 arrangements of the letters. 

But the vowels, being 4 in number, may stagd together 
in 4.3.2. 1 or 24 different order*. 

the total number of arrangements of the given letters 
under the given condition 

§ - 4 x40320 

__i#7«80. 

y. B. If the condition were that the vowels mIiouM not only occupy 
contiguous (Kxiitions hut stand, with, respect to each other, in one and the 
same invariable order, then the number of arrangement* would only lie 
= 40320. 
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Example 6. Find the number of ways in which the letters 
of the word machine car*/be arranged such that the vowels may 
occupy only odd positions. 

We have altogether 7 letters to deal with, 4 consonants, 
and 3 vowels. 

• Let us mark out the positions to be filled up as follows : — 

» a a i r. u 7 

<“) ( ) (0 ( ) («) < ) ( ) 

Now, since the vowtds can be placed only in three out of 
the four positions marked 1, 3, 3, 7, the total number of ways in 
wjpch they can be made to stand in odd positions 

, - - 4.3.2 - 24. 

Suppose one arrangement of the vowels is as shewn in the 
diagram ; then for this particular arrangement of the vowels 
the number of ways in which the 4 consonants can be made to 
occu pj% h ° remaining 4 positions (marked 2, 4, 6, 7) 

*/\ - 4.3.2.1. 

Hence, for each particular way of putting the vowels in odd 
positions there aro 24 arrangtonents of the whole set ; 

the total number of arrangements of the given letters 
under the given condition 

- 24 x 24 - r»76. 

Example 7. You are given 8 balls of different colours (black, 
white, red, yellow, green, blue, iudigo, violet) ; in how many 
ways can you arrange them in a row so that the black and 
white balls may never come together ? 

Let x « the required number of permutations, *•«., those in 
which the black and white halls are not together, 
and y ■* the number of permutations in which they are together. 

Then evidently jf + y * 8 ^V 
* 

Now, as in Example 4, 

V - 2x 7 /> t - 2x17. 

Hence, x H P*-y 

« *8 - §x 17 
«■ (8 - 2) x [7 

- 6 x 7.6.5.4.3.2.1 

- 30240. 
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Exercise (67). 

i y* 

1. In the permutations formed out of a, b, r, d t «,t\ g , taken 
all together, how many begin with ab ! How many with abc 1 
How many with abed ? 

2. Kind the values of t0 P a and la P H . 

3. If ”J\ * 12 x , find //. 

4. If = 3;5, find it. 

5. If ao V' r = 13 x *«/V , , find r. 

Q. How many numbers each lying between 100 and 1000 
can bo formed with the digits 1, ‘2, 3, 4, 5, G, 7 ? 

7. How many numbers each lying between 10 and 100 can 
be formed with the digits 3, 4, 0, 5, G 1 

8. How many numbers each lying between 10 and 1000 
can bo formed with the digits 2, 3, 4, 0, 8, 0 l 

9. How many numbers each greater than 1000 can be 
formed with the digits 5, 6, 7, 8, 9 ! 

10. How many changes may be rung with 6 bells out of 8 ; 
and hgw many with the whole peal ! 

11. How many different signals may be formed by means 
of 12 different Hags which can he hoisted 4 at u time above 
each other 1 

12. There are in men and a monkeys, a being greater than 
m ; find the number of ways in which each man may become the 
owner of one monkey. 

(Bombay f'nivenaty 1*. E. Pajier, 1891.) 

13. In how many ways can the letters of the word dog¬ 
matic be rearranged ? 

14. The first year class in a certain college consists of 10 
students of whom one is a Mahomedan, one a Christian and the 
rest are Hindus ; in how many ways can the students be 
arranged in a row if the Mahomedan and Christian students 
have always to occupy extreme positions ? 

15. You are given a copy of the following books :— 
Todhunter’s Algebra, Hamblin Smith’s Trigonometry, Milton’s 
Paradise Lost, Bacon’s Advancement of learning, Wrigley’s 
Collections of Problems, Shakspeare’s Hamlet, Fowler’s Logic, 
and Raghuvansam ; in how many ways can you arrange those 
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hooks on a «helf bo that the Mathematical books may be always 
put together ? 

10. In the preceding example, in how many ways can the 
books be arranged ho that the books on Knglish Literature ttho 
may be put together ? 

17. You are given a gold inohar, a rupee, an eight-anna 
piece, a four-anna piece, a two-anna piece, a pice and a half-pice ; 
in how many ways can )ou arrange them in a line so that the 
copper coins may always stand in odd positions ? 

18. In the preceding example find the number of ways of 
fliSkanging the coins if the Mohar alio has to be put in an odd 
position. 

19. On the K. It. Railway there are 1*2 stations from 
Barackpur to Kumuagar ; if a booking clerk is to be appointed 
in each of these stations out of 12 candidates of whom one is a 
IJriya, one a Marhatta and the rest are Bengalis, find the number 
of ways of appointing the men so that the Vriya and the 
Marhutta may never tie appointed in two consecutive stations. 

20. Find the number of arrangements that can be made 

of the letters of the word ynunottur so that the vowels may not 
all be in consecutive positions in any of them. # 

21 . There are three works each of 2 volumes and two 
works each of 3 volumes ; in how many ways can the 12 hooks 
be arranged on a shelf so that volumes of the same work are 
not. separated ? 

22. A shelf contains 20 hooks, of which 4 are single 
volumes, and the others form sets of 8, 5 and 3 volumes respect¬ 
ively : find in how many ways the books may be arranged on 
the shelf, the volumes of each set being in their due order. 

f ft viilon tly tho volume* of each set may tie iu clue order two ways, 
either from left to right i.r from right lo loft.] 

4. To find the number of combinations of n differ¬ 
ent things taken r at a time. 

Let x * the required number, i.e, tho number of 'ways in 
which r things can be selected Out of n things. 

Now if with the n things at our disposal we are asked to 
fill up r positions iu all possible ways, putting one thing in each 
position, our work will clearly resolve itself into the following 
two operations :— 
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(i) To select a group of r things out of the /i things ; 

(ii) To arrange the r things thus selected in the r positions 
in as many ways as possible.. 

Thus for each way of selecting r tilings the proposed work 
can be done in r ways. 

Hence the total number of wavs of doing the work = .rx-r. 

%r n I 

lint, bv article 3, the same number 

*= it(n - 1 )(u - *2). (it - r +1). 

Hence, x x i r = n(n - l)(/i -2).(// - r + 1) ; 

__ n(n - 1 )(u - *J). (a-»*+l) 

JC ■ 

• • 1 

!>■ 

Thus denoting the number of combinations of n things 
taken r at a lime bv the symbol "(' , we have 

"C - l)( ll “ -)■ - r + 1) ^ 

i r 

('Oi% We can also express this result in a ditVereut form ; 
for if we multiply both numerator and denominator of the right 
hand expression hy n - r it heeomes 

* u( n - 1 )(u - 2).. . (n - r + 1) x n - r 

~~ r x bt - r 


and the now numerator is evidently the product of all the 
natural numbers from n to 1 ; f S**<* note, Art ] 


*C„ = 


!» 

!r n — r 


( 2 ) 


The formula (1) may conveniently he used whenever nu¬ 
merical calculations have to be made, whereas (2) will do very 
well as an ttltjehmicnl rixprr.sHiou. 

Not©. If in {'!) we put “ -- n we have 

*c. . 

in ■» ‘© 

But m L\ evidently - 1 ; hence the lynihol Jo mu.it Is* considered as 
Ci pi i valent to 1. 


4. (a) To prove that the number of combina¬ 
tions of ii things taken #• at a time is equal to the 
number of combinations of n things taken n - r at 
a time. 
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Since *(J r 


in 



t 

T 


putting n - r for r, 


we have 




n *- r 


!'« __ 

\n r \n ■ (« - r) 

j w . 

■// - rir 


Hence, “C,, r -r «C r . 

• Alternative method 

Evidently for every group of r things that we can take out 
of n things, a group of n-r things is left out ; thus cori'espond- 
iny to each group of r things there is one group of the remaining 
n-r things. Hence the number of different groups of n-r 
things is exactly equal to the number of different groups of r 
things ; 

i m n(* _ «/* 

*' *-l {'n-r * • 

Such combinations are called complementary. 


Cov. If *(', * then x » y or a + y =■■ it ; foray can 

have only either of two values, namely, x or n-x. 

Note. Wo have •»(.’„ =- *C n 1. 


Example 1. Kind the values of 1S C SI 1 r 'C.„ and 2f, C T 8a . 


1 a/* 


1 a n 




i a/? 


c\ 


12 x 11 x 10 x 9 
1 x 2 x 3 x 4 
11x5x9 
495. 


1 A 




*‘C 


a a 


u 3 5- 


as 


Example 2. if m C 14 - 
Since *C 14 - *C 18| 



15x14x13x12x11x10 
I x 2 x 3 x 4x5x6 



7x13x11x5 

5005. 

25 x 24 x 23 
Tx 2x3 
2300. 


-C lc , find -Cg*. and 3 *C.. 
n - 14 + 16 - 30. 
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Heuce, "C ail * 3o r a8 = !>0 C a = 

and »*C H 3 ~C 30 = !i -C\ = 

Example 3. Prove that ih **C„ 

« {1.3 5...(4n — 1)J 


14 a 


Since *”L'. Jn - -J. , mu I -"l\ 

2a 2a * 

the required ratio 

■la. i a a 

= , x 

12a in *2 a 


30 x *_>!) 

I x 2 " 

32x31 
1x2 

{1.3.5. ..(2a 
2n 

“ “ » 
i It V 


435 ; 
496. 

- !)»-. 



Now, 

I u =■ 

1 2.3 4 5 

...4n 




as 

{1.3 5 

..(4a - 1)| x {2.4.6.. 

.. 4 a { 



— 

{1.3 5 

...(la - 1)} x 2--. {1 2.3.. 

.2a|, 



|4/i 

{1.3.5 






...(•!/» - 1)J x 2””. .. 

(1) 

Also, 


2 a — 

{1.3.5 ... 

, (2a - 1){ X {2.4.0 .. 




=■ 

{1.3 5 ... 

(2a - 1)| x 2"{ 1.2 3 .. 




2 a 

{1.3.5... 





[H 

(2a - 1); x 2", 


and 

/ 

1 

l 

" }■_ 
2« J 

} 1.3.5”.' 

1 

(2a -!;{-* x 2 3B ' 

(2) 

Heuce from (1) 

and (2), 

the required ratio 





1.3.5.... 

(in- 1) 





{1.3.5 ... 

(2a - l)| a 



Example 4. Sixteen clerkships are vacant in a merchant's 
office ; how many different batches of men can be chosen out of 
twenty wndidates ? llow often may auy particular candidate he 
selected ? 

We have only to find out the number of different group* of 
16 men that can be farmed out of 20, without any reference to 
the appointment to be given to each. 
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Hence, the required number of ways 

_ »o/» _ xo/* 

«= | ii 4 


20 x 1U x IS x 17 
1 x 2 x 3 x 4 
~ 0x19x3x17 
=■- 4815. 


Let us now tiud out how many times a particular candidate 
may be chosen. 

KVery time that a particular caudidute is selected the other 
15 candidates will have to be chosen from the remaining 19 
candidates. 

Hence a particular man may he selected as many times as 
we can select a group of 15 men out of the remaining 19. 

Hence the required number of times 

- 1 - l "C l 

19 x 18 x 17 x 16 
1 x 2 x 3 x 4 


- 19 x 3 x 17 x 1 


- 3870. 

Example 5. A father with oighf; children takes three at a 
time to the Zoological gardens, as often as he can without taking 
the same three children together more than once. How often 
will he go, and how often will each child go ? 

{(.‘.dcuttii University K. A. Taper, 1877.) 

Since the father is to accompany each new group of children 
he will evidently have to go as many times as there aro different 
groups of 3 children formed out of 8. 


Hence, the number of times that the father will have to go 

8x7x6 

1x2x3 


'/» 

u :» 


56. 


Again, each child will go only as many times as the other 
4tvo can be taken out of the remaining 7 ; hence, the uumber of 

7x6 

times that each child will go - 7 C t « —- * 21. 

1x2 

Example 6. Out of 10 c onsonants and 4 vowels, how many 
words can be formed, each containing 3 consonants and 2 vowels t 
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The number of different groups of 3 consonants that can be 
formed out of 10 — 10 C 5 ; 

also the number of different groups of 2 vowels that can be 
formed out of 4 =» 4 C a . 

Now combining each of the first set of groups with each 
of the second set, we have altogether 10 C 3 x *C.j groups each 
consisting of 3 consonants and 2 vowels. 

Then, as each of these groups contains 5 different letters, 
which can be arranged among themselves in |5 ways, we get 
from each such group [5 words 

i ' ^ 

Hence, the required number of words 

- 10 C 3 x 4 C a x[5 

10x9x8 4x3 

" 1x2x3 x 1 x 2 X ^ 

= 120 x 6 x [5 

» 720X 120 

- 86400. 

Example 7. If words be formed taking at a time only 5 of 
the letters of the word metaphysic, in how many of them wilL 
the letter t occur 1 

There are altogether l^ctters at our disposal. 

Wc have to find the number of ways in which five }x>sitions 
can be filled up, one or other of them being occupied by t. 

For every position of / the remaining four positions can 
evidently be filled up in r, P 4 ways. 

Hence the required number » 5 x 

- 5 x 9.8.7.6 

- 15120. 

Example 8. In how many ways oan 21 white Mis and 19 
black balls be arranged in a row so that no two black balls 
"may be together ? 

Let us first arrange the white balls as shewn below :— 

x W x IT x W .... W x W x 

Then evidently in order that no two black balls may occupy 
•contiguous positions, |$he black balls can only bo put in the posi¬ 
tions marked x. 


2—18 
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Now the white balls being 21 in number, the number of auch 
positions (t.a., those marked x ) is evidently 22. [For instance, 
when there are 4 white balls there are 5 such positions, thus :— 

x W x W x IF x W x ]. 

Hence in order to placo 4 the black balls we must choose any 
12 out of these 22 places. 

Hence, the required number of ways 

- aa G\ u - aa C ' 3 
22 x 21 x 20 

■ i X2 

- 11x7x20 


- 1540. 


Example 9. A boat’s crew consists of 8 men, 3 of whom can 
only row on one side and 2 only on the other. Find the number 
of ways in which the crew can be arranged. 

Call tho men A, 11, C, D, K, F, (1, II, and suppose A, B, C 
remain only on one side and 1), K on the other as represented 
bore,— 


Then, since 4 men must row on each side, of the remaining 
3, one must bo placed on the side of A, B, C and the other two 
on tho side of l>, K ; and this can evidently be done in 3 ways, 
for wo can place any one of the three ou the side of A, B, C. 

Of these 3 ways of distributing the crew let us first consider 
one, say that in which F is on tho side of A, B, C. 


A 

B 

C 

F 


D 

K 

a 

H 


Now A, B, C, F can be arranged among themselves in 
[4 ways, and evidently for each of these arrangements there are 
again [4 ways of arranging D, E, G, H among themselves 
hence in this case the total number of ways of arranging the 
men - |£x [4. 

Similarly, in each of the other tfrtl cases also we have 
[4 ways of arranging the men. 
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Hence, on the whole, the number of ways of arranging tho 
crew — 3 x [4 x [4 

- 3 x 24 x 24 

- 1728. 

Bzample 10. In how many of the permutations of n things 
taken r together will three given things occur 1 

(Calcutta University F. A. Paper, 1S80.) 

Let us first find out the number of combinations of a things 
taken r together in each of which three, given things occur. 

Evidently each of the compilations containing tho given 
things also contains a group or r - 3 things taken out of the 
remaining n - 3 things, lienee, there are as many combinations 
of r things each containing three given things as there are 
combinations of n- 3 things taken r- 3 together; i.e., tho 
required number of combinations 


But each of these combinations, consisting of r things, gives 
us [r permutations. 

lienee the number of pei'mulations in each of which three 
given things occur 

!n - 3 

= lrT3|»-r*t 

o 

a x r(r-l)(r-2). 

\n - r 


Exercise (68). 

1. Find the values of R0 G’ 4T , a7 G' 23 and 5 ' J G' 5a . # 

2. If "C 18 » •€%, find the values of •C f 83 and * 7 C\. 

3. If m C r -s — "GV+g and if — — \ ; find n and r. 

T 

4. If there be twenty pears at three a penny, how many 
different selections can be made in buying six penny worth f 
and in how many of tl|pse will a particular pear occur 1 

(Calcutta University F. A. Paper, 1861.) 
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5. How many triangles can be formed by joining the 
angular points of a decagon ; how many diagonals has ifr1 

[Any three Angular point* give a triangle : the straight line joining any 
two angular points that are not adjacent is a diagonal.] 

6 . How many diagonals cau be drawn in a figure of n 
straight lines as sides 1 

(Calcutta University P. A. Paper, 1867.) 

7. Four persons are chosen by lot out of ten ; in how 
many ways can this be done and how often would any one 
person be chosen ? 

(Bombay University P. E. Paper, 1S82.) 

8. Suppose 20 clerks have to bo appointed out of 23 can¬ 
didates of whom 2 are Mahomedans aud the rest Hindus. How 
many different selections can be made so that none of the Maho- 
medan candidates may bo excluded 1 

9. Find the number of combinations which can be formed 
by taking the letters of the alphabet 6 at a time, each combina¬ 
tion containing two vowels and no more. 

10. Out of 17 consonants and 5 vowels how many words 
can he formed, each consisting of 2 vowels and 3 consonants ? 

11. A committee of 7 members is to be chosen out of 20 
Municipal Commissioners of whom lfi are Hindus and 5 Maho- 
inedans, in such a way that Hindus and 2 Mahomedans shall 
be on the committee. In how many different ways can such a 
committee be constituted, and from how many of these will a 
particular Hindu Commissioner be excluded ? 

(Calcutta University F. A. Paper, 1883.) 

[If a particular Hiudu Cuinmisiuouer he excluded, the 5 committee mem¬ 
bers will have to be choseu from the remaining 14 Commissioners.] 

12. Suppose 8 Professors are wanted for a College newly 
started ; if 3 Premohaud Roychand Students and 12 M. A.'s 
apply foe the Professorships, how many selections can be made 
taking in (i) all the Premchand Roychand Studeuts, (ii) at least 
one of them. 

13. A cricket team consisting of eleven players is to be 
aelejted from two sets consisting of six and eight players respect¬ 
ively. In how mauy ways can the selection be made, on the 
supposition that the set of six shall contribute not fewer than 
four players f 

(Madras University F. A. Paper, 1890.) 
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14. Prove that the number of worcU which can be framed 
of the letters a, b , c, d, e, f taken three together, each word con¬ 
taining one vowel at least t is 96. 

(Calcutta University F. A. Paper, 186(5.) 

16. If words be formed with 6 only of the letters of the 
word centrifugal , in how many of them will alt the three letters 
e, t, f occur ? 

16. If words be formed with 7 only of the letters of the 
word polyqamist % in how many of''them will both the letters 
p and t occur 1 

17. In how many ways can 24 rupees and 23 pice be 
arrauged in a row so that no two pice may be together ? 

18. In how many ways can 37 literary and 35 Mathema¬ 
tical books be arranged in a column one above the other so that 
no two Mathematical books may be together, the books of each 
class being considered alike ? 

19. A boat’s crew consists of 10 men, 3 of whom can only 
row on one side and 2 only on the other. Find the number of 
ways in which the crew can be arranged. 

20. • An English School and a Vernacular School are both 
under one superintendent. Suppose that the superintendentship, 
the first four teacherships in the English School and also the first 
four teacherships in the Vernacular School are vacant; if there 
be altogether 11 candidates for the appointments, 3 of whom 
apply exclusively for the superintendontship, and 2 exclusively 
for appointments in the English School,' in how many ways can 
the different appointments be disposed of ? 

21. There are 12 points in a plane, 5 only of which are in 
the same straight line ; find the number of triangles which can 
be formed by joining the points. 

22. Find the number of straight lines which repult from 
joining the points in the preceding example. 

23. There are » points in a plane of which no three are in 
a straight line except m, which are all in a straight line. Fiud 
the number of triangles formed by joining the points. 

(Bombay University P. E. Paper, 1880.) 

24. In how many ways can 9 things be divided equally 
among 3 persons ? 
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26. There are 3 asses ^ capable of carrying weights of 3, 4 
And 5 maunds respectively ; in how many ways can 12 packets 
each weighing a maund be distributed among the asses ? 

5. To find the number of combinations of n things 
taken r at a time without assuming the formula for 
the number of permutations. 

Let m C r denote the number of combinations of n things 
taken r at a time ; and let the n things be denoted by the n letters 
a, 6, c, (l, &e. ^ 

Then it is evident that among the combinations of these 
letters, rata time, each of those that contain any particular 
letter, say *i, contains also a group of r - 1 letters out of the 
remaining » - 1 letters. Heuce there are as many combinations 
of r letters each containing a as there are combinations of n - 1 
letters taken r - 1 at a time. 

Thus we see that of the combinations of n things taken r 
at a time, the number of those which contain a is ; 

similarly, the number of those which contain b is "“ 1 C , r _ 1 ; 
aud so for each of the n letters. 

Hence if all the *C r combinations be written down, every 
particular letter will have been written down *~ l CV_ /times ; 
beoause it will be found iu " _l C' r _ l combinations and only once 
it) each of them. Hence the total number of letters written 
down will evidently be n'x m ~ l C r .. l , 

But the total number of letters written down is also 
evidently equal to rx"C„ because each combination contains 
r letters. 

Hence, rx n C r * nx*” l C r _ 1 , 

n "~ 1 

or, *C r — x £ r - 1 . 

T 


In this formula ohange n and r first into n - 1 and r - 1 
respectively, then into n - 2 and r - 2 respectively, and so on ; 
thus we have 



« - 




&c. <ke. Ac. 
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*- r+ *c a - — r±j x —»*- 1 C 1 ; 




(as is evident). 


Now multiply together the vertical columns and cancel like 
factors from each side ; thus we hove 

n(n - l)(»t - 2) . . . (n - r+ 1) 


'C, 


•r(r - l)(r - 2) ... 2.1 
«(» - 1 )(w_- 2) . (n - r + 1) 


6. To find for what value of r *C r is greatest. 


Since n C r 


n(n - 1 )(n - 2) . . . (m - r + 2 )(n - r + 1) 


1.2.3_(r-l).r 

nn( i « «(»- • . • (« - r + 2) 

ana o r _, l.O.T. T (~lT'.. ’ 


• *1 
• • 




Evidently then *C r > - or < "C r _ 2 , according as the 
multiplying factor is > ■■ or < 1 ; 

i.e., according as n .-~ > ■ or < 2, 

T 


i.e., according as —> — or < 1, 

T 

i.e., according as r < « *>r > J(« + l). .. .(A) 

Now, since n may be odd or even, let us consider these two 
cases separately. • 

(i) Let n be odd, say, equal to2m + l, where m is some 
positive integer. 

Then, by (A), m C r > ■ or < *C,. lf according as 
r < « or > m +1. 

Hence, of the terms "C lt m C a , *C a , . . . % C m ~ x , *C m , 
each is greater than the preceding ; (1) 

'C m+J - *C.; ... (2> 
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%uu of the terms *C mW , *C m + a , .»• 

i ©ach is leu than the preceding. ... ... (3) 

Hence, from (1), (2) and (3), it is clear that *C W and "C m+l 
are the greatest terms of the series *C lt "C a , U C 9 , .... n C 2m , 

v*»+i i 

• . . . • (2m 4-1) — 1 n -1 

t.e ., *17, is greatest when r ■» m — ---- « ———, 

i J 


, , . (2m +1) + 1 n+l 

or when r - w + 1 — - ' — «- 

2 2 

(ii) Let n be even, say, equal to 2m, where m is some 
positive integer. 

then, by (A), "C, > * or < "CV-i according as 
r < ■> or > m + J. 


Honco, of the torms *C lt m C i% «C 9 , . . . n C m _ x , m C mt 
eaoh is greater than the preceding ; (a) 

and of the terms -C m , ■ C „.,, *C„*..*C,.-„ ’C,„, 

each is lesn than the preceding. . (ft) 

Hence, from («) and (ft), it is clear that "C m is the greatest 
term of the series "G*,, *G\, "G’a, .... •G , am _ 1 , "C’ ai 


|m j 




i. *6', is greatest when r ■» m 





Thus it is proved that if n be odd, m C r is greatest when 
£(«+ 1) and that if n be even, "C r is greatest when r ■« . 


Exercise (69). 

1. How many letters of the word pantheism should be 
taken to form a groqp so that the number of different groups 
Xtty be the greatest ? In how many of these groups will the 
Inters p and m occur ? 

2. A person wishes to make up as many different parties 
as he can out of 20 friends, each party consisting of the same 
number : how many should he invite at a time ? In how many 
of these would the s&mo man be found 1 

3. Find the greatest number of different groups that can 
be formed from the letters of the word Barouche, each group 
consisting of the same number of letters. In how many of 
them will the letter e occur ? 
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4. Find the ratio of ao C r to * 5 C r when each of them has 
the greatest value possible. 

5. Find the difference between the greatest values of 1 ,% C r 

and ,a C,. 

7. To find the number of permutations of n 
things taken ail together when the things are not 
all different. 

Let the n things be represented by u letters and suppose p 
of them to be a’s, q of them to be b' s, r of them to be c’s, and the 
rest to be unlike. 

To find the number of ways in which wo can put these n 
letters side by side in n consecutive positions. 

Evidently we can do this in the following way ; Choose any 
p of the n positions and put a in each, than choose any q of the 
remaining ( n-p ) positions and put b in each, than choose any r 
of the remaining (n - p - y) positions and put c in each, and then 
put the (a - p - q - r) different letters in the remaining 
(n - p - 7 - r) positions. 

Let Q, A*, D respectively represent the number of ways 
in which the four operations pointed out above can be performed. 
Clearly then, 

r - i*.~. 

[P n - p 
n - p 

Q * 7 —— . 

lY n -p - 7 

R - I n z£zl 

1 T.I *-p- 1 - r ’ 

D — n - p - q - r. 

Now, since for each way of performing the first 'Operation 
there are Q ways of performing the 2nd, the total number of 
ways of performing the first two operations — P x Q ; 

again, since for each way of performing the first two opera¬ 
tions there are R ways of performing the third, the total number 
of ways of performing the first three operations — P x Q x R ; 

lastly, for each way of performing the first three operations 
there being D ways of performing the 4th, the total number of 
ways of performing the four operations■■ P x Qx RxD. 
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Hence, the required number of ways 

- PxQxRxD 


And similarly any other case may be treated. 

Noth. It should be clearly noticed that if the p a’ s were p unlike 
letters different from any of the rent, then, for each way of selecting p 
positions for them there would be |/j ways of arranging them ; hence, by 
the mode of reasoning followed in the present article it is easy to see that 
if the u'», ft's, c’s, were respectively p, q and r unlike letters, the total 
number of vrxfb of arranging the n letters would be (P[p) x (Q^) x (/f[r) 
x J) or jn, a result already obtained, in Art. 3, from a different point of 
view. 

Otherwise 

The result of this article can also be obtained as follows :— 



Let N represent the required number of permutations. 
Then if in any one of these permutations the p a’s were changed 
into p unlike letters different from any of the rest, then 
tvithout altering the position of the remaining letters , from this 
single permutation alone we could from |p different permuta¬ 
tions. Hence if this change were made in each of the AT 
permutations, the whole number of permutations would be 
Nx [p. 


[For instance, if there be 3 u'h then from the single permutation 
bcafgaak, when the a's are changed into three different letters a,, a„ 
a s , we can form the following [^permutations inthout altering the position 
of any of the remaining letters: —(1) bca l fg<* % a s k, (2) bca l fga i a i k t 
(3) bca 9 fga l a t k t (4) bra^fga^ajc, (5) bca i fga l a t k, (6) bca a fga t a y k.'\ 


Similarly, if in each of these new permutations the q letters 
b were changed into q unlike letters different from any of the 
rqpt, the whole number of .permutations would be Nx jpx [y; 

and if in each of these permutations again the r letters 
c were changed into r unlike letters different from any of the 
rest, the whole number of permutations would be Afx jpx \q_x [r. 

Thus when all the letters are different from one another the 
total number of permutations — ATx [px [jx [r. 

But the same number also ■> [n. 

N x \p x (g x [r e= j_n ; 


AT- 




• t 
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Example 1. How many different words can be formed out 
of the letters of the word Constantinople 1 In how many of 
these will the 3 n's be consecutive letters 1 

(Calcutta University P. A. Paper, 1876.) 

We have altogether 14 letters of which 2 are o, 3 are n, 
and 2 are t. 

Hence, the required number of words 



dll 


- 14.13.12.11.10.9.8.7.6.5 

= 3632428800. 

If the 3 7»’s are to be consecutive letters in every word, 
then they may be regarded as oue letter and thus we have only 
12 letters of which 2 are o and 2 are t. 

Hence, the number of such words 

- JJ1 

i m 

- 12.11.10.9.8.7.6.5.3.2 

. = 119750400. 

Example 2. There are fifteen boat clubs ; two of the clubs 
have each three boats on the river, five others have two, and 
the remaining eight have one : find an expression for the 
number of ways in which a list can be formed of the order of 
the 24 boats, observing that the second boat of a club cannot be 
above the first. 

Since the 1st boat of any club must always occupy a higher 
position in the list than the 2nd, and the 2nd, a higher position 
than the 3rd, it is evident that after we have chosen any one 
set of positions in the list for the boats of any club there is 
only one way of putting them in these positions, and „therefore 
the boats of any club must be virtually regarded as all alike. 

Thus the number of ways of forming the list is quite the 
same as the number of permutations of 24 letters taken all 
together of which 3 are a, 3 are b , 2 are c, 2 are d, 2 are «, 

2 are /, 2 are g, and the rest unlike. 

Hence the required expression 

_ I** 
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8.7.6.5.2 - 3360. 


llxample 3. In how many ways can the letters of the word 
multiple be re-arranged— 

(1) without changing the order of the vowels ; 

(2) without changing the place of any vowel; 

(3) without changing the relative order of vowels and 

consonants 1 

We have altogether got 8 letters of which two are f, and 
the rest unlike. 

(1) If the order of the 3 vowels in any arrangement is to 
remain the same the vowels must be regarded as like letters, for 
in that case choosing any three positions for them there is only 
one way of putting them in those 3 positions ( namely a in the 
first of those positions, t in the 2nd and e in the 3rd, i.e., in 
the order u i e in which they initially stand). 

Hence, the total numbor of ways of arranging the letters 

_ >5 

m 

Therefore, the number of ways of re-an'anginy the Utters 
- 3359. 

(2) If the vowels have to remain fixed in their positions 
the total number of arrangements of the letters is evidently 
the same as the number of arrangements of the other 5 letters 

L® 

IS. 

Hence, the number of ways of re-arranging the letters * 59. 

(3) If the relative order of the vowels and consonants 
remain the same in every arrangement, then the 1st position 
vntl always be occupied by a consonant, the 2nd by a vowel, 
the 3rd and 4th by cousonants, the 5th by a vowel, the 6th 
and 7th by consonants and the 8th by a vowel; i.e., the vowels 
will continue to occupy the 2nd, 5th and 8th positions as they 
do initially, irrespective of the order in which they may occupy 
these positions. 

Now, the vowels can be placed in the specified places 
in [3 ways, and the 5 consonants in the remaining 5 places 

, I® 

in ~ ways. 


in the remaining 5 positions and is 


- 60. 
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Hence, the total number of arrangements of the letters 

- 13 x | - 360 ; 

and the number of ways of re-arranging the letters — 359. 

Sxample 4. How many numbers greater than a million can 
be formed with the digits 2, 3, 0, 3, 4, 2, 3 1 


Since each number is to consist of not less than 7 digits 
we shall have to use all the 7 digits in forming the numbers. 

Now among these 7 digits there are 2 two's and 3 three’s; 
hence, the total number of ways of arranging the digits 

_ II 

bill 


420. 


Hut out of these arrangements we have to reject those that 
begin with zero, for they are no numbers. 

Now evidently there are as many such arrangements as there 
are ways of arranging the remaining 6 digits among themselves, 


and their number 


16 

1:43 


60. 


Hence, the required number 


- 420-60 

- 360. 


Example 5. In how many ways can the letters of the word 
“ arrange ” be arranged ? How many arrangements can be 
made, (a) if the two r y s are not allowed to come together, (ft) 
if neither the two r’s nor the two a’a are allowed to come to¬ 
gether ? 

(Madras University F. A. Paper, 1888.) 

We have altogether 7 letters of which 2 are r, 2 are a, 
and the reBt unlike. 


Hence, the total number of ways in which the Tetters can 
be arranged 

M i-*n» - 

m 


- 7.6.5.2.3 

- 1260. 


(a) Let x - the required number of arrangements, t.e., 
those in which the two r’«* are not consecutive letters ; 

and y — the number of those in which they are so. 
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Then wo must have * + y =» 1260. 

To find y we must regard rr as one letter, and find the 
number of arrangements of the six letters a, (rr), a, n t y, e y 
taken all together. 


Hence, y 


Hence, x 


L« 

]2 

6.5.1.3 
360. 

1260-360 

900. 


(6) Let N be the required number of arrangements, i.e. t 
those in which neither the two r’s nor the two a’s are consecu¬ 
tive letters. 


Let l *= the number of arrangements iu which the two r’s 
as well as the two a’s are consecutive letters, 

m — the number of those iu which the two r’s are con¬ 
secutive letters, but the two a’s are not so, 

n *■ the number of those in which the two a’s are 
consecutive letters, but the two r’s are not so. 

Then we must havo 

N — 1260 - (l + m + n). 

To find l we have to find the number of arrangements of 
the five letters (aa), (rr), n, g % e taken all together. 

Hence l = [5_ -» 120 ... . (a) 

Also from the solution of tho previous part of the problem, 
we see that 

l + m =* the number of arrangements in which the two 
r’s are consecutive letters 

■■ 360 ... ... ... (ft) 

and *l + n the number of arrangements in which the 
two a’s are consecutive letters 

™ 360 ... ... ... (y) 

Now subtracting (a) from the sum of (ft) and (y) we havo 

l + m + n » 720-120 
- 600. 

Hence, N — 1260-600 
- 660. 
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Exercise (70). 

1. How many different words can bo made out of the 
letters which form the word Allahabad1 In how many will the 
vowels occupy the even places 1 

(Allahabad University I. E. Paper, 1891.) 

2. In how many different ways may the letters of the 
continued product c 8 d e l f g* be written 1 

3. Find how many words could be made from the lettors 
of the word Orion , supposing (i) the letters may stand in any 
order and (ii) supposing that the two consonants may not stand 
together. 

(Calcutta University F. A. Paper, 1875.) 

4. In how many ways can the letters of the word ration¬ 
alisation be re-arranged 1 In how many of the new arrange¬ 
ments will the 2 t'a bo together, and in how many will the 3 a’s 
occupy the first three consecutive positions ? 

5. If as many more words as possible be formed out of 
the letters of the word transcendentalism , in how many of them 
will the first three positions be occupied by the 3 ra’s and the 
last two by the 2 t y s I 

6. * In how many ways can the letters of the word bathin- 
nation be re-arranged without changing the order of the letters 
h and t ? 

7. In how many ways can the letters of the word Utilita¬ 
rianism bo rc-arrangcd without changing the position of any 
of the vowels. 

8. In how many ways can the letters of the word Civili¬ 
sation be re-arranged without changing the relative order of 
vowels and consonants 1 

9. You are given 12 balls of which 4 are red, 3 black 
and 5 white ; in how many ways can you arrange the balls so 
that no two white balls may occupy contiguous positions ’? 

10. Suppose from a certain College at the B. A. Examina¬ 
tion of the year 1888, 3 candidates obtain first class Honours 
in each of the following subjects : English, Mathematics and 
Physical Science, no candidate obtaining Honours in more than 
one subject; in how many ways may 9 scholarships of different 
values be awarded to the 9 candidates provided only that duo 
regard be paid to the places obtained by candidates in any 
one subject. 
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11. How many different numbers each of six digits can be 
expressed by means of the digits of the number 121, 202? 




(Madras University F. A. Paper, 1880.) 


12. How many numbers can be formed with the digits 
9, 8, 5, 2, 3, 4, 3, 2, 5, 8, 5, 2, 3, taken all together, so that the 
even digits may always occupy the even places ? 


13. A train consists of 12 carriages, of which 5 are first 
class, 4 second and the rest third class. In how many different 
ways may the carriages be arranged ? In how many different 
ways may they be arranged so that all the first class may be 
together ? 


14. Of 15 balls of which some are, white and the rest black, 
how many should be white so that the number of ways in 
which the bulls can be arranged in a row may be the greatest 
possible ? 


8. To find the number of permutations of 9* 
things taken r at a time when each may occur once, 
twice, thrice, &c., up to r times in any permutation. 

bet the n letters a, 6, c, d , &c , represent the n things. 
Then it is implied that we have at least r of each of these letters, 

r a’s, r b' s, r c’s, A*c.) at our disposal so that in filling up 
r positions we can put any letter in one or more (as we like), up 
to all, of these r positions. 

Suppose we put a in the 1st position ; then in the 2nd 
position we can put a, or b , or c, or d t i.e ., any one. of the n 
letters ; thus for each way of filling up the 1st position there 
are n ways of filling up the first two ; hence the total number 
of ways of filling up the first two positions = n x n * »*. 

Again, when the first two positions have been filled up 
in any one way, there are evidently n ways of- filling up the 
third (f<jr instance a a occupying the first two positions, the 3rd 
position may be occupied by any of the n letters) ; thus for each 
way of filling up the first two positions there are n ways of 
filling up the first three ; hence the total number of ways of 
filling up the first three positions = »* x««n*. 

Continuing this chaiu of reasoning it is evideut that the 
number of ways in which r positions can be filled up — n p . 

Note. In working out examples of this nature it is instructive to 
work out the result in every particular case by the mode of reasoning pointed 
out above ; to apply the formula is more or lees mechanical. 
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Example 1. If there be # things to be given to n persons 
shew that n x will represent the whole number of different ways 
in which they may be given. 

Any one of the things fan be given away in »>ways, for it 
can be given to any of the n persons ; and for each of these ways 
any of the remaining things can also be given away in n ways, for 
the person who has already got the first thing may also get this. 
Hence there are altogether n* ways of giving away two things. 

Again, for each way of giving away two things there being 
n ways of giving away a third, the total number of ways of 
giving away three thiugs — n* x n — n :t . 

Proceeding thus we find that the total number of ways of 
giving away x things ■= n x . 

Example 2. If there be two kinds of balls, black and white, 
and at least 4 of each kind, in how man}' different ways can u 
ball be put in each of 4 different boxes ! 

In the 1st box we can put either a white bull or a black 
ball, but whichever is put we can also then put in the 2nd box 
either a white or a black ball : thus there are 2x2 or 2 2 ways 
of putting balls in the first two boxes. 

Again, for each way of putting balls in the first two boxes, 
there being 2 ways of putting a ball in the third, the total num¬ 
ber of ways of putting balls in the first three boxes - 2 a x 2 
= 2 ; ‘. 

lienee, since for each of these ways again there are two 
ways of putting a ball in the 4th, the required number of ways 
= 2 l = 16. 

Exercise (71). 

1. In how many ways can 3 prizes be given away to 7 boys 

when each boy is eligible for any of the prizes 1 * 

2. There are 3 candidates for a Professorship, and one is 
to be elected by the votes of 5 men ; in how r many ways can 
the votes be given t 

(Bombay University P. E. Paper, 1888.) 

3. If there be 4 different steamers plying between Calcutta 
and Chandbali, all of them leaving Calcutta together, in how 
many ways can a gentleman make 7 journeys from Calcutta to 
Chandbali ? 


2—19 
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4. In the preceding example what would be the answer if 
one of the steamers were in dock for repairs when the gentleman 
made his 3rd journey and if two of them were in dock when he 
made his 5th journey, on every other occasion all the 4 steamers 
plying together ? 

6. Sixteen men compete with one another in running, 
swimming and riding. How many prize-lists could be made if 
there were altogether 6 prizes of different values, one for run¬ 
ning, 2 for swimming and 3 for riding? 

6. A guardian with 6 wards wishes every one of them to 
study either Law or Medicine or Engineering; in how many 
ways can ho make up his mind with regard to the education of 
his wards', if every one of them be fit for any of those branches 
of study 1 

7. There are m men and n moukeys, n being greater than 
m. If a man may have any number of monkeys, in how many 
ways may every monkey have a master ? 

(Bombay University P. E. Paper, 1891.) 

9. To find the number of combinations of n things 
taken v at a time when each may occur once, twice, 
thrice, &c., up to r times in any combination. 

Let *H r denote the number of such combinations? and let 
the n letters a, b t c, d , *fcc., represent the n things. 

If we write down all the m /f r combinations, among them 
the number of tiiose that contain any particular letter, say a 
at least ones, will be = r // r _ x ; for, each such combination 
consisting of an a and a group of r — 1 letters besides, there arc 
altogether as many such combinations as there are ways of form¬ 
ing a group of r - 1 letters out of the n letters.(a) 

Now, when all the m lf r combinations are written down, it is 
evident that the total number of letters written down is r x *// r ; 
also since no special favour has been shown to any of the n 
letters,It is clear that each must have been written down the same 
number of times, and therefore that number =■ (r x *// r ) -j- n. 

Hence the total number of a *s in these combinations clearly 

- (rx «//,)**>,. (p) 

But the total number of a’s may also be counted In a different 

way:— 

Of the m JI r combinations take those that contain a at least 
onoe, and remove from each the single letter a which is common 
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to them all. We thus get, as is clear from (a), n U r _ x a’s ; and 
there are left all possible combinations of the n lettors, taken 
r - 1 at a time, the aggregate number of a’s in which, by (fi), 
- {(r- 1) x -5- n. 

Hence the total number of a’s may also be| put down 

n 


n + r - 1 


n 


x"// r _ x 


(v> 


From (/ 3 ) and (y) therefore we must have 

r „ r/ n + r- 1 .. 

— x *//_ —-x •/#_. 

n n 


or. 




ItlrJ x *// r _,. 


Similarly, m H r -i 


'U r _, 


n + r- 2 
r - 1 


x •//,_* , 


n+r ~ 3 x‘U 
r-2 —' 


• • 


« • 




'//n 


H + 2 .. 

X-//, , 


3 

n+ 1 


x *// 1 . 


Now •//* is obviously =» it. 

Hence, multiplying and cancelling factors common to both 
sides, we have 

■/7 _ n(n+ l)(n + 2)...(n + r- 1) 

xz r “ , . ■ — 

| n + r - 1 
“ jr x [n - 1 ' 

Obs, Thus *II r «= that is the number of combina¬ 

tions of n things taken r at a time when repetitions are 
allowed Is the same as the number of combinations of »+ r -1 
things taken r at a time when repetitions are not allowed. 
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Exercise (72). 

1. In how many ways can a group of 5 letters be formed 
out of 5 a’s, 5 h\ 5 c’s and 5 t/’s t 

2. In how many ways cun you select six coins out of 20 
rupees, 10 eight-anna pieces and 7 four-auna pieces I 

3. If there he three different kinds of mangoes for sale in 
a market, in how many ways can you purchase 25 mangoes ? 

4. In how many ways can a party of six men he selected 
out of G Hindus, G lirahmos, G Christians and G Mahommedans ? 

10. To find the number of permutations or combi¬ 
nations of a things taken r at a time when the 
things are not all different. 

The method can be host illustrated by solving a few parti¬ 
cular cases. 

Example 1. To find the number of combinations of the letters 
of the word proportion taken G at a time. 

We have altogether got 10 letters of which 2 are 2 arc r, 

3 arc o, and the rest diHeront ; thus the letters are :— 

(1) (2) (») W (-» ' <«) 

(p, ?'l; (>•. n ; |»> ", "I; [' ]; | • ] ; [ »]. 

Now in forming combinations of these letters taking 6 at a 
time, it is evident, that, in some combinations all the letters will 
he different whereas in others not so ; hence the combinations 
can ho divided into the following classes : — 

(i) Combinations in which all the G letters are different. 

(ii) Combinations in which 4 letters are different and the 
other two alike. 

(iii) Combinations in which 3 letters are different and the 
other 3 alike. 

(iv) Combinations in which 2 letters are different and of 
the other 4 two are alike of one kiud and two alike of another. 

(v) Combinations in which there is one letter different 
from any of the rest- which consist of 3 letters alike of one 
kiud and 2 alike of another. 

(vi) Combinations consisting of 3 different pairs of like 
letters. 
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It is easy to see that the above classification is exhaustive. 
Now to find out the number of combinations in each of these; 
classes. 

(i) Since we have altogether got 6 different letters, namely, 
p t r, o, t. i, u, there is only one combination in which all the 
letters arc different, i.e., the number of combinations in this 
class = 1. 

(ii) Combinations of this class are formed by taking ( p , p): 
with any 4 of the 5 letters r, o, t, i, n ; taking (r, r) with any 4 
of the 5 letters p , o, t, i, a ■ and taking (o, o) with any 4 of the 
5 letters p t r, t , t, n. Hence the number of combinations in 
this class = 3x r, Ci = 3x !i C\ = 3x5 = 15. 

(iii) Combinations of this class are formed by taking tho 
single group (o, o , o) with any three of the 5 letters p , r t t, i, n. 
Hence the number of combinations in this class <=» C C 3 = r, C a = 10. 

(iv) Combinations of this class aro formed by taking 

( p, p ; r, r) with any two of the 4 letters o, (, i, n ; taking 

(Pt P » °t °) wifi 1 any two of the 4 letters r, I, t, n ; and taking 

(r, r ;o, o) with any two of the 4 letters p, <, i, «. Hence the 
number of combinations in this class •» 3x 4 6' g a 3x6 « 18. 

(v) Combinations of this class are formed by taking 

( o , o, o ; P, p) with any one of the 4 letters r, t, \, n ; and taking 

(o, o, o ; r, r) with any one of the 4 letters p , 4, «, n. Hence the 

number of combinations in this class « 2 x 4 C 1 = 2x4 8. 

(vi) There is only one combination in this class (namoly, 
p t P ; r % r ; o, o). 

Hence the total number of combinations 

- 1 + 15 + 10+18 + 8+1 

- 53. 

Example 2. Find the number of permutations of tho letters 
of the word examination taken 4 at a time. 

We have altogether got 11 letters of which 2 are a,*2 are t, 
2 are n, and the rest different; thus the letters are :— 

(1) (2) (3) (4) (5) (6) (7) (8) 

*»«]; [s »]; [«»«]; [«]; [ * ]; [; [M; [ 0 ]• 

Now, if we form combinations of these letters taking 4 at a 
time, evidently in some combinations all the 4 letters will be 
different and in others not so; hence the combinations can be 
divided into the following classes 

(i) Combinations in which all the 4 letters are different. 
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(ii) Combinations in which 2 letters are different and the 
other two alike. 

(iii) Combinations in which 2 letters are alike of one kind 
and 2 letters alike of another. 


It is easy to see that the above classification is exhauitive. 
Now to find the number of combinations in each class and thence 
the number of permutations. 

(i) Combinations of thiB class are formed by taking any 
4 of the 8 letters a, i, n, e, x, m, t, o. Hence the number of 
combinations in this class - *C A . 

But from each of these combinations we get [4 permutations ; 
the number of permutations obtained from this class of com¬ 
binations — 8 C l x (4 — 8.7.6.5 — 1680. 

(ii) Combinations of this class are formed by taking (a, a) 
with any two of the 7 letters i, n, e, x, m, t, o ; taking (», i) with 
any two of the 7 letters a, n, e, x, m, t, o; and taking (n, n) with 
any two of the 7 letters a, i, e, x, m, t, o. Hence the number of 
combinations in this class — 3 x 7 C a . 

14 

But each of these combinations gives us ~ permutations j 
hence the number of permutations obtained from combinations 
ofthisclass — 3 x 7 C S x ^ — 3x21x12 ■> 756. 

(iii) Combinations of this class are evidently, (a, a, t, «); 
(a, a. n, 7i ,); and (t, t, n, n); i.e., they are altogether 3 in number. 


|4 

But each of these combinations gives us permutations; 

111 ± 

hence the number of permutations obtained from combinations 

Ii 


of this class — 3 x 


laii 


3x6-18. 


Hence the total number of permutations — 1680 + 756 + 18 

- 2454. 


B^ample 3. How many words, each consisting of two vowels 
and two consonants can be made out of the letters of the word 
‘devastation’ 1 In how many of them will the two f’s be together f 


(Calcutta University F. A. Paper, 1879). 
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We have got altogether 6 consonants, namely, d, v, s, t, f, n 
of which 2 are alike ; and 5 vowels, namely, 0 , a, a, t, 0 of which 
also 2 are alike. 

The combinations of the consonants taken two at a time can 
evidently be divided only into the two following classes :— 

(i) The single combination ( t, t) which consists of two like 
letters. 

(ii) Combinations formed by taking any two of the 5 letters 

d , v, s, f, n, those in which the letters are different) ; the 

number of such combinations being evidently = *(? a ■■ 10. 

And the combinations of the vowels taken 2 at a time are 
also divisible into the two following classes :— 

(l) The single combinations (a, a) which consists of two 
like letters. 


(2) Combinations formed by taking any two of the 4 letters 
e, a, t, 0 , (t.e., those in which the letters are different); the 
number of such combinations being evidently l C 9 — 6. 

Now, in finding the number of words that can be formed 
with 2 consonants and 2 vowels we must proceed as follows 

1st,* taking (t, t) with (a, a) we get one combination of 2 
consonants and 2 vowels ; and the number of words that we 


14 

get from this combination is clearly = -j—^ “ 6. 

2ndly, taking ( t , t) with any of the 6 vowel-collections in 
(2) we get 6 combinations of 2 consonants and 2 vowels ; each 
of these combinations, containing only 2 like letters, evidently 

gives us words. Hence, the total number of words obtained 
from these combinations 


- ex | - 72. 

3rdly, taking each of the 10 consonant-collections in (ii) with 
(a, a) we get 10 combinations of 2 consonants and 2 vowels; 
each of these combinations having only two letters alike evidently 

gives us words. Hence the total number of words formed 

Li 

14 

from these combinations — 10 x — 120. 
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4thly, taking each of the 10 consonant-collections in (ii) 
with each of the 6 vowel-collections in (2), we get altogether 60 
combinations of 2 consonants and 2 vowels ; each of these com¬ 
binations consisting of 4 different letters evidently gives us [4 
words. Hence the total number of words obtained from these 
combinations « 60x [4 = 1440. 

Hence, the total number of words 

- 6 + 72 + 120+1440 

- 1638. 

To find the number of words in which tho two <’s are 
together. 

From the 1st and 2nd of the above four cases we see that 
the group of letters (l, t) occurs altogether in 7 combinations; 
in one of these combinations, namely, (/, t, a, a) the vowels are 
like and in each of the other 6 the vowels are unlike. Hence 
considering tho two t’s as one letter, the number of words 

obtained from the 1st combination = = 3; and the number 

[2 

<?f words obtained from tho other six ■» 6 x [3 = 36. 

Hence the total number of words in which the two <’s are 
together — 3 + 36 - 39. < 

Exercise (73). 

1. Find the number of permutations which can be formed 
from the letters of the word thatch taken 3 at a time. 

2. Find the number of different groups of 4 letters that 
can be formed from the letters of the word succeeding. 

3. Find the number of ways in which the letters of the 
word toleration may be arranged taking 4 at a time. 

4. Find the number of permutations that can be formed 
out of the letters of the word legitimate taken 5 at a time. 

5. Find the number of combinations of the .letters of the 
word alliteration taken four at a time. 

* ' i 

(Calcutta University F. A. Paper, 1S39.) 

6. Find the number of different collections of 7 letters that 
Can be formed from the letters of the word accommodation . 

7. How many words eaeh consisting of 7 letters can be 
formed from the letters of the word iu the preceding example t 
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same order , and hence, these two arrangements are regarded 
as the same (although the letters do not occupy the same 
absolute positions in each ); but in (3) and (4) this is not the 
case, and bo they are regarded as different. ^ 

Hence if we want to place a number of things round a 
circle we obtain the different arrangements by putting one 
of the things in a fixed position and changing the positions of 
the rest in all possible ways. 

Hence, it is clear that the number of ways in which n 
persons can form a ring » \ n - 1, for if one of them be placed 

in a fixed position the remaining n - 1 persons can be Beated in 
the remaining n - 1 positions in \n - 1 ways. 


(ii) Put one of the Englishmen in a fixed position and 
then arrange the other six in all possible ways. Thus the 
number of ways in which the Englishmen may be seated « [6 
- 720. 

Let one arrangement of the Englishmen be as shewn in 
the figure. 



Then evidently there are only 7 positions (marked (1), (2), 
<?), &c. in the figure) for the Americans, consistently with the 
given condition. 

Hence for each way of seating the Englishmen there are 
(7 ways of seating the Americans. 

Henoe, the total number of ways of seating the Englishmen 
and the Americans [6 x [7 

- 3628800. 
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Example 2. In how many ways can 8 persons be seated at 
a round table, so that all shall not have the same neighbours 
in any two arrangements 1 

j ^ 

The total number of ways in which the 8 persons can be 
seated, one of them occupying a fixed position « [7_ =» 5040. 

E 


Let one of these arrangements be 



then A remaining fixed, evidently of the 5040 arrangements 

E 


another will be 



and 


it is evident that in both of these arrangements all the 8 
persons* have got the same neighbours (for instance, the neigh¬ 
bours of D, in the 1st as well as in the 2nd of these arrange¬ 
ments, are C and E, although the left-hand neighbour in the 1st 
arrangement becomes the right-hand neighbour in the 2nd, 
and vice versa ; similarly, every one of the 8 persons have got 
the same neighbours in these two arrangements). 

It is evident then that in whatever order B, C, D, E, F, 
G, H may be arranged from the right to the left of A, exactly in 
the same order they may be arranged from his left to his right ; 
and it is clear, os shewn above, that only in two such arrange¬ 
ments all the 8 persons have got the same neighbours. 

Hence, on the given condition, two such arrangements must 
be counted as one, and the required number of arrangements 

- 4 x 5040 

- 2520. 

Example 3. A gentleman inviteB a party of m + n friends 
to dinner, and places m at one table and n at another, the 
tables being round. Find the number of ways in which he can 
arrange the guests. 

Every time that he chooses a group of m friends for one of 
the tables, there is left a party of n friends for the other. Hence 
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the total number of ways in which the friends can be divided 

+ n 

into partieB of m and n « m + n C m - —. 

I * 71 If* 


Now, after having chosen the parties in any one way he 
«-an evidently place the rn friends at one table in jm - 1 ways, 

and the n persons at the other table in j/t - 1 ways ; hence for 
each way { of choosing the parties there are ,m - 1 x J»- 1 ways 
of arranging the guests. 

Hence tho total number of ways of arranging the guests 
_ w x . 'in - 1 x 'n - 1 \ 

~ Lmfe l ~-f 

fr/t + n 
inn 


Exapmle 4. Thcro arc 2a guests at. a dinner party. Suppos¬ 
ing that the master and mistress of the house have fixed seats 
opposite one another, and that there are two specified guests 
who must not be placed next to one another, fiud the number of 
ways in which the company cun be placed. 



In the accompanying diagram let M, M' represent seats 
of the master and mistress respectively, and let a, b, c, &c., 
represent the 2u seats. 

Let the guests who must not be placed uext to one another 
be callod and (« 9 . 

Now put G t at a, and G a at any other position, say,c ; then 
the remaining 2» - 2 guests can be arranged in the remaining 
2» - 2 positions in }2n - 2 ways. 

But when G t is at a, G 9 can have any other position, ex¬ 
cepting the. position b. Hence there will be altogether (2n- 2) 
x (2n - 2 arrangements of the guests when is at a.. 
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The same number of arrangements may bo made when G 
is at g, or h, or p. Hence for these positions (a, g, h, p) of a! 
there are altogether 4 ( 2/4 - 2)|2#* - 2 ways of arranging the 
^ests ... ... ~ ... ... (i) 

Again, put G x at b and G„ at any other position, say 7 ; tlion 
the remaining 2n - 2 guests can be arranged in the remaining 
2 a - 2 positions in i 2 /t - 2 ways. 


Hut when G x is at b there are altogether 2n - 3 positions 
for G 2 , namely,' every other ' position excepting a and c . Ilcnoo 
there will he altogether ( 2 / 4 - 3 ) '2a -2 arrangements of the 
guests when G t is at b. 

'I’he same number of arrangements can be made when G is 
at on y other position excepting the four position* a, 7, A, p. * 

Hence, for these 2 a - 1 positions of G, there will bo alto¬ 
gether (2// — 4)(2// — 3)jj// - 2 arrangements of the guests. ...(2) 

Hence, from ( 1 ) and ( 2 ), the total number of ways of 
arranging the guests J 


= 4(2a - 2)| in - 2 + (2m - 4)(2 n - 3)127* - 2 
= J4(2/i - 2) + (2« - 4)(2/t - 3)]j2« - 2 ' 

= (in* - G//+ 4)|27i - 2 . 


Nuft:. The uunver may also 
•*i r.iiii'crniMii, in wliii li < i, .uni t J a 
that fin In* inirlu, 

‘•tuilent. 


ha found hy su lit ranting the i.umher of 
arc together, from the total number of 
ami Liu* in left as an exercise for tlio 


Example 5. Prove that *C, + *C }1 + *c a + *C A ~ 2 * - 1 . 

Pit the 4 things be denoted by a . t , a 0 , « 4 . 

Evidently then the combinations of the things taken singly 
are a lf a 2 , a 3 , ; combinations of them taken 2 at a time are 

a l a. i , ai« a , «i a n I combinations of them taken 

3 at a time are a 1 a 2 a. i , a l u 2 a i , /i 1 a 3 a 4 , n a a a a i ; and lastly the 
combination of them taken all together is « 1 a a « 3 a 4 . 

Hence, it is clear that the terms, with the exception of tho 
1 st term which is 1 , of the product (1 +a ,)(1 + a 8 )(l +«.) 
(1 4”rt^) give us all possible combinations of the 4 letters a 

®8i ®.n ®4« 

Hence the total number of combinations 

— number of terms in the above product minus one 
* (2x2x2x2)-l 
i-e, 4 C \ + *C\+*C» v*C\ - 2*-l. 

Note. The student can easily verify the result by actual calculation. 
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Cor, Arguing as above it may be shewn that n C x + "C a + 
*6*8 + »ke. + n C n — 2* - 1. 

example 6. How many different sums can be formed with 
the following coins : a farthing, a penny, a six-ponce, a shilling, 
& half-crown, a crown, a half-sovereign and a sovereign 1 

We have altogether got 8 coins. 

Hence, the number of different sums that can be formed 

- H C\ + H C\ + 8 C 3 +.+ 8 C T + 8 C 8 

- 2 H - 1 

- 255. 

Example 7. Out of 3 Mathematical books, 4 Scientific books 
and 5 Litorary books how many different collections can be 
made, each collection consisting of (i) one book on each subject 
(ii) at least one book on each subject ? 

(i) With any one of tho Mathematical books wo can take 
any one of the Scientific books ; thus there are altogether 3x4 
ways of making a set containing one Mathematical book and 
one Scientific book. 

Now with any of theso 3x4 sets we can take any one of 
the Literary books ; henco the total number of ways of choosing 
a set containing one Mathematical book, one Scientific book 
and one Literary book — (3 x 4) x 5 «= 60. 

(ii) Since at least one book on each subject must be taken 
to form a set wo can choose one, two, or more books from the 
book on each subject. 

Now the total number of ways in which wo can select ono 
or more of tho Mathematical books ^ 2 5 - 1 = 7 ; the total 
number of ways in which we can select ono or more of the 
Scientific books « 2 4 - 1 *= 15 ; and the total number of ways 
in which we can select one or more of the Literary books » 
2*-l - 31. 

Now to form a set containing at least one book on each 

subject we must gather together any one of the 7 different 

selections of the Mathematical books, any one of the 15 different 

selections of the Scientific books, and any one of the 31 different 

selections of the Literary books; hence the total number of 
ways of forming such a eet ■■ 7x15x31 *» 3255. 

Example 8. Find the sum of all the numbers which can be 
formed with all the digits 1, 2, 3, 4, 5, in tho scale of 10. 
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Evidently one of the numbers formed with the 5 digits 
a, b, c, d, e, is 

10 4 .a + 10 3 .5 + 10*.c + I0.d+e 
and similarly every other number can be written. 

From this it is clear that a will have 10 4 as its co-efficient 
in as many numbers as there are ways of putting the other 
digits with the other powers of 10. 

Hence 10 4 .a will occur altogether in [£ numbers. 

Similarly, each of 10 4 .6, 10 4 .c, 10 4 d t 10 4 .e will occur 
in [£ numbers. 

Hence, if all the numbers formed with the digits be written 
one below the other, thus :— 

10 4 .a +10 3 A 10*.e + lO.cl + e 

10 4 .a+ 10 s .c +10*.6+ lO.d + e 
<hc. (he. (he. 

the sum of the first column will be 

= [4 x 10 4 .(a + 6 + c + cf + e) . (1) 

Again, since 10 3 .a, 10*A, 10 3 .c, 10 3 .<f, 10*.« will each 
occur in [4 numbers, the sum of the 2nd column will be 

* = [4 x 10*.(« + £ + c + </ + «) . (2) 

Similarly, the sum of the 3rd column 

=» l£x 10*.(o + 6 + c + d + e) ... ... (3) 

the sum of the 4th column 

= [£x 10.(a + 6 + c + </ + e) ... ... (4) 

and the sum of the 5th column 

■» (4 x(a + b + c + d + e) . (5) 

Hence, from (1), (2), (3), (4), (5), the sum of all the numbers 
that can be formed with the five digits 

l_4 x (a + b + c + d + e)x (10 4 + 10* + 10* + 10 + 1). 

Hence, the required sum 

- 14 x<l + 2 + 3 + 4 + 5) x (10,000+ 1000+ 100 +10 + 1) 

- 24x15x11111 

- 3999960. 

Example 9. There are n lines In a plane, no two of which are 
parallel, and no three pass through the same point. Their 
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points of intersection arc joined. Show that the number of 
fresh lines thus introduced is 


n(v — l)(n - 2)(n — 3) 


Let AB bo any one of the n straight lines and suppose it 
is intersected by some other straight line CD at P. 


A 



B 


Then it is clear that AB contains n - 1 of the points of 
intersection, because it is intersected by the remaining h - l 
straight lines in n - l diflerent points For a similar reason 
each of the other straight lines contains u - 1 points. Hence 
the aggregate number of points contained in the u straight 
lines = n{n - 1). lint in making up this aggregate each point 
has evidently been counted twice ; for instance, the point P 
has been counted once among the points situated on A B and 
again among those on CD. 


Hence tho actual number of points = n ^ n ^ , Now to 

2 

find the number of new lines formed by joining these points :_ 


The number of new lines passing through P is evidently 
equal to tho number of points lying outside the lines AB and 
CD, for we get a new lino by joining P with each of (hose points 
only. 

Now since each of the lines AB and CD contains n - 2 
points besides the point P, tho number of points situated on 
AB and CD *■ 2(«i-2)+l ** 2?i - 3. Therefore the number 
of points outside AB and CD 


n(n -1) 
2 ~ 


- (2n - 3). 


Hence the number of new lines passing through P, and 
similarly through each of the other points, 

- j 


and 

points 


the aggregate number of new lines passing through the 


n(»- 1) fn(« - 1) 
2 \ 2 
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But in making up this aggregate, every new line is counted 
ttrice ; for instance, if Q be one of the points outside A /> and 
CD t the line 1*Q is counted once among the lines passing 
through I* and again among those passing through (j. 

Hence, the actual number of fresh lines introduced 

- 4 [«(-i)(^i)_ (2u _ 3) |] 

n(n 1) ;/ a —5/t + G 
4 *2 


-1)(»_ *-»)(,/-3) 
8 


.V. It. Thu example han Leon wmkud out Ly the helj« of most elo- 
incntary principle* .uni the student is strongly i conn mended to see that, he 
comprehend') each step fully hcfoie proceeding t>» the next. The mode of 
reasoning followed in the solution expected to give the learner clearer view 
of the matter than any nuvhunicd application of formula-. 

Example 10. A trail) in going from Cambridge to London 
stops tit nine intermediate stations. Six persons enter the train 
during the journey with six different tickets. How many 
different sets of tickets may they have had ? 





S. 


The figure explains itself : S n 
the nine intermediate stations. 



'•it 




. H _ L 

Arc., S„ representing 


Let us first find the number of different tickets altogether 
available during the journey. 

Evidently at 9 different tickets are available one for 
each of the remaining 0 stations ; similarly at S 2 , 8 different 
tickets are available ; and so on. 

Hence it is clear that the total number of different tickets 
available during the journey = 9+S+7+6+5+4+3+2+1 

= 45. 

Hence the six different tickets must be any six of these 45 ; 
and there are evidently as many different sets of 6 tickets as 
there are combinations of 45 things taken 6 at a time. 

Hence, the required number 

45.44.43.42.41.40 

" 1,2.3.4 5.6 

- 3 x 11 x 43 x 7 x 41 x 20 

- 8145060. 


2—20 
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Note. The tickets are ull Huppot-eri to be of the awn class. If differ¬ 
ent daiwea of tickets were considered, the total number of different tickets 
would be 45 x the number of classes of tickets. 

Exercise (74). 

* 

1. Ten candidates pass an examination in the first divi¬ 
sion. Threo scholarships of different values are to be given 
among these men irrespective of their places in the examination. 
How many different scholarships’ lists could be made ? How 
many could ho made if the scholarships were of equal value ? 

(Calcutta University K. A. Paper, 1873.) 

2. In how many ways can 10 Mahomedans and 8 Hindus 
sit down at a round table, no two Hindus being together. 

3. In how many different ways can 10 beads of 10 differ¬ 
ent colours be strung on a thread to form a ring ? 

4. In how many ways can (> persons bo seated at a round 
table so that all shall not have the same neighbours in any two 
arrangements ? 

5. A gentleman invites a party of 12 friends to dinner, and 
places 6 at one table and 6 at another, the tables being round. 
Find the number of ways in which he can arrange the guests. 

0. There are 12 guests at a dinner party. Supposing that 
the master and mistress of the house have fixed seats opposite 
one another, and that there are two specified guests who must 
always lx* placed next to one another ; find the number of ways 
in which the company can he placed. 

7. Find the number of combinations of 16 things, S of 
which are alike, tuken 8 at a time. 

8. A gentleman has got 5 sorts of note paper, 8 different 
pons, and 4 different inkstands ; in how many ways can he 
bogin to write a letter ? 

9. Suppose in a certain Algebraical Exercise book there 
are 15 examples on Arithmetical Progression, 20 examples on 
Permutations and Combinations, and 18 examples on the Bino¬ 
mial Theorem ; m how many ways can a teacher select for his 
pupils not more than 2 examples from each of these sets ? 

10. Suppose in a certain town there are 3 H. E. Schools, in 
the 1st of which there are 12 teachers, in the 2nd 10, and in 
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the 3rd 8 ; if not less than 2 and not more than 3 teachers from 
each school must assist the Principal of the local College in 
superintending the I’niversity Examinations, find the uumber 
of ways in which supervisors can he selected from the schools. 

1 1. How many different collections of letters can he made 
by taking at least 4 letters from each of the words length , stroke , 
and number 1 

12 How many different selections of letters can bo made 
by taking at least one letter from each of the words random , 
noble, and t utegral q 

13. In how many ways is it possible to draw a sum of 
money from a hag containing a sovereign, a half-sovereign, a 
crown, a florin, a shilling, a penny, and a farthing] 

14. Find in how many ways groups of 8 persons, 4 ladies 
and 4 gentlemen, can he formed out of 8 ladies and 9 gentlemen, 
subject to the condition that two particular gentlemen are not 
simnfl'in-onsty to he in the same group with a particular lady. 


(Madras l T ni\orsity 1*\ A. Paper, 

15. .V telegraph has m arms, and each arm is capable of n 
distinct positions ; find the total number of signals which can 
he in<idc*witli the telegraph, supposing that all the arms are to 
ho used to form a signal. 

16. A telegraph has five arms, and each arm is capable of 
4 distinct positions, including the position of rest; what is the 
total number of signals that can he made? 


[When all the arms are in positions r»f re-tt no signal can lie made.] 

IT. There are n - 1 sets containing 2a, 3a, Am., ni things 
respectively : shew that the number of combinations which can 
he formed by taking a out of the first, 2a out of the second, and 

'n a 


so on, for each combination, is 





18. Von are given three classes of letters (a |p a a , a.„ 
a*) 5 (^n h*, b.i,) ; (<?i, c 3 ). Prove that the total number of com¬ 
binations which can be made with these letters when no two of 
the same class enter into any combination = u x 4 x 3 - 1. 

[The a’s can be disposed of *ln 5 way*, for we may take any of the 
four or none. Similarly, the b\ and c’h can lie disposed of in 1 and if ways 
respectively, lienee the number of diflercnt ways of disposing of all the 
letters =' ij < A » 3 Rut this includes the case in which no letter i* taken 
from any class. Hence &c/J 



308 


ALGKBRA MARK KASY. 


[Chap. 


19. A drawer is fitted with n compartments, and each com¬ 
partment contains n counters, no two of which are marked alike. 
Prove that the total number of combinations which can be made 
with these counters, when no two out of the same compartment 
enter into any combination, is (n + 1)* - 1. 

20. If 1\ denote the number of permutations of n differ¬ 
ent things taken r at a time, shew that 


P P 

P. + 1 « + 7 * +. 

1* [3. 


P 

+ = 2 " - 1 . 

I" 

(Mudnn I T niverity K. A. Paper, l^SO.) 
[See example !» woike<l out on page 301.] 


21. Shew that. 154 numbers loss than 1000 and divisible 
by ■) can be formed with the ten digits each digit not occurring 
more than once in each number. 


(Madras l’nivernity l*\ A. Paper, 1SS3.) 

22. Kind the sum of all numbers greater than 10,000 
formed by using the digits 1, 3, 5, 7, ft. 

23. If a points in a plane be joined in all possible ways by 
indefinite straight lines, and if no two of the straight linos be 
coincident or parallel, and no three pass through the same point 
(with the exception of tho n original points), then th% number 
of pointH of intersection, exclusive of the n poiuts will be 

n(n - 1 )(n - 2)(« - 3) 

8 

24. A mail train from Calcutta to Goalundo stops at 12 
intermediate stations. Seventy-five persons enter an interme¬ 
diate carriage during the journey with 75 different tickets. How 
many different sets of tickets may they have had ? 

25. Twenty-five passengers arrive at a Railway station 
and proceed to the neighbouring village. At the station, 
there are 2 coaches accommodating 4 each, and 3 carts accom¬ 
modating 3 each. Find the number of wuys in which they can 
proceed to the village, assuming (l) that the conveyances are 
always fully occupied, and (2) that the conveyances are all distin¬ 
guishable from each other. (Madras University F. A. Paper, 1881.) 

[The passengers can be divided into parties of 17 and 8 in 3lk C, y ways, 
and for each way of accommodating the first party there will be ' ) C* < ways of 
accommodating the second.] 

26. Trove by the theory of combinations that the product 
of any n oonsecutive integers is divisible by [n. 
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27. Show that 

" +l C, = n C r + ”C r . x . 

28. Shew that 3.6.10.14 . . . .ton factors is equal to 
(n + l)(/t + 2 )(h + 3; ... to n factors. 

(Madras University K. A. Paper. 1888.) 

,2n 

fWe have (h+1j(h t 2)(a + 3) . ... to a factors --- • # Ac. See ex* 

L". 

ample 3 worked out on page 271.] 

29. Prove, without assuming the formula for the number 
of permutations, that 

•/\ = •• 1 / , r + cx" 1 P r ,. 

30. In how many ways can eight different things be 
divided between two persons ? 

31. In how many ways can the following books be divided 
between two students:—3 copies of Tndhuutcr's Algebra, 
5 copies of Hamblin Smith's Trigonometry and 7 copies of 
Milton’s Paradise Lost l 


32 If A', denote the number of permutations of x ditler- 
ent things taken r together, shew that 

(J/+.V), «. .1/, + r J/ r l ..V l + r(, ;- 1) .1/.+ .... 

1. ^ 


... +1 .A/| A r _ | + A r , 

(Madras University 1*\ A. Paper, 187!*.) 

[Any (m-in) things can he divided into two groups, •>ne containing m 
tilings and the other, n tilings, lienee it is eu»y to see that any selection of 
r things out of the (ia-t n) thing.-, tan he placed under one or other of the 
following bends of cluM-itication :—(1) r things nil from the 1st group, (2) 
(r- 1 ) thing" from the first group and 1 thing from the 2nd, (3) (r- 2) tilings 
from the first group and 2 things from the 2nd, (1) (r- 3) things from the 1st 
group and 2 things fiom the 2nd, and so on.] 

.33. There are four hets of hulls of four different colours, 
red, white, indigo, black ; each set consisting of four balls 
marked 1, *2, 3, 4. Find the number of ways in which the balls 
can be put into four different boxes, each box containing four 
balls marked 1, 2, 3, 4, all of different colours. 

'Let (*„ /f a , //„ it A \ (ir,. ir t , ir 3 , irj, (/,, /„ /,, fj, 
and (B t , H , B a , B A ,) denote the respective halls of the different colour*. 
Let one of the groups of halls that can be put into the first box be Jt t W 9 
/, R t . Then /?,, U a , R t , can lie put into the other three boxes in i^_way« ; 
and it can be easily seen that for each of these ways there are only four ways 
of distributing the remaining i* nails among tlume boxes.] 
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34. In how many ways can a pack of 52 cards be distri¬ 
buted equally among four persons so that,—(a) each may have 
acc, king, queen and knave of the same suit, —(6) each nmy have 
ace, king, queen and knave all of different suits. 

(Madras University F. A. Paper, 1878.) 

[In solving (ft) take the help i*f the last example.] 


CHAPTER XVT. 

MATHEMATICAL INDUCTION. 

This is a method of proof by which the truth of a general 
theorem is deduced from that of a particular case of it. First 
of all wo find by actual verification that the theorem is true in 
certain simple cases. We then proceed to shew that if the 
theorem be true in any one case whatever, it must be true in the 
next case 'Phis fact being established, the truth 6f the case 
next to the one last verified becomes obvious, and thence that 
of the case next following, and so on. Thus, proceeding from 
ease to ease the theorem is found to be true universally. 

The method will be best illustrated by the following 
examples. 

Example 1. Shew by the method of Induction that the sum 
of n terms of the series 

1 + 3 + C + 10 + 15 + &C. 

is \n(n + 1 )(n + 2). 

(Hombay University P. E. Paper, 1891.) 

The sum of two terms of the series is obviously 4 ; also 
when n * 2 wo have ]J»(?i + l)(u + 2) = J.2.3.4. = 4. Thus 
the theorem is true when n •= 2. 

Let t„ denote the term of the series and 5 the sum of 
n terms. Then we have 

5 - 1+3+ 6 4-10 +15+ . . . +«* 
also *s ■ 0 + 1 + 3+ 6 + 10 + + + t m . 
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Hence, by subtraction, 

0 = (1+2 + 3 + 4 + 5+ ...tow terms) - t n ; 
t = 1 + 2 + 3 + 4 + *kc. to u terms 
n( n + 1) 


2 


Evidently therefore the r ,h term of the series 


•(**+>) 


( r + 1+ o\ 

and the(r + l) ,h term i? 

where r is any number. 

Now assume the theorem to be true when n = r ; that is, 
suppose 

1+3 + 11 + 10+15+ . . . + + 1 ^ 1 )(»‘ + -)• 


Then we must have 

1+3 + 6 + 10+15 ... + Kr + D + (r + l)(r + 3) 

•> V 


W- + i)(r + 2; + (r+1) i r + 2) 

(r+ l)(r + 2). 


(i 


'(»■+ 3 ) 


J(r+l)(r + 2)(r + 3), 


which shews that the theorem is true when n = r + 1. 


Thus it is proved that if the theorem be true when we 
take a certain number of terms, whatever that number may be, 
it is true when we increase that number by one. 

But we know that the theorem is true when 2 terms are 
taken ; therefore it is true when 3 terms are taken, and therefore 
it is true when 4 terms are taken ; and so on. Thus the theorem 
is true universally. 

Bzample 2. Prove by the method of Induction that every 
even power of every odd number wlieu divided by 8 leaves 1 
for a remainder. (Bombay University 1\ E. Paper, 1800.) 

First to prove that the square of every odd number when 
divided by 8 leaves 1 for a remainder. 
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Let n be any positive integer; then 2 m +1 is an odd 
number, and the next odd number is 2n + 3. 

Now assume that (2 m+ 1) 3 when divided by 8 leaves 1 for 
a remainder ; that is, suppose 

(2n+l) 9 = 8^+1, 
whero Q is an integer. 

Then, since (2m +- 3) 2 — (2m + 1)* 

-* (4n + 4).2 

“ 8(n + 1), 

we have (2 m + 3) 8 = (2 u + l) a + 8 (m + 1) 

— N(<? + n + 1) +1, 

which shews that (2» + 3)* when divided by 8 leaves 1 for 
a remainder. 

Thus it is proved that if the square of any odd number 
when divided by 8 leaves 1 for a remainder, the square of the 
next odd number does the same. 

But we know that this is true of 3* ; therefore it is true of 
5 a ; and therefore it is true of 7“ ; and so on. Thus ft is true 
universally. 

Hence it is proved that (2 m+ 1)* = 8(^ + 1. . . . (a) 

Let us now assume that (2m + l) s,,, t where vt is any positive 
integer, when divided by 8 leaves 1 for a remainder ; that is, 
suppose 

(2 + l) 3m - SQ' + 1, 
whero (/ is an integer. 

Then we have 

(2m + l) 3m ’ 2 - (2n+l) 2m (2M + l) a 

- (8(f + 1)(8Q+ 1 ) 

- 8(8^’ + ('*> + Q ) + 1, 

which shews that (2n+l) a " ,+a when divided by 8 leaves 1 
for a remainder. 

Thus it is shewn that \f any even power of 2n +1 when 
divided by 8 leaves 1 for a remainder, the next even power of 
2n +1 does the same. 
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But we know from (a) that this is true of (2n+ l) s ; there¬ 
fore it is true of (2n+ l) 4 ; and therefore it is true of (*2n + 1)* ; 
anrl so on. Thus it is true universally, which proves the propo¬ 
sition. 


Exercise (75). 


6 . 


■-= n*. 


Prove by Induction :— 

1. I 4 - 3 4- 5 4- &e. to n terms 

2. l a +*2 3 + 3 a +«fcc. to n terms « Ja(/t+ l)(2n+ 1). 

(Bombay University 1*. K. Paper, 188»5.) 
n(n 4- 1)] a 


3 . I” + 2 :i + 3 a + lire, to n terms 


{ n(n 4 
2 


I 


4. 1 :i + 3 a 4- o* 4- ite. to n terms = « a (2 n* - 1). 

- . - , 0 ,, o- „ . . /i a (n 4-1) 

O. I 4- 5 4- 12 4- 22 + o'o 4- Ac. to n terms = 


A + 5.7 + 79 + ltC - t0 ’ 1 tC ' nra - Min + 


3(in + 3) 

7. x n - a 11 is divisible by - a when n is any whole number. 

8. 9x" - a* is divisible by x 4- a if n be an nre,n whole number. 


CHAPTER XVII. 

BINOMIAL THEOREM. POSITIVE INTEGRAL 

EXPONENT. 

1 . To prove that (i 4 - .r)" - 1 4 - ”C\ r 4 - "C^.x- 4 - 
4- "C 4 .jr 4 4 - . . . 4 - .*•- 1 4 - n C f n .x n , where n is any positive 

integer. 

We know that 

(1 4- xy 1 = 1 4 - 2x 4 - x 9 

and = 1 4- i C l .x+ *C' B .**, 

(l4-*) :J **• 1 4-3x 4 -3jc s 4-* a 

and * 1 4 - n C\ x 4- a C 9 .x 9 4- 
(1 + ar) 4 =» 1 4* ix 4- 6x* 4* 4* :j 4-** 

and - l + *C l .x + 4 C' M z* 4* *C a .x* 4- 4 C' 4 .ar 4 . 
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These particular cases lead us to be inclined in favour of 
the truth of the general theorem, which we shall now prove by 
the method of Induction 

Assume the theorem to be true when n =» m ; that is, 
suppose 

(1 +x) m » 1 + M C\.x + m C^x ,t + m C a x :i + m C\.x l + . . . 

Then we must have 


(1 + » (l+x){l+ m t\.x + n 'C. i .x a +“ > C. i x ;i 

+ m C' 4 .a 4 + . . . + m C m at’”} 

- 1 + ("Vi + 1 )■* + CC-2 + m C\ )x a + ("*C 3 + 
m C\)x : '+{ m t\+ n (J a )x* + . . . + { m C m + 
m V m - l )x m + m C m .xr"'. 


Hut ,n C, + m C,_, 


[»* 

| r I in - t 

[m 


i m 


l 


and 




/• - 1 jm - r 4- 1 

= i { (»* - r + 1) + r f 

[r «i - r + 1 [ j 

vi + 1 

_ _ m H / f . 

— . * •" ^ r y 

[/* j#/i + i - /• 

_ *»+1 r> 

~~ in t i • 


Hence, (1+»)’"* 1 *» 1 +'" K1 6* 1 .r + mf l (J.,.x* + m+1 C 3 .x a + 
" M l C\.x A + ... + mf 'C m .x m + m "C m+l .x m ", 


which shews that the theorem is true when n = m+ 1. 

Thus it is proved that if the theorem bo true when n has 
any integral value, it is also true when that value is increased by 
one. 


Hut. we know that the theorem is true when a =* 4 ; there¬ 
fore it is true when n = 5, and therefore it is true when n *= 6, 
and therefore it is true when n ** 7 ; and so on. Thus the theo¬ 
rem is true universally ; i.e., for all integral values of n we have 

(l+*) n = 1 + *C t .z + n L\.x* +*C a .x :l + ... + "C*,, .a* -1 

Note. This theorem is known os the Binomial Theorem, ami 
the series on the right-hand side is called the expansion of (1 +x)”. 

Obs. The number of terms in the expansion is n + 1. 




XVII.] 


niKOMIM, THEOREM. 


315 


Cor. 1. Putting -x for x we have 

]i + ( _*)}« = 1 + -C, (-*) + •<.’,.(-*)*+*r„.(-*)»+ . . . . 

+"< 

t.«.,(!-*)" = l - •r I .4s4-«c a .** -•c n .* a + . . +(-*)". 

Thus, in the expansion of (1 -x) n , the terms aro alternately 
positive and negative, and the last term = ±x" according as 
n is even or odd. 

Cor. 2. Since (x +a)* = |x^l + 




(*+«)* “ **{’ +' i: '- a x + " C * “*i + ‘ C :‘- !.i + ••• 


x* " X' 

+ V/, 


, a”) 

'"V/ 


= ./- + •*(',.X” x a + n C\ i .x n -‘ i a i +* , 6' a .x n ” 3 a :l + . . . 
. . +"C n .a\ 

Similarly, ( x-a)" = x n -”(,\ j : n ~ 1 a + n <! i .e"~ 2 a* - ?C ;i .x*~ + 

• ■ ■ + V,, ( - «)• 

Example 1. Kxpaml (1 - 2*) 1 °. 

(F- 2x)"> « 1 + 1 °C', ( - 2x) + 14 >C.,( - 2x)' i + 1 «C :| ( - 2*)® 

+ 1 "6\( - 2x) * + 1 »6\,( - 2a-)-* + 1 «C 0 ( - 2*) rt 

+ 1 "C 7 ( - 2x) 7 + 1 %'„( - 2x) H + 1 °C\,( - 2x) ,J 

+ ,o r; UJ (- 2 x) ,w 

= 1-10.2x + 10 ’ 9 lx- 10 9 8 .8., :J + 10.9.8.7 
1.2 123 1.2.3.4 

- 19 f f 7 9 32c' + 10 ?■« 7 .G4*« - \° 9 8 .128 x 7 
1.2.3.4.5 1 2.3.4 1.2.3 

10 9 

+ \ 256x 8 - 10.512x 0 + 1024x l ° 

1 2 

= 1 - 20xr + 180x 3 - 960x :1 + 3360x 4 - 8064x n + 13440x rt 
- 15360/ 7 + 11520*** - 5120x'' + 1024* 10 . 

Example 2. Kxpaud (hx - 2y) 7 . 

{;(■-;)}’ 

/ r \ 7 /1 4y\ 


7 
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* - 4 i , )‘+- *?)■ * -‘--t - 

* 7 f 1-7 f i *\ J . 7.6/*y\* 7.6.5/4y\’ 

128\ \xj 1.2\x/ I.2.3\ x ) 

7.6.r»/4y\ 4 7.6/4y\ B /4y\" /4y\ 7 ^ 

1.2.3\sc/ 1.2\ * / ’ \ ac / \ x ) j 

x 1 J 7.4.y 21 4 a .y 3 35.4 a .y* 

128^ j: + a; 5 * or* 


35.4 4 .y 4 
+ y 




7.4" .y rt 


4 7 _y 7 \ 

* T 7 


:r 1 




21 


35 


128 32 


x : 'y 3 - * 4 y a + 70.e a y 4 

n J 


- 168jp a y B +224jry B - 12ty 7 . 


Exercise (76). 


Expand the following :— 


1 . - 3jA . 

2. 


/ 

\ * 


/ 

4 . 

y* - Vyj • 

5. 

( 2x — 3y 


Find the value of:— 

7. {a + N /«* -1;" + !«- >Ja* - 1}«. 

8. {2- A/f^"i]« + {2+ J\-x\«. 

9. \x + Jx* - l} 7 +{*- >/>-l} 7 . 


10. Expand + l - J" 
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2. To find an expression for the general term in the 
expansion of (jc + a)". 

The second term = n C x .x n " , .a, 

„ 3rd „ = "CV 

„ 4th „ = 

„ 5lh „ = U L \.*•“ ‘.a 4 , 

and so on. 

It is thus observed that the suffix of C in any term is one 
less than the number of the term, that the index of a is the same 
as the suffix of C , and that the sum of the indices of x and 
a is n. 

Hence, the (/• +• ])th term 

= n r,r’ r .'i\ 

This is called the t?nn t as by ^ivinj; suitable numeri¬ 

cal values to r, any term of the expansion can be found. 

Example 1. Kind the 7th term of the expansion of (u a + 3 ah)' x 

The required term — a :1 ) ;, .(3a6) ,! 

- ,j r a .(a ! *) 3 .(3rt&) # 

1.2.3 

= 01236a 1 


Example 2. Write down the 4‘Jth term of (a-x)* 0 . 

The required term = r,0 C lli .a' i .(- x) iH 

- 50 C'jj.a*.( - x) lH 

- 50 - 49 .a 2 .(-x) 4,< 

- 1225a** 4s . 

Example 3. Write down tlm co-elfioient of y in the expansion 




Suppose y occurs in the (r + 1 )th term of the expansion. 
Now, since the (r + 1 )'* t&rm ■> h O r [y % \ 

- 5 C,.c Br .y 10 “ ar , 
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if it contaiiiH y we must have 

10 -3r - 1 
and r - 3. 

Hence, the required eo etliciont 

= r ‘(\ c : " 

- 

--- 1 Or 

/ 1 ■ 1 * 

Example 4. Kind theco-etficientnf x s “ and x 1 ' in I c 1 - . ) 

(i) Suppose that x :i B occurs in the (r 4 l)th term. 

Then since the (r+ l)th term 

( _ i y 

__ I /1 ,.(! 0 4 > ' ‘ r 


« '-r, (- iyx* u - 7, t 

wo must have (50 -7r = 32, 

or, 7 r — 2S, r - 4 

Hence, the required co-olliciont 

- ,r ‘< 

- 1 ( - 1)‘ 

15.14 13.12 
1.2.3 4. * 

= 1365. 

(ii) Suppose that x~ 17 occurs in the (r+ l)th term. 
Then, as before, we must have 

CO-7- -17 

or, 7r - 77, r *= 11. 

Hence, the required coefficient 

- l *cv(-i) r 

- ls cv<-i) 

15x14x13x12 

1.2.3.4 

- -1365. 
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/ 1 \ :l ” 

Example 5. Find the term independent of x inf a; — . \ 

Suppose that the (>•+ l)th term does not contain x. 

Then, since the (r + 1 ;th term 

_ :w < ^ 

,.x ^ 

1)0 

we must have 3u -3c * 0 and r - a 
Keuce, the required term 

= 

= :U C'„.(- l) n 
3n 

= ( - 1 /*. , • 
a '2 n 

i 

Example 6. Prove that if the term .»' occurs in the ex pan 

sion of fjc+ * ) the co-elhcient of the term — . * # . , 1 

\ */ !*(//-!■) 1401 + »•) 

Suppose that, x' occurs in the (/i+ l)th term. 

Thefl, since the (/> + l)th term 

1 /’ 




(If 


_ «✓* . n 'if 

— ty , 

we must have n-'2p = rand = J(//-r). 

Hence, the required co-ctlieient 

= 

JP « - /' 

l« 

i(w - »•) £(" + /•) ’ 


Exercise (77). 

1. Find the 5th term of (a* - t^y 

2. Find the 9th term of (Jo - J6) 1 a . 

. (Calcutta Univernity F. A. Paper, IsCtf.; 



320 


alokuka made easy. 


[Chap. 


« i 1 i o 

3. Find the 8th term of (x-y- -x*y-) 

l i 

4. Find the 1 Dili term of ('2x*-i/*) 

(Calcutta I'nivorsity F. A. Paper, 1.S70.) 

5. Find the middle term of the expansion of («”*+■ jc'") 1 i . 
0. Find the two middle terms of (a + x ) 1 l . 

I X (l \ ^ ^ 

7. Write down the 4th term of ( - ) 

\ a x / . 

(Calcutta Cnivci «ity F. A. Paper. 1 S ‘8S.) 

8. Find the eo-eflieient of a 1 * 1 in (uj 4 - bx)' 1 . 

I jc 2 v 1 ' 

9. Find the middle term of ( 1 - ) , 

10 . Write down the eo-ellieieuts of a: 17 and a: 1 H in the 
expansion of (a* -bx : ') lt) . 

(Calcutta l*»ii\erHit-y F. A. Paper, 1S7*5.) 

11. Write down the co-ellieient of x 11 in (x - 2y) ,: \ 

(Calcutta I'nivcraity F. A. Paper, 1K.S3.) 

12. Write down the eo etlieient of x aM 1 in the expansion 

/ i \i 

(*~x) ' 

13. Find the term independent of x in 

\2 3 x)’ 

14. Shew that the middle term in the expansion of 


of 


(1 + *)»" - l- 3 - 6 -*c-( 2 « -_1) 

[m 


x w . 


[Since there are altogether 12 m 4 1 terms iu the expansion, evidently 
the {v \ })th term is the middle term, for it has n terms before it and h terms 
after it. For the subsequent part of the solution refer to the latter part of 
F.xample 3 worked out on page 271 in the chapter on Permutations and 
Combinations.] 

( I \ 

x * - ~~ j , find it 

10. If ** r occurs in the expansion of (* - M * prove that 

! 4n 


*(« -r)j^(2n + r) * 


its co-efficient is 
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3. In the expansion of (2 + x V the co-efficients of 
%erms equidistant from the beginning and end are 
equal. 

The co-efficient of the (r+1)'* term from the beginning 
*» u C r . And since there are altogether a 4-1 terms in the 
expansion, the (r+ 1)'* term from tho end has («+ l)-(r + 1), 
or n -r terms, before it; hence it is the (n -r + 1)'* term from 
the beginning , and its co efficient is m C n - r . 

But "6’ r — "C fl _ r ; hence the co-efficient of the (r + 1)'* term 
from the beginning is the same as the co-efficient of tho (r+ 1 )' k 
term from the end. 


4. To find the greatest co-efficient in the expansion 
of (f+x)“. 

The co efficients are ”C 0 , ”C lt ”C At ... H V n ; to find 
which of them is the greatest. 


We know from the chapter on Permutations and Com- 


71 

binations that if n be even n fJ r is greatest when r «- - , and if n 

£ 


be odd *G f r iR greatest when r = - l - ^ or l> + ^ . 

m - 

Hence when n is even the greatest co-efficient is ”G'„, and 


when n is odd it is "G' H _ l or , both of them being equal. 

a 


5. To find the greatest term in the expansion of 

+ a) n . 

Let the rth and (r+ l)th terms of the expansion be denoted 
by T r and T ri . t respectively. 


Then 

T r * m C r _ x .x— r * l .a r l , 

and 

T rJhl - -CV.M-'.a”; 

hence, 

T ri . % n - r +\ a 

T~ " r ’ x * 

• 

« * 

3".., 

Hence, 

T rtl > - or < T rt 

according as 

+ * - > - or < 1, 

r f x 


2-21 
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i.e., according as 
i.e. t according as 
i.e. t according as 

i.e. t according as 


n + 1 . _ _ x 

- 1 > * or < — , 


r 

a 

n + 1 

X 

- > 

= or < 

r 

a 

+• 1 


-> 

«* or < r, 

* +1 


a 


r < 

- or > - 


a 


+ 1 


(i) 


If - 


n + 1 


x 

a 


+ 1 


bo an integer, denote it by jo; 


then for all the values of r from 1 top-1, 7*^, > T r , t.e., of 
tho terms 7’,, 7 ? a , T ;i , «fcc., r J \,_,, 7’,,, each is greater than the 
preceding; 


if r — p 


T 

* 'M 1 


T ., i.«.. T „ t , = 7 


l‘ > 
'V 


rp 


«> 


if r>pt T rVX < T r , i.e.t of the terms I'Vm. 
7’«m i» e&uh * 8 1 ° 8S bliiin the preceding ; 


rn 


#>f 2* * />+ 




honce, in this ease the p ,h term of the expansion is equal to 
the (ja + 1 )'* term and these are greater than any other term. 


(ii) if be not an integer, denote its integral part 

* + 1 
a 

by (j ; then for all values of r from 1 to 7 , 7V, j > TV t.e., of the 
terms T lt 7 t a , 7’ 3 , *fce., 7^ 7', +1 , each is greater than the 
preceding ; 

and for all values of r from 7 +1 to «, T r¥ 1 < T n i.e. % of the 
terms 7' v+ll 7*,, a , 7 T , +3 , &c., TV, 7V +l , each is less than the 
preceding; 

hence, in this case the (7 + I)'* term is the greatest. 


N. B. By a similar mode of reasoning we can find out the numerically 
greatest term in tho expansion of (ar - «)" ; in this case we have to reject the 
sign of tho multiplying factor and proceed as above. 

It iB always best however to work out every numerical 
example independently of the general formula. The following 
examples will show how to deal with any particular case. 
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Example 1. Find the greatest term in the expansion of 
(2 + 3*) la when * - $. 

Let the r 1 * and (r + 1 ) ,h terms be denoted by T r and T r f x 
respectively. 


Then, 7- rM = / 


12 - r+1 3*\ j, 
r '!) 



Hence, 


T 


r f l 




.. 13 - r 5 

according as - x 

r 4 


= or < T ,., 
= or < 1, 


i.e., according as Gf>-f>r> => or < 4r, 
■i.e., according as G5 > = or < ‘Jr, 


i.e., according as r = or > 7®. 

Hence for all values of r up to 7, T, , , is greater than T, 
and for greater values, less ; hence the greatest term is the 8th 
and its value 

- "r; T .2«.(3 *Y 


12 . 11 . 10 . 9 . 8 

f. 2. 3. 4. 5 


05 


5 7 


- 15468750. 


Example 2. Find the greatest term in the expansion of 
(3-Ox) 11 when x ■= 1. 

We have numerically 


T riX 


Hence, T r + x > 

,. 12 - r 1 

according as —--- x — > 

i.e., according as 12-r > 

i.e., according as 12 > 

i.e., according as r < 




/12-r 1 \ 
l r 3 / 


r 

or < T. 


x T r . 


r I 


or <1, 


or <3r, 
or <4r, 
or >3. 
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Thus when r ® l or 2, T r+X is greater than T r ; when r « 3, 
T, ¥ i - T r and for greater values of r, T r+l is less than T r . 

lienee the 3rd and 4th terms are numerically equal to 
eaoh other and greater than any other term; and the 
required term 

- 1 l C* a .3°.(5x)* 

- ll ; l °x3 y - 1082565. 

Exercise (78). 

Find which is the greatest term in the expansion of each 


of the following :— 


1 . 

(X y\ lfl 

\2 “ 3/ 

when x « 8, y 

2. 

(2a+ 56)"* 

when a » 3, 6 

3. 

(4 + 3x)* s 

O-M" 

when x 4. 

4. 

when m «= 8, n 


Find the value of the greatest term in the expansion of each 
of the following :— 

6. (2 + 3x) 14 when x «* £. 

6 . (a + x)" when n » 9. 

7. (3 + 5x) H when x *= 

6. To find the sum of the co-efficients of the terms 
in the expansion of (l + x)\ 

Since (1+x)* - 1 + n C\x + *C , 3 x JI + .... +"6' M x*, 

putting x «* 1 wo have 

2*- 1 + n t\ +*C 9 + n C 9 + .... C„, 

t.«., the sum of the co-cthcients ■■ 2". 

Cor,' *L\ + n Cv + "C., + .... +*C n - 2"- 1 the 

total number of combinations of « things is 2" - 1. 

7. To prove that in the expansion of (1 +x)', the 
sum of the co-efficients of the odd terms is equal to 
the sum of the co-efficients of the even terms. 

Since (1+x)" » 1 +* , C 1 x + *C , i ** +*C s x s + .... +*C , *ae* f 
putting * • - 1 we have 

0 « 1 - "C, + m C 9 - *C a +"(7 a - *C t + &c .; 

1 + *G t + + «fec. - n C x +"C 5 + *C* 5 +&o. 
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Cov. Kach of these sums = half the sum of all the co-efficients 

™ i x 2" - 2- 1 . 

8. Miscellaneous Examples. 

Example 1. If A be the sum. of the odd terms and B the sum 
of the even terms in the expansion of (x + a)*, prove that 

A*-B* - (x*-a*)". 

Let the terms in the expansion of (x + a)" be denoted by 

^3» 

Then (x + a) n - t„ + ^ +1 2 +1 3 + . . . . +t n 

- (*„ + t a + t* + Ac.) + (f t + t H + t n + Ac.) 

* A + H ; 

and (x - o)" - ' 1 + f a - ( a + t A - f 5 + Ac. 

“ (fo + f* + f* +*€.)-(/! + ^3 + + AC.) 

- A - h. 

Hence, (e + a)" x (x - a)" =» (d + Zf) x (d - /f) 
i.e. t (x* - a 3 )" - d* -7i*. 

Example 2. If f 0 , / tl ' 8 , f.„ Ac. represent the terms of the 
expansioif of (* + «)', shew that 

(t 0 - t % + - Ac.)* + (f, - t a + f n - Ac.)* - (x* + a a )\ 

We have (x + a)" — a" + *C , 1 **' 1 .a + "6' 8 a*“*.a* 

+ * 6 , 3 »* - 3 .a 8 + .... +*(?„«• 

■■ < 0 + i|+< a + <3 + . . . . + ^«. 

Hence, since (x + at,* 

• x" + "C , 1 x" , " l .a» + "C' g x"~*.a*t* 

+ * , C' 8 x"~ I, .a 3 i s +* , C , 4 x ,, '' 4 .a 4 t 4 + Ac. 

■» x H + n C x x*~ l .ai - "C' a »"“*.«* - •G , 8 x"~ 8 .a®t 
+ "C' 4 *"“ 4 .a 4 + *6 , 6 x , '“ s a 8 t - "C e x n ~ n .a n 
- n C 7 x*~ 7 .a 7 i + Ac., 

.*. (* + ai)" - + - <8 l 

+ < 4 + t h \ - 1 9 - t 1 i + f B + - Ac. 

B (^0 ” ^j| + ^4 ** ^4 + fg “ AC.) 

•'•+(^1 - f 8 + t 5 - < T +< # - Ac.)t 


( 1 ) 
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Also, since (as-at)* 

•» ** - n 6* l as"” , .at + *C a ac*~ 5, .a a t a 
- *C 3 as ,,_3 .a 8 t 8 + n C i x*- A .a*i' 1 - &c. 

= as* —*C' l x"“ 1 .at-*G , 2 ** -a .a a + *C' a as"" 3 .a 3 t 

+ n C A a s*~ 4 .a* - H C r ,x n - 'a s t + tfcc., 

(as — at)* ■ + ~ 

— t 4 + < 7 t + / 8 - <fcc. 

■* (^y “ ^ 't' ifec.) 

-(<j - f 8 + / B - +&c.)t ... (2) 

Hence from (1) and (2), 

(as + at)" x (as - at)* 

“ {(to ~ f a+t A + tfcc.) + (f, - t a + 1 & - <fcc.)t} 
x {(^ 0 —? a + 1 1 — Ac ) — (t i — t a + tn — «fcc.)i}, 
i.e.,(x* + a 9 )*»(f 0 - <a + +«fec.)* +(/i - / a + t s - « 7 + &c.) a> 

Example 3. If a, 6, c, rf bo any consecutive co-efficients of 
an expanded binomial, show that (bc + ad)(b-c) *» 2(ac a -b*d). 

Let a, 6, c, d be the co-efficients of the (r - l)** 1 , r th , (r + l) <h 
and (r + 2) th terms respectively of the expansion of (1 •+*«)*. 


Then since 



(i) 


b 

a 



(ii) 

(Hi) 


c 

b 

d 

c 


^Cr 

'C'r-X 

m c L „ 

"Cr 


From (i) ~(r-l) 


--. we must have 
r 

«-(r-l)+l n-r + 2 

r - 1 r - 1 

n - r + 1 

— —i 

n-(r+l)+l n-r 
r + 1 ™ r + 1 ’ 

u-r + 2 


>i (») l r -«-r + l 

„ (iii) ^(r+1) - »-r 

c 


• • • 


• II 


( a > 

w 

M 
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Now, from («) and (/J), by subtraction, 

1, 


b , ,» c 

( r ~ 1) - A r 
a o 


or, 


■a-i) 


1 + 1 . 

a 

6 (a 4- b) 

b % - ac 


similarly from (/i) and (y), 



b(c + d) 

r " <7^(7 ' 


Hence, 


c + d 
c a - 6c/ 
or, 6 a c-ac a +b*d-acd 
or, 6 a c + abd - be a - acri 
or, (6c + acf)(6 - c) 


a + 6 
b* - ac ’ 

ac a — «6<i + 6c a - 6 a d, 
2 (ac a -6 a ,f), 

2 (ac a - 6 a d). 


Example 4. If (1 + x)" = o 0 4 -a,* + a a a: a + a a x 9 + *fco. +a n a; H , 

find the value of a 0 +* 1 + tta + a !* + <&c. + • 

23 4 «+1 


The given expression 

*/* */* n/7 

- 1 + ^+- 4 *+-?^ + 


2 


*6\, 

n+ J 


» + lp + 1)+ 2 + ~ 3 + i + 


(n+l).*G' w 


»+1 


} 


— + " + ‘C 5 +* +, C, + 

n+ 1 ^ 

.... +" +, C 


* \ 

'»4-l r 


1 

» +1 


(2* +1 - I'l. 

Cor. Art. 6l 

V ; 

L J 
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Example 5. If (1 + *)" - Pq+PiX+p*** + ■ •. • +p** w » 

find the value of p 1 + 2 p % + 3 p 9 + dec. + np m . 


(Calcutta University F. A. Paper, 1882.) 

The given expression 

- 9 C\ + 2."C a + 3.%’j, + 4.*G\ + . . . + n."C.. 
But r.*C, « r. - i W ^Y~ " n. H ~ l C r _ x ; 

fc. |w-r \r - 1 |?i -r 1 


. the given expression 

— n + n. n ~ l C l +n. n - l C a +n. n - l C n + . . . 4-»."“ 1 C*_ l 

- n{l + "- l 6 , 1 +’*-'C a + -- | 6’ # + .... + n - 1 C._ 1 | 

** n . 2 ,, " , . 


Example §. I (1 4-x)*»a 0 4*a l x4*a a x a 4-a s x 3 4 -. 
fiud the value of a 0 * 4-a 4 9 4-a„ 9 4- .... +o w ®. 

Since (l4-x) w -• a 0 4*a 1 x4*a a x 9 4- .... +a r is", 
putting for a?, we have, 


.4-a 




( 1 +- 1 )'- o 0 +?>+“;+ .... +“:• 

\ X / X X 9 X* 

Therefore, {a 0 4- <*i.x 4* a a x 9 + «fcc. 4- a M x w } 

x f a o 4 4* ®| 4-<kc. 4-®:} 

u xx 9 as J 

« (I + *)*" /]) 

X* 

Hence, equating the terms independent of x on both sides, 
we have, 

o 0 *'4-«i 9 4-« a 9 4-. . . .4-o w 9 

■■ term independent of x in ~(1 4* x) 9 * 

■■ co-effioient of x m in (1 4- x) 9 " 

- **C m 
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N. B. It is assumed in the above solution that the equation (1) being 
identical , (i.e., true for every value of x) the co-eflluient <>f any jnjwer of r on 
one side is equal to the co-efficient of the same power of jr on the other. 
A formal proof of this theorem will lie given later on. 

Example 7. If generally n r be the co-efficient of the (r + l)*h 
term of (1 + z) n show that— 

(n + p) r « n r + n,_ x p x +n r _ a p t + .... + n x p r _ x +p r . 

Since n r is the co-efficient of the (r+l)* 11 term of (1 + *)”, 
therefore also p r is the co efficient of the (r + l) th term of (l + *) ,> 
and ( n+p) r is the co-efficient of the (r+ l) th term of (1 + x) v+l ‘; 
hence we have 

(1+af)* — 1 + n r « + n.jX* + » a x* + . . . + n r x r + «fcc., 

(1 +xy =* 1 +p x z+p a x* +p a x* + . . . +;?,.**+tire., 
and (l+*)* +p «= 1 + (n + p) x x+ (n + p) t x 9 + .... +(n + p) r x r 

+ «fec. 

Therefore identically 

1 ■*- (n + p) x x + (n + p) 9 x * + &c.+ (n+p) r x f, + &c. 

— (1 + n x x + n 9 x* + Ac. + M f .x r + Ac.) 

x (1 +p x x + p 9 x* + Ac. +p r * r + Ac.). 

« 

Hence, equating the co-efficient of x r on the left-hand side 
with that on the right-hand side we have 

(n + p) r - »r + Ur-lP\ +^r-iP» + ••• +H\Pr.l+Pr • 

Example 8. Find the value of a - (a + b)n + (a + 2 b) n ^ n ^ 

1 .A 




The given expression 

-.{l—+ 'L>-+ . . . to (. +1) termsj 

- j/re - n(n - 1) +—- ... to » termsj 

- a(l - 1)* - Jn(l - l)-» 

- 0 . 
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Exercise (79). 


1. Find the value of 


2 . 


ao G\ \ + *°C a + 
Find the value of 


+ *°C a( , 


aa c\ + in c a + ‘ itl C R + * n C 7 + . . . +* fl C a . v 


3. If C r denote the number of combinations of n things 
taken r at a time, shew that 


(j (i + C 9 + (7 4 + ... * + C' 8 + C B + .. 


(Calcutta UniverHity F. A. Paper, 1878.) 

4. If the co-efficient of the (p + l) th term of the expansion 
of (I+df) M '* bo equal to that of the (p + 3) th term, shew that 
p n - 1. 

5 . (liven that the co-efficient of the pth term of the expan¬ 
sion of (1 +#)" — P t and that of the (p + l) 11 * = F ; find «. 

6 . Provo that four times the product of the sums of 
the odd and eveu terms of the expansion of (u + 6) n ■* (a + A)*" 
-(a-A) 2 ". 

[Expand (n -f- /<)* and (a -/»)• and take the num and difference of the 
results.) 

7. Find the rth term from the begiuniug, the # rth term 


/ 1 \ 2 " 

from the otid, and the middle term of fas- j . 


8 . 


Find the (r + 2) ,h term from the end in 



a»+i 


9. If a, A, c be three consecutive co-efficients in the 
expansion of a power of 1+ar, prove that the index of the 

2 ac + b(a + c) 


power is 


A 2 -ac 


and that the number of the term of 


which a is the co-elficient is . 

6 * - ac 


[ 


We have 


a 


n-r 
r+ 1 


and 


(Bombay University P. E. Paper, 1890.) 

H 11 

b “ “r + 2 J* 


10. Prove that the co-efficient of the (r+ l)th term of the 
expansion of (l +a?)* +1 is equal to the sum of the co-efficients of 
the rth and (r + l)th terms of (1 +*)*. 
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[Let (!+*)" = <i,.r + a jr* + rfe. + «.x* ; multiply lw»th aides by 

1 + x and then equate co-efficients of z r .] 

If ( 1 + x) n = a 0 +rt,* + a s x* + drc. + a n t H , find the values 
of:— 

11. (Zg&| t 4“ * • • • 1 " 

12. "f "t* ■ ■ • • ^11-2®!!* 

13. a u + 2dj + 3dj + 4(t<j + . . +(w + l)a # . 

[The given expression ~ («„ -t- a , + rc a + kc. + <i H ) + (*r, + 2«„ + 3a„ -I- kr. 
+ »u( q ) ; now refer to example 5 worked out on page 328.j 

14. •! + *?» + ■*£».+ ....+."*• . 

a 0 a x a % a n-\ 

15. Trove that 

. 1 + x n{n - 1) 1 + 2r _ n(n - Jt](» - 2) 1 + 3x . 

,l f + ?«s + 1.2 ‘(l+nx)* 1.2.3 ’(l+nx) a 

- 0. 


CHAPTER XVIII. 


BINOMIAL THEOREM ; ANY EXPONENT. 

1. To prove the Binomial Theorem for any 
Exponent. 

We know that when m is a positive integer 

.. , »i(m-l) m(m- 1 )(m- 2) . . 

<1 + x) m - 1 +«*+ ' x* + t*i<T --* s +itc. 

t.Z 1 Z.o 

f 

To prove that this equality also holds when m is either a 
positive fraction or any negative quantity. 

Let the symbol/(m) stand for the series 1 +mx+ | „ -x* 

1 a i 

+ m(m !)(** ^x 3 + «fcc. for all values of m whether positive 

or negative, integral or fractional ; 
then f(n) will stand for the series 

1.40 1 •Z.U 
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and f(m 4* n) will stand for the series 

i+<«+»)*+i m - + n)(m -V‘- »>,. 

1 .J 

(w + M)(m + n-l)(m+n-2) 3 
+ j-;o * + * c 

Evidently then when m and n are positive integers we can 
put(l+*) m - f(m), (1 +«)“ - f(u) and (l+*) w+n - f(m + u), 
and it is to be now proved that we can also do this when m 
and n are fractional or negative. 

Now, since by actual multiplication 

{l+m* + "fcri),. + 2 ->*» + Ac. } 

x {l + «(«-K-Wac J 

- 1+(»+»)*++.„*»+—~ l *J* 4 

(m(m — l)(m - 2) mn(m - 1) tnn(n - 1) n(n - l)(n - 2)1 

I i.2.3 ‘ + 7 1.2 + " i.2 + ra.y ) x ‘ 

+ ifec. 

n 

- l+(»+»)*+ <TLt•I"-<•+»),. 

1 .J 

J m(m % - 3m 4- 2) 4- 3m»(m + n - 2) + n(n* - 3n + 2) 3 t 
+ . * +,fcc - 

- i+(«+»)*+<* +.**>(»+? 

I»A 

(m a 4 - n a ) - 3(ro* 4- n* 4- 2mn) 4- 3mn(m + n) 4- 2(m -I- n) ^ a + ^ 

1.2.3 

- 1 + (m + »)x + ( -+JLX« + » - L>,. 

(m 4- n){(m* - mu 4* «*) - 3(m 4- n) 4- 3m« 4* 2}^ 3 ^ 

+ ___ x + *c. 

- 1 + (m+ »),+ 

1 ( **•*• !*]{( m 4- n)* - 3(m 4- n) 4- 2} a . 

. 1.2.3 ' ‘ 
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— 1 +(«* + n)x + 


(»* + n)(tn + n - 

1.2 





(»* 4- n)(m + « 1 )(m + n - 2) 

+ -- — -'*+*«•. 

it is clear that for all values of m and n we have/^m) xy(«) 

= /(/« + »). 

Hence, f(m) xf(n) x/(/>) « f(m + n) x/(p) 

= fm + n+p). 

Proceeding tlius wo have 

f(m) x/(/<) x/(jw) x «fcc. to r factors 

- j\m 4 - n f /> 4- ifro. to r terms). 


Let each of the quantities /n t n, p, ifce , he equal to 
where s and r are positive integers j 

••• { A l )}'' - •*> * 

but since * is a positive integer, f(S) — (1 + x) J ; 


{X:)F 


But 


(!+•*) 

••• 

^ stands for the series 


1 + x + 
r 


1.2 


r a + Ac ; 


s 

f 

V 


(i+x)’ - i+ **+ -4 a +«kc.; 

which proves the Binomial Theorem for any positive fractional 
index. 

Agftin, since f y m)xf(n) — /(?» + n) for all values of m 
and n, putting - n for m (where n is positive ) #e have 

/(-*}*/(*) - A * n + *) 

•A 0) 

- 1, 
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since every term of the series denoted by /(0) except the first 
vunishcs; 

An) “ /( - 

but/(n) «» (l + .r)* for any positive value of w, 

(i l, r ~ A ~ n) 

or, (1 +*)-'•= /(-«). 

But /( - n) stands for the scries, 

i / \ ( - w)( ~ n - 1) „ . 

1 + ( - n)x + ' - ' js*+Ac. ; 

1.2 

(1 +*)'■- 1 +(- «)* + ^ - W - ^ +itc., 

1. J 

which proves the Binomial Theorem for any negative index. 

Thus the Theorem is completely established. 

Cor. When n is fractional or negative the number of terms in 
the expansion is unlimited 

Example 1. (live the first four terms of the expansion of 

i . (Culi'utta rnivt*rsity F. A. Paper, 1870.) 

(2-3x*y 

1 1 

(2 - 3ac a )* 2*/ 1- ~ 

4 


1 f. 4 3i» . 4.9 9** 4.9.14 27*“ * 1 

jlj 1 f S-T + 5«.? 4 ■ + 5W8- + * # - ) 


1 f- "6 . . 81 , 567 


% 
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Example 2. Find the (r + l) th term in the expansion of 

mi / i\*u 4. £(£“ l)(i “2) . . . . (h -r+ 1) 

The (r + l)th term = —-- r -Ai- -x f 

lr 

U-1H-3)-( - 2r + 3) r 

= - - - 3 r. r * 




taking out — 1 from each of the r - 1 negative factors in the 
numerator. 

Example 3. Find the (?• + 1 V* 1 term in the expansion of (1 - x)' 
The (r+ l)th term = ' ' , ( ~ x )- 

lr 


(-*) 


_ ( - 3)( - 4)( - 5).Jkc.< - r - 2) 

lr. 

. ( _ 1) ,.3.4.5.Ac.(» +2) ( _ 1) , i , 

Lr 

, 1 3 4 5 ifee. (r + 2) 

" ' ' ’ 1.2.3. A-e.r 

as + y(* +cancelling like factors 
iu the numerator and denominator. 

N, B. It should be borne in mind that when n. is fractional or negative 
we mnnot put *Cr for the co efficient of the (r+ l,.th term. 

Example 4. Write down the rth term of the expansion of 
^1 — (Calcutta University F. A. Paper, 187S.) 

Tbe rth tlrm - KfrlHfr ?).* c :(irr. + . 2 ) . (-*)"• 

|r - 1 

Sl(-!)(-S).*c. (-2r+7), 

2 r "*.|r-l v ' 
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'et 

/ i \r-a 1*^®*®* ^ c ‘ (^ r “ / _ nr-i ~r-: 

' 2 r_1 |r - 1 V ' ' 

i- # 


for values of r greater than 3 ( *.* of the i*-l factors in the 
numerator 2 only are positive and the rest i^ptive) 

-(-!)’ .. 


kllr 4 3 1.1.3.5_<2**^7) r _, 


2 


T— 1 


r - 1 


- x 


.j 1.3.5.(2 r - 7) r , 

2—>|r - l-•*' ' 


Example 5. Show that the co-efticient of x r in the expansion of 

o + .)i i. ^Ld-L-^5^ ,. ir ». 

(Calcutta University F. A. Pajier, 1884.) 
Since x r occurs in the (r+ l)th term, 
the required eo-efficient 
_ a(§ - l.X* - 2) . . (§ -r + 1) 

ir 

5.2.( - 1)( - 4)( - 7). . . ( - 3r + 8) 


3 r [r 


(- 1 ) 


r . tt 5.2.1 4.7.(3r-8) 

3']r " 


( *.* of the r factors in the numerator 2 only are positive 
and the rest negative) 

101.4.7.(3r-8) 

C 7 • ■ ■ — ■ - —» 

3' |r 




Exercise (80). 


1. 

Expand (l - x )~ 1 

to 10 terras. 

2« 

Expand (1 - *)~ a 

to 

8 terms. 

a 

Kxpaud (1 - jc)“ a 

to 

7 terras. 

4. 

Expand (l 

to 

5 terms. 

5. 

Expand (1 - 2.r)“ 3 

to 

5 terms. 

6. 

Kxpaud (l+ !f)i 

to 

4 terms. 

7. 

Expand (9 - 

to 

4 terms. 
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7 \ 

8. Expand (1 -x 2 ) 5 to 5 terms. 

_5 1 

9. Expand (1 — x) 3 to I terms. 

10. Expand jj^l - to 5 terms. 

11. Expand (3a -1 - 2x)~ A to 5 terms. 

12. Expand to 4 terms. 

(ax - x 3 )* 

13. Write down the co-cllieients of x" and x 10 in the 
expansion of (« :i + 3^x 2 ) _r ‘. 

(('ftleutta rnivcrnitY F. A. Riper, 1S78.) 


l l 


14. Write down the 11 tli term of (l — 2x 3 ) - . 

15. W rite down the (>- + l)th term in the expansion of 
i 

(1 -px)p. 

16. Write down the (r+l)th term in the expansion of 

1 • 

Vl-x' 

7 

17. Find the (r + l)’ 11 term in the expansion of (1 - 2x) -. 

18. Find the r ,h term of ( a 2 + r 3 )" 3 . 

19. Find the co-efticicnt of x* 8 in (a 5 -£ 3 x 2 ) 3 . 

20. Find the 14 th term of (2 10 -2 7 .x) 2 . 

21. Expand-—— 

(a 3 — as 8 )* 

^r + l) th term of the expansion. 


to "» terms and write down the 


22. Write down the r th term of the expansion of (a - x)~ - . 

(Calcutta University F. A. Paper, 188.1.) 

23. Find the (r + l) th term of (1 - 2X)”"*. 

(Calcutta University F. A. Paper, 1889.fr 


2—22 
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2. The expansion of (l + x) n by the Binomial 
Theorem iB not alwayB arithmetically intelligible. 

For instance, aince 

(l-*)” 1 - l + x + x*+x*+x* + . . . (1) 
putting x — 2, we have 

- l+2 + 2 a + 2 3 + 2 4 + . . . 


This curious result certainly justifies us in holding that 

a »(»-!)(»- 2 ) 


1 + nz + -y|- g —* a + - , 2 . 3 


+ 


is not in all cases the true arithmetical equivalent of (1 + x) n . 

Now from the formula for tho sum of a Geometrical 
Progression, we know that the sum of the first r terms of the 
series (1) 

\-x r 1 x r 

l - X l - x l - X 


and when x is numerically less than 1, by taking r sufficiently 

x r 

large we can make , as small ns we please ; that is by 

1 - x 


taking a sufficient number of terms the sum can hoc made to 
differ as little as we please from -- Hut when x is nu- 

k — X 


morieally greater than 1, the value of 


.— increases with r 
1 - x 


and therefore no such approximation to the value of 


1 

1 -* 


is 


obtained by taking any number of terms of tho series 

1 +x + x* +x a +x* + .... 

Thus the expansion of (1 - x)” 1 in ascending powers of or 
iB urithmeticully intelligible only when x is less than 1. 


N. B. It in easy to nee however that we enu always expand (x + y)» 
by the Binomial Theorem, for we can write the expression in either of the 
twoj following forms 

-KM 1 -;) - ' 

and use the /irst or the Recoud of them according an x is greater or less 
than y. 
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3, To find the numerically greatest term in the ex¬ 
pansion of (1 +#)*, for any rational value of n, 

A general discussion of this is not quite necessary as any 
particular case can be dealt with exactly in the method illus¬ 
trated in Art. 5 of the last chapter. 

A few particular cases are solved below :— 

ESxample 1. Which is the greatest term in the expansion of 

91 

(1 + x) sT, when x = 


7\ 


r+l 




X 1\. 



Hence, 7 f r4 1 

> - or < T r 


2 n_ r 2 

according as . * 

> — or < 1, 


according as 23 - 2r 

> - or < 3r, 

Z.d.| 

according as 23 

> «= or < 5r, 

l.rt., 

according as r 

A 

II 

o 

►1 

V 


Thu% for all values of r up to 4, 7 ? r . M 


and for greater values of r, 
5th term is the greatest. 


T tA x is less than 7’ r . 


lienee, the 


Example 2. 

(1 +x)~* when x 

T r M 


Which is the greatest term in the expansion 
=■ l and u «= 3 1 


( ,l+ r numfirical h 

(~;:k 


of 


Hence 
according as 


7 r+l > 

2 + r 5 
r 7 > 


or <* T r 
or < 1, 


according as 
i.e. t according as 
*.e. f according as 


10 + 5r > «* or < 7r, 
10 > — or < 2r, 
r < — or > 5. 
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Thxis for all values of r up to 4, T rt l is greater than T r l 
when r *» 5, 2' rfl ■■ T r ; and for greater values of r, 7 T r+1 is 
less than T v . 

Hence the 5th and 6th terms are the greatest. 


Exercise (81). 

Which is the greatest term in each of the following expan¬ 
sions 1 — 

1 . (l+x)~* when a: «= 1 and n = 12. 

2. (1 - 7x) 1 when x » 

:i 

3. (1 + *) a when x - 

4. (5- 4af)“ T when x = i. 

i i 

/ a 

5. Which is the greatost co-eflioiont in (1 +j;) v ? 

4. A few important applications of the Binomial 
Theorem. 

fixample 1. Evaluate J'2\ by means of the Binomial Theo¬ 
rem to 5 places of decimals. 

(Calcutta University K. A. Paper, 1S72.) 
J24 - (24)* - (5 s -1)* 



- B[1 - ( 02 + *0002 + -000004) - <fcc.] 
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* 5(1 - 020204) [neglecting the other terms] 

- 5 x *979700 

- 4*89898. 


Example 2. Find the value of y3128 to 5 places of decimals 
•y.'ll28 » (3125+3)* 

= (5 s +3)-* 

-•KO* 

rr | 13 »(» - 1) 9 

I 5 .*)•■ 1.2 5 1 ° 

J. 3 1.4 9 

" l 1 + 5i-l,3F* + * C ' 

. 3.2 ,! 18.2‘s , 

,+ 10“ ■ 10>» + ,Vx '- 


rfl 1J - \ 

“ Jl + 1000,000/ 

(the next*term is neglected as more than five figures after the 
decimal point will he zeros) 

= 5x 1 000192 
= 50009G. 


Example 3. If x be small compared with unity, shew that 

J\ + 7 + Vl\ - r)* 
i +x+ yi+ x 


1 - nearly. 


Since x is small compared with unity wo can neglect x 2 , x :i . 
Arc., and so for an approximate value it will be sufficient to 
retain only the first two terms in the expansion 'of each 
binomial. 


Hence the given expression 
^ (1 +*)^ + (1 - :r) :T 
1 +x + (1 + ar)^ 

_ (1 + + {l-g«) 

1 +jf + (l + J*) 
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l + f* 

- (i -,VO(i + >r 1 

- <i - - W 


■■ 1 — — *x (the term involving as* being neglected) 


- 1 - s*. 


Example 4. If e be a quantity ho small that c 3 may be neg¬ 
lected in comparison with l 9 , shew that \4r c + \4‘ c iawr!f 

3c* 


nearly equal to 2 + 


4Z* 


(Calcutta University F. A. Paper, 1888.) 


We have 



(negleoting the subsequent terms since each of them contains 
.a 

as a factor and is therefore very small) 

. 1 c 3 c* . 

" *" S' I + 8'i* ’ 
and in like manner 



_ 1 + i.i + ic 

1 + 2 ' I + H i* 
Hence, the given expression 


3 e* 
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Example 5. Find the first two terms in negative powers 
of x of the expansion of 

x — A r 4” A . , 

- _ -—' where x is large compared 

{(* + A) a + A* 1 , j* 

with either h or k. 


x - h 


(Calcutta University F. A. Paper, 1880.) 
x-h 


(-*)■ {i*5±VJ ! 


IS 


{neglecting higher powers of which are all very small, 

(* - A) 

because x-h is large compared with k) 

3 A* 


(*-*)’*{ 


1 + 


2 (as - h)* 
(* - h)* 2 (x - A) 

1 _ 3 *! JL 

(x-h)* 2 \x-h)* 


) 


-iKr-sKr 

- I(l + 2.A + 3.*,+4.*,+ic.) 

-so**-: ♦*£♦*).< i > 


In like manner 
* + h 


x + h 


{(* + A)* + *.}t (*+*)*{l + 
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- 3 *7i- 4 m 

* + 1.2»* ) - (2> 

Hence, subtracting (2) from (1), the given expression 

- "‘+ a ‘ s ( w ->M**) + *e. 

- 4Ax“ s +(8A B -12A*A)*- !t +ifcc. 


Exercise (82). 

1. Kvaluate the seventh root of 127 to five places of 
fleoinmls. 

2. V 'xtract the cube root of 1*03 to four places of decimals. 

3. Kind the fifth root of 244 correct to thret^placcs of 

decimals. (Calcutta University F. A. Paper, 1887.) 

4. Kind to four places of decimals the value of *7ION. 

Kind to five places of decimals the value of :— 

5. V ;tl - 6. V l3li - 7. -ytfOK 

If x be so small that its square and higher powers may be 
neglected, find the value of: — 

_ Q <i-?)*+(! r 5 *) 1 

n/4 + x VlC-a? 

(8+3x>5 

10, (2 + 3x) V4 -5-c * V(1-4 jc) 3 +V9 + ^' 

5. Miscellaneous Examples. 

Example 1. Write down the sum of 

1 1.3 1.3.5 
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The given expression 

- <wp = (j)'» - i-mp -L - a 

Example 2. Find the value of 
. , 3 3 5 3.5.7 f 

1+ 4 + 4.8 + 4.8.12 + A ' C - 

The given expression 

- 1 + yU> + y.(J)» + i j jU> : ‘ + 

- (l-jr= - UP - »-:«>" - 2“ - A 

Example 3. Prove that 

7/. 1 1.3 1 1.3.5 1 , f \ 

“ 5 V 1 10 a + 1.210 4 + 1.2.310“ +lfec 7 

(Madras Pniveixity I*'. A. Paper, l.SSS.) 

We have 

. 1 1.3 1 1.3.5 1 

+ 10* + 1.210‘ + 1.2.3 fo" + iC 

l i a 0 2 i :» .•> o.i 

1 . * II-JT « .» • ft • £T . ■ 


« 1 + + 2- ‘ J . + - - w + Jrc. 

10-1.2 10* 1.2.3 10'* 

o i h / 9 \a i a r. / o \a 

* l + * ib« + iT2’(io*) + 1.2.3 (10*) +tVc 

Hence, the right-hand side 

- 1{U 2 ) - a 


<boy 

aoJ 
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Example 4. 

ffi- 


Prove that 

i + 2* + «L»+I). 

1 +x 1.2 


2 8 <r* 

-Vsi + *e. 

(1 + *) 8 


(Calcutta University F. A. Paper, 1880.) 


Example 5. 


. . 2x n(n + 1) 

■■ 1 + - + - - 

1 +* 1.2 


(£J 


+ «Src. 


What ie the co-efficient of x r in the expansion of 


l+4s 8 +x 4 ? 
"(1 ,r ) 4 


(Calcutta University F. A. Paper, 1881.) 

The given expression 

- (l+4**+* 4 )(l-*)-* 

— (1 + 4* 9 +a; 4 )(l + p x x+p t x 9 + &c. +p r x r + »fcc.) 

suppose. 


Hence, the co-efficient of x r 


- 7>r + 4p r _ a +p,_ 4 - 


_ 4.6.6. &c. (3 + r) _ (r+ 3)(r + 2)(r +1) 

- i '2.3.4"5.6; &c. r ” L2.3 

Hence, the required co-efficient 

(r + 3)(r+2)(r+l) (r + l)r(r-l) (r-l)(r- 2)(r- 3) 
1.2.3“ +4 ' 1.2.3 + 1.2.3 

(r 8 + 6r 8 + 1 lr + 6) + 4(r 3 - r) + (r 3 - 6r* + Hr - 6) 

“ 6 " 


6r* + 18r 



r 8 + 3r. 


Example 6. Find the co-efficient of x n in the expansion of 
2 + x + z 9 
(l+as) 3 

The given expression 

«• (2 + * + x*)(l +x)~ 8 

— (2 + x + **)(l +Pi*+P«** + &c. + p m x M + Ac.) 

suppose. 




XVIII.] 


MISCBLLANBOU* EXAMPLES. 


347 


Hence, the co-efficient of x m 

- 2 Pn+P*-l+Pn-t • 

( - 3)( - 3 - l).«fec.( - 3 - « + 1) 


But p t 


(- 1 )-. 




3.4.5.ifcc.(n + 2) 
i.2.3.4.5.itc.M 
(n + \ )(n +• 2) 


Hence, the required co-efficient 
(-i)*.2<” + - 1) < B + :!) +(_ 

p Z 2 2 

1 2 (n + l)(n -I- 2) - n(n + 1) + (n - l)w | 

V (-l y-'Jz}r ~ -(-!)•, and(-!)■"* 


v(-i) 


-(-!)*, and(-1)’ 


(-1 ) 5 


~2~’(2 n * + + *) 

( - l)*(n a + 2n + 2). 


3af - 8 


Example 7. In the expansion of -— - in ascending 

powers of g, prove that the co-efficient of x 4 is -}, and find 
the co-efficient of x r . 

(Bombay University P. E. Paper,*1890.) 
We have the given expression 
3* - 8 3r - 8 

“ (a-*j* “ mi--,)* 


-K--w-r 

- J(3.-8)(l + 2.* + 3.-*’ + 4*; + 
• • • • + r -^p,- +( r+1 )’^r + **• )• 


Hence, the co-efficient of g r 





348 


ALURBKA MADB KA8Y. 


[Chap. 


3r _8(r+l) 

OM-l •) r-t 3 

6 r - 8 (r + 1) 

2r + 8 r + 4 

9 r < 2 ™* yeti 


Hence, the coefficient of x* 

4 + 4 _ 8 1 

2" “ 32 “ “ 4 ’ 


Example 8. If (1 -ar) ** « />„ +Pi* + PzX* +&c. +;> r a; r + ifee., 
find the value of + Pi +*> a + *fc<s. + /> r . 

Wo have 


(1-#)“* /»o + 7'i*+ ]»**“ +<ke. +/> r t r + «fce. (1) 

also (1 - a) -1 -» 1+ x + a; a +ifcc.+ x r + kc . (2) 

Now, if wo multiply together the series on the right-hand 
sidoH of (1) and (2), wo have the co-olfioient of x r in the product 
* P o +/»i + V-i +&e. +/>, ; hence this expression 

<=> co-efiicient of j; r in (1 -.c)” 1 

= eo-eflicient of x' ill (1 - x)~ iu * 1 ' • 

(h + 1)(» + *2) .itc (h +r) 

l** 

Example 9. If p r - -I^i C v -r o prove that 

2.4.G. «fco. Jr 


P**\ 1 + PlP*H+P*P*n-\ +Ae.+ Pn-lPi,^ J +Pnp„ t 


We have p r 


\ 

9 


3 5 , 'J r 

, • , .Ac. — 

1.2.3. »tc. r 


•», 


1 


. J(l+l)(i + 2).A«-.(i+r-_l) 

..Lr.. 

_ l 

and ** co-etlicient of x r in (l - x) 2 . 

Hence, p t , />„, p.„ «!kc. t denote the co-efficients of x t x s , x : \ 

&c., in (1 - ac) -. 

_ i 

Thus we have (1 - x) a " 

- 1 +*>i* + +&c. +p 8 ^* ,, +p 8 .; i ir**^ 1 +&c. 
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Now, if wc square both sides, evidently tho eo-effieiont of 
jc 3 " +1 on the right-lnind side* will be 

1 +PxP*n+P%P*n-l + 0. + + />„/>„ , t ) J 

and this expression — the co-efficient of 

x 2 "' 1 in |(1 -x) i.*., in (1 -ar) -1 =» 1. 

Hence, p inil +p l r. in + Arc. B +p>; n - h- 


Example 10. If n bo any positive integer, shew 
integral part of (3 + N /o)" is an odd. number. 

Let i denote the integral and f the fractional 

(3+ v /0)’*. 

Then I +/' = 3“ + "C,.3" 1 . ^3 + n C’ 2 .3 B 8 .5 

+ V , .,.3- S .( % /5) :l +*c. ... 


that the 
part of 


( 1 ) 


Now, 3- v ; o is positive and less than 1, therefore (3- y/a) H 
is a proper fraction; denote it by j" ; 

Then /' = + 8 .5 

-"C ;l .3- ; \( ,/0) r ‘ + vtc.(2) 

Now add (1) and (2) ; the in-itionnl terms on tho right 
disappear^ and we have 

1 + /’+/ = 2{3" + *C a .3—■.O+itc.j 

«* an even integer. 


Clearly then /+ /“ is an integer, and since each of them is a 
proper fraction, their sum must be less than 2 ; hence/+/*' =» 1. 

I = an even integer minus one *■ an od>l integer. 


Exercise (S3). 

1. Write down the rth terms in tho expansions of (4x - 3y)" 

3 

and (1 - 3x 8 ) T , and the co-efficients of x l 1 and x 1 a in the expan¬ 
sion of 

(1 +x + x a + x* + Arc. to infinity) -11 . 

2. Find the co-efficient of x 7 in the expansion of 

(1 + 2x + 3x* + 4x 3 + Ac. to infinity) - ®. 

3. Find the co-efficient of x t4 in the expansion of 

(1 + 3x + 6x* + 10x® +Jke. to infinity) 3 *. 
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4. Find the co-efficient of %' in the expansion of 

(1 + 2x + 3a:* + tfcc. to infinity)*. 

5. Find the value of 

, 2 1 2.5 1 2.5.8 1 , ( 

* + 3*2 + 3.6 2 s * + 3.6.9 2 a C ' 

0. Find the valuo of 

, 11 1.3 1 1.3.5 1 c 


• » * * ■ v ■ 

1 ” 2'3 + 2.13“ “ 2^6 3 s 

7. Show that 


+ & c. 


, 1 1.3 1.3.5 1.3.5.7 , . 

^/3 - l + + o f ■ + ;i fi O + Q ft Q 1 •> + c 


3 3.6 3.6.9 3.6.9.12 

(Hornbuy ITniveraity 1*. E. Paper, 1889.) 


8. Prove that 


1 1.4 1.4.7 1.4.7.10 3 , 5 

1+ 6 + 6.12 + 6.ia.l8 + 6.12.1B.24 + 

9. Find tho value of 

1+3 3 +3*-^’* + 3 a - +»fec 

1 +3 l(i +3 . l6> j.j+3 - lti 3 2 4g+ c > 

10. Show that ® 

[-»• - (.:»r ■■ w - '•( 


11. Show that 

O' 

12. Prove that 


«(.*.) +*i”±*v * y+ 

\1 + 2*/ + 1.2 \1 + ix) 


d + ,)- - 2-{i * + ”i^l)(.^-*y- & c.} 


13. Prove that 


fi , 2n(2n + 2) . 2«(2» +2)(2» +4) . f 1 

3 1 + is + —5710— + ~ B.io.15 --+*«•} 

o*fi x 3n(3n + 3) . 3»(3a + 3)(3w + 6) .1 

2 (l + - 5 -+-|U0~- + —TOTS + *°} 
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14. Prove that the expansion of (1 - x a ) n may bo put into 

the form (1 - x) an + 3/*x(l - ar) 3 " -5 ' + - ~(? n ^x*(l - x) an ~* + ifce. 

1 • J 


15. Find the co-etheient of x* in the expansion of 11 i} . 


a + bx* 
(1 -cx) : 


n - 2x) 3 

16. Find the co-etlicieut of x n in the expansion of v , . 

r (L + x )' 1 

17. Show that the co-ellieient of x' iH in the expansion of 

(l-2*) s ■ (»+1)(» + 2K5 m + 3) 

[1-iJiV . . ’I 

18. Find the co-elhcients of x 8n and x an< 1 in the expansion of 

<l+*) a 

(l-V 3 ) 3 * 

19. Show that the co-efficient of x r in the expansion of 

(1 -4x)~* 1 - 3 - 5 ttc -(* 2r - l J.2 r . 

IL 

20. Show that the co-efficient of a* in the expansion of 

(l - 2* + 3x 3 - 4* :J + &e.)~" is l SI)Ac ' (2,t ~ l) .2" 
v ' [n. 

21. If generally m r be the co-elliciont of the (>• + l)th term 
of (l - a) ~ m , shew that m r + (m + 1 ) r _ v *» (»n+l) r . 


[(1 -x)~ m -■ (1 11 >: (1 - x) ; hence equating the coefficient 

of x H , Ac.] 

22. If a be a positive integer, show that the integral part 
of (5 + 2 is an odd number. 

23. If (7 + 4 > /3)’* => p + fi, where n and p are positive 
integers, and ft a proper fraction, show that (1 -/%> + $) * 1. 

24. Find the co-etficients of x' iv and « ar * 1 in the expansion. 


i 
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25. Show that the n"' co-efficient in the expansion of 
(1 -as)'* is always the double of the (it - 1/*. 

26. Prove that if n be an even positive integer, 

1 1 , 1 1 

[J ]it ~ 1 + L 3 |/t - 3 (6 \n - 6 \n - 1 [X 


JjWc have the given exprcNHiou 


2«-i 

i» 


1 ji + .(»-lX»- • *>.,*. i 
i" i i? 


j] 


27. If w bo any positive integer, prove that 

2" _ i i n(n-l) 1 it(n-l)(n-2)(n-3) +&c 

n +1 3 12 & ' li 

28. Prove that if M differ from N a by a small quantity, 
tho square root of M is approximately equal to 

3 (3N a -M) a 
2 1 " SN : * " * 

(Madras University K. A. Paper, 1891.) 

[ If M — N a -I- x, we have - X+ * approxiiuaftly ; now 
L *41 qiN 1 

put M - N* for jc. J 


CHAPTER XIX. 

LOGARITHMS. 

1.* Definition —The logarithm of any number to a given 
base is tho index of the power to which the base must be raised 
to be equal to that number. 

Thus if a* — n, x is called the logarithm of n to the 
base a. 

Since 5 s — 125, 3 is the logarithm of 125 to the base 5. 

Noth. The logarithm of » to the base a is written log. n ; thus the 
equations o* = « and tc = log# » have the same meaning. 
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2. General propositions 

(i) The Logarithm of 1 to any base is 0. 

For a° « 1 whatever the value of a may be. 

(ii) The logarithm of a product is equal to the sum of 
the logarithms of its factors. 

If m, ?i, p be any three numbers and a the given base, 
to prove that log., (mnp) » log„»»i + log„n + Iog„p. 

Let x - log„TO, y - log, .a, z = log„/>. . 

Then m <= a', n = a u , p — a s , 

and we have mnp — a* x a" x rr 


Therefore, by definition, 

log„(»Hft/j) - .r + y + s 
* ■= log„TO + log.,«+ log„p. 

(iii) The logarithm of a quotient is equal to the 
logarithm of the dividend diminished by the logarithm 
or the divisor. 


If Til 

and 

n be any two 

numbers 

and a 

to prove that 





■o- 

log,,TO - 

log,, a. 

Let 

?• 

= log ,,to and y = 

log„w. 


Then 

m 

- a J and ft = 

a' ; 


and 

• 

, VI 

we have «= 

a J 

- a 

r~ i/ 



n 

a H 


Tlu.. 

Tire, 

by definition, 






f-y = 

log.. 


(iv) The logarithm of any power (integral or fractional) 
of a number is equal to the product of the index of the 
power and the logarithm of the number. 

If m be any number and a the given base, to prove that 

log«(w r ) - r x log,, to, 

where r is any number integral or fractional. 


Let x 


log a TO ’ then m 
and m r 



2—23 
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Therefore, by definition, 

log„(m r ) = rx 

— r x log„»n. 

3. Illustrations of the foregoing principles 

Example 1. Find the logarithm of 5832 to the base 3 J2. 
Let * be the required logarithm. 

Then by definition, 

(3 ^2)* = 5832* 

* 8 x 729 


« 8 x9x81 
= 2 ;J x 3 ,; 

= ( J'2) 1 ' x r 




6 . 


Example 2. Simplify log A* ^. 


The given expression 

— log ^ 3 x 32-’^ - log^ 40 x IS 

-- log 3+ log (32)- - { log 40 +log (18)* } 

"= log 3 + \ log 32 - log R) - ’ log 18 
“ log 3 + ’ log (2 *) - log (5 x 2 :J ) - l log (2 x 3 3 ) 

« log 3 |- _■ log 2 (log r » + 3 log 2) - .'.(log 2 + 2 log 3) 
(!-'.) l°g 3 + (5 - 3 - .\) log 2 - log 5 
“ a lll « - 5 log 2 - log 5. 

Example 3. Solve the equation 
, <t a ' r — b :i ~' x c**. 

Taking logarithms of both sides, wo have 
log n 8 - 1 <=* log l •*“■* + log c Jh!i ; 

2^ log a «= (3 - x) log 6 + (x + 5) log c, 
ar(2 log a + log b - log c) ■*» 3 log 6 + 5 log c, 

• x mm ... A log 6 + 5l0g C_ 

2 log a + log 6 - log c ' 
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Exercise 

(84). 

Find the logarithms of : — 

1. 81 to the base \/d. 

2. 

1728 to the base 2 J'.S. 

3. 01000 to the base 2 3 'A. 

4. 

'0001 7 to tho base 5 J: i. 

Simplify the following : — 

-* 

5. log( X V>< 1 )* 

6. 

a 3 x fr l 

lng v.--x»»• 

n , Ox UJ\r, 

7 - °~ 1 : ‘ N /I II ' 



Solve the following equations 

: — 


8. u r x 5 ™ 

9. 

2' ‘ 1 - 27 x b l '. 


10 . If a, ft, t: ho in d. /*., prove that log,a, log fc //, log,// 
arc in II. /*. 

4. Characteristic ; Mantissa. 

Tlntintcgral part of any logarithm is called the rfuiractevi* 
t!<\ and the fractional or decimal part is called the intinf’mi. 

For instance, since 2.’/7 lies between 100 and 1000, is., 
hetuu n 10- ;md lo 5 , the logarithm of it to the base 10 must 
lie between 2 and .*}, and bo -= 2 + a fraction ; hero 2 is tho 

characteristic and the unknown fraction, the mantissa. 

Again, since 0207 lies between 01 and -l, > n , between 
10 " and 10" 1 , its logarithm to tho base 10 must lie between 
-2 and -1, and be = -2+a fraction ; here —2 isM.be 
characteristic and the unknown fiaction, tho mantissa. 

Note 1. From the above. exposition, it i. J < Ic.'ir that ia the c:i*o*nf 
ucg.it i\c Ini'irithin.s the integral part in culled the <hir.u I»■»i^ti»i dwhf «kni 
tht frat ti>mnt part is positive, Thus il the; logunl hm <>f a number b»> Kivu 
nH - 2 315 (which is equivalent to — 2 —*315), — 2 is not tin* characteristic ; 
but a*' the given logarithm can be written as —3 f-1 — ’31.'* or 3 i *055, 

- 3 is its characteristic and ‘<555, the mantissa. 

Note 2. Negative logarithms like — 3 -f- are written an 3*655 ; 
ix , the negative sign is placed otcr the characteristic, diewing thereby 
that the char>icteri*tic alone w negative. There is thus a clear distinction 
between - 3 (555 and 3 655 

Note 3. Logarithms to the base 10 are called Common Logarithms. 
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5. Advantages of the Oommon System of Loga¬ 
rithms. 

(i) The characteristic of the logarithm of any number can 
be determined by inspection. 

First, let the number bo greater than unity. 

Then, if the integral part of the number consists of two 
digits, tho number evidently lies between 10 and 10* ; 

if tho integral part consists of three digits, the number lies 
between 10* and 10 ; * ; 

if the integral part consists of four digits, the number lies 
botwcoii 10 ;| and 10* ; 

and so on. 

Hence, if the integral part of the number consists of n 
digits, the number evidently lies between lO^^md 10* ; and 

its logarithm must be greater than n - 1 and less than n ; 
the characteristic = n-1. 

That is, the characteristic of the. logarithm of any number 
qr eater than unity is one. leas than the number of digits in its 
integral part. 

[TIiuh llie oharac! eristics of tlm logarithms of the numbers ^>83, t>70If* 
ami 5000205 are 2, *1 and 0 respectively.] 

2ndly, let tho number be less than unity and not less than 

zero. 

If there be no zero immediately after tho decimal point 
(as in 2803), tho number evidently lies between *1 and 1, i.e. t 
between 10“ 1 and 10° ; 

if tliero he only one zero immediately after the decimal 
point (as iu '02803) it is easy to see that the number lies be¬ 
tween '01 and '1, i.e., between lO^and 10“ l ; 

if there be only two zeros immediately after the decimal 
point (as in '002803) it is easy to see that the number lies be¬ 
tween ‘001 and ’01, i.e., between 10~ 3 and 10“* ; 
and so on. 

Houce, if there be only n zeroq immediately after the 
decimal point the number evidently lies between lO" 1 ** 11 and 
10~"and its logarithm must be greater than -(n+l)and 
less than - u. 

.\ the characteristic -(»+!). 
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That is, the characteristic of the logarithm of a decimal frac¬ 
tion is negative and numerically greater by one than the number 
of zeros immediately after the decimal point 

[Thus the characteristic of the logarithms of the numbers *56, ‘000208, 
and *00001005 are -1,-4 and - 5 respectively.] 

(ii) H two numbers N and M be so related that *V = M x 
10* where p is any integer, positive or negative, the logarithms 
of N and M will have the same mantissa. 

Let i denote the characteristic and f tho mantissa in the 
logarithm of Jf, so that log Jf »= i+f 

Then, log N — log (Af x 10*) 

— log .1/ -t- log 10* 

" (i + f)+P 

— (i + p)+f. 

Hence, since (i + p ) is an inteyer, positive or negative, / is 
the mantissa in log W*. 

Thus log M and log N have the same mantissa. 

Noto. It ia evident therefore that the logarithm)* of the iiutnlK'n* 
*0002504 and 25*04 have the Haute mantissa, for *0002504 = 25*01 x 10“ # . 
Similarly the imntitm in the sumo in the logarithm* of the numbers 
•000567008, 567008, 5670*08, *00567008, 56 7008, 5*67008 and *567008. 

example 1. Write down the characteristics of the logarithms 
of the numbers 4300*567 and *000050008. 

The first number has four digits in its integral part; 

.*. the characteristic in its logarithm — 3. 

The second number has four zeros immediately after the 
decimal point ; 

the characteristic in its logarithm «■ - 5. 

Example 2. Giveu log 67005 — 4*8261072, find log *00067005. 

The characteristic of the required logarithm is evidently « 
- 4, for there are three zeros after the decimal point ; and 
the mantissa is clearly the same as that of the given logarithm, 
(because the two numbers differ only in the position of the 
decimal point). 

log *00067005 « - 4 + *8261072 
- 4*8261072. 
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Example 3. Kind the number of dibits in having given 
log 2 - 30103. 

We have log (2« 4 ) - 61 log 2 

- 61 x -30103 
<= 11) 25o02. 

lienee, the required number of digits - 20. 

Example 4. < liven log 79003 --- 4 897G43G, 

find log ;/oo007!H)03, correct to seven places of decimals. 
The required logarithm 

- ! log *000079003 

i 

= I ( - 5 + -8D7G436) 

- ! ( - 7 + 2 8070130) 

- - 1 + • 11301008 .... 

« 1 4130101. 

Note. Tin* artifice* h*'n* itlu >ti.it«*i 1 might In he •mum'uIIj iio'.iinl. 
Example 5. In the prcci* Img example find the value of 
*00007 0003, if log 2503873 = G 1130101. 

Let x ■« the required value. 

Then log x = log v 000070003 

— 1*4139491 (as before). 

Hence x is a decimal fraction having no zero immediately 
after the decimal point, and itN logarithm has the same mantissa 
as that of log 2503875. 

* x -= 2503875. 

Example 6. (liven log 2 * -30103 and log 3 - 4771213, find 
the logarithm of 00015. 

We have log 15 » log(3 x 5) 

- log 3 +log ('.]'■) 

- log 3 + log 10 - log 2 

- -4771213 + 1 - -30103 
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= -4771213 

+ - 09*97 

- M 700913. 

Hence log (*00015) = -4 + 1700913 

= 117G0913. 

Exercise (85). 

1. Write down tin* ch iractcristu\s of tlu* logarithms of 
the numbers 375009, 2<>3G, 0000020009, 5 07* and '9870. 

2. fliven log 5319* = 4 72*3375, find the logarithms 
of 5-3198, 05319*, *5319* and 53 19,>0000. 

3. (liven log 2 -= •30103 and log 3 -1771213, find the 
number of digits in (01*,)' 

(liven log 35*71 = 4 551779* :— 

4. Kind the logarithm of <1/ 00000035871 correct to 7 
places of decimals. 

£>. Jnud the logarithm of V 000035*7 l. 

6. Kind the value of (\3.)*71 ) r ', correct to six places of 
decimals, given log 591151 — 5 773*99. 

7. Kind the number of zeros after the decimal point in 
the value of ( nu35<*7 l)". 

8. (liven log 2 and log 3, find the logarithms of 5,\, 
125000, 1875 and 1T>S75. 

9. (liven log 4109238* = 7 GH3G3G, find the seventh 
root of -00321. 

Solve the following equations : — 

10. 5" n '~2'- 8 . 11. 2 s " *'-5 ] 

4* r = 2" v ‘ 1 } 

6. Given the logarithms of all numbers to a 
certain base n, to find the logarithm of any number 
to a new base b. 

Lot X be any number whose logarithm to the base h is 
required. * 

Let y «* the required logarithm. 
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Then, 

and 


N - 

log a W » 


log t W - 




V logA 


' 0 ^ Nx i» 

,og ^ x ii 


a) 


Thus it *18 proved that the logarithms of all numbers to a 
now base (&) aro obtained by multiplying their logarithms to the 
old base (a) by a constant quantity, viz , the reciprocal of the 
logarithm of b to the base a. 


Co#** Putting N — a in equation (1), we have log 6 ax 
log,,6 - 1. 

Example, (liven log lu 2 ■■ *30103, Bud log 5 64. 

We must have 


log 8 64 


log 10 G4x 


1 



Now, log lo 64 - logio(2“) - 6 log lo 2 

- 6 x *30103 ’ 

- 1*80618 ; 

and log lo 5 - log V0 f\?) - l - *30103 

- *69897. 


Henco the required logarithm 

1*80618 180618 2>5g 
" *69897 " 69897 


Exercise (86). 


1. Given log 10 2 « *301030 and log 10 7 * *845098, find 


the 


logarithm of 


to the base 1000. 


2. Given log lo 2 — *3010300 and log 10 3 • *4771213, find 
the logarithm of 81 to the base «/8, correct to three places of 
decimals. 



CHAPTER XX. 


EXPONENTIAL THEOREM AND 
LOGARITHMIC SERIES. 


1. To expand a* in ascending powers of x. 

By the Binomial Theorem, if n > 1, 


K) 


* x , 1 narfnr-l) 1 

■ l + nx.- + -- 

» [3 n 4 


nzfnz - l)(nx - 2) 1 

+ -,+ic. 


ft 41 






l» 


+ Ac. ... (1) 


Hence, putting x — 1, we have 

{K)T 

hence, the series (1) is the xth power of the series (2); 
that is, 

i , _ , \ n \ n i\ n I . 

1 + x +---+ -...- + uIC. 


a 


L3 


f (l- 1 ) 2 ) 

I? +ic - 


and this is true however great ft may be. Tf therefore n be 
indefinitely increased, -i vanishes and we have 

x % x 9 x* 

1 + x + — + — + + Ac. 

12 [3 li 

/ . i l i . V * 

- ;i+i+—+ +^+&c. j. 




a a 
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T. ho series 1 + 1 + + * + *- + iVc. is usually denoted bye; 

l-i \a ;4 

h inco 


x 3 ./■ ri x* 


, -i . * ti 

« “ 1 + X+ + , + +,V'C. . . . 

ti 14 [4 

Now suppose a - r‘, so that c = log. a 
Then wo Imve 


(3) 


a 


and *. by (li) ~ !+<•* + - + c 5 + cVe. 

[- 

«= l+:rlog/i + - " 7 + v f' +itc. 

L-. J* 

Tins iH the E tpoiwul ill Theorem. 

2. To prove that r is incommensurable. 


Kor if not, lot f , where m and /< are positive integers ; 


then 


vi 


n 


,,11. 1 1 
1 + 1 +■ ... + • •• + . + , 
\2 pi [// it + 1 


f Arc 


Multiply both sides by p* ; then 

. , 1 1 

vt'n - 1 = an integer + . + , 

“ h + 1 (/t+l)(//+2) 

1 


+ - + A:e. 

(/< + 1)(m + 2)(n + 3) 


1 


+ ttc. 


p I A. 

>U H + 1 4 (H + 1)(« + 2) + (ft + 1)(M+ 2)(u + 3) 

is a proper fraction, for it is greater than ^ ^ ^ and less than the 
geometrical series 

^ - + - — - - + Are., that is, less than — . 
n+1 (a + lj' J t« + i)‘ » 

Thus an integer is equal to an integer />/«* a fraction, which 
is absurd ; therefore « is ineonunensurable. 
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3. Miscellaneous Examples. 
Example 1. Find the value of + 

Since 


x* x :i x 4 


«' = 1+* + ;., + . + '-- + ac. 

u j » I 


\± u 


Flitting x = 1, wo have 


-.111, 

« - 1 + 1+- + + +.V:c. ; 

i • * 4 


ir 


and putting x = - 1, 


-i ii 111 

6 = *- 1+ 3 ' :« + , 


A'C. 


Hence, « + >r ‘ = 2 ( 1 + ^ + J + \ +- Ac. ], 

\ j"-' , * |h ! 

‘.(e + e“ 1 ) «= 1 + /, + !+ ,V + Ac. 

l-_ A A 

Example 2. Kind the value of . J (o four places of decimals. 

S'! 

■.Calcutta University K. A. l’uj»er, 

1 j 1 

Sirfce . = f. putting x — - in the series for 

v ** o 

we have the i d pi i red value 

. 1111 
■ 1 — _- + . . , — . — A'e. 

0 o- l 2 0 1 I 

2 -Vi >)3 •) 4 

W «# f 

1 ' 10 + 1U\2 ~ 10 * 3 + 10\l -t ’ u ' 

. . 01 008 -0004 

~ 1 ~ 2+ 2- G" + C "*°- 


1 - -2 + -02 - -0013 + 0000d - Ac. 

« 

nc^ln tint; the f.th term which ha- I 
/.cm* after the decimal jemit 


102- 2013... ( 

•8187. 


) 


Example 3. show that 

1 . 1 + 2 1 + 2 + 3 1 + 24-3+1 


,i> ^ “j 

1 ■* • o 


1 >. 


+ Ac. 


<g 

2 


(Calcutta University F. A. Paper, 1S88.) 
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The nth term of the given series 

l + 2 + 3 + ... +n 
|» +1 ~ 
w(n + 1) 

2[» + L 

1 


21 n - 1 * 


Hence, the 1st term 


n - 1 


n 


1 , when n 


„ 2nd ,, 

1 


" a'Li 

„ 3rd „ 

1 


“ 2(2 

», 4th „ 

1 

" w 


and so on. 

Hence the sum of the series 


2 ( l + ll_ + fi + L? +&c ‘) 



2 


Example 4. Prove that 
2 4 6 8 

lL i? + i$. + il 

, 4 . * 2 4 6 8 

and that |3- + g + lf + 19 


+ Ac. to infinity 
+ Ac. to infinity 


1 


0 


(Calcutta University F. A. Paper, 1887.) 
2 n 

[ 2*4 - 1 

(2 H- 1)+ 1 

—— - — —— 

|2 n - 1 


(!) The nth term 
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Hence, the 1st term *■ 1 + -- , 

i 11 

n ii “ 1 9 + .. » 

t J IP 

, , 11 

n 3rd ,, *° ,r~+ , i 

t± l? 


n 3rd ,, *° ,r~+ , i 

d L 5 

and so on. 

Hence the required sum 

-111 1 . 

" il + l?. + l3 + ii + 


(ii) The nth term 


Hence, the 1st term 


and ho on. 

Therefore the required sum 


| 2 « + 1 

('2n + l) - 1 
In + 1 

1 l 

In 2 it + 1 

1 1 

* “ ' 
i i 

1 l 

J? ~ i7 ’ 


iiii 

“ +tVe. 

.’•* d d l ;j . 

-.1111. 
“ 1 ~ l+ 2“'3 + 4‘5 +lVlCV 


Example 5. Sum the series 

4 11 22 37 56 . t c 

dV + l + £\» + * 
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If t n denote tho n' h term of the series, it is easy to see, by 
the method explained in Example 1, Art. 7, Chapter XII., that 

2w* +■ n + 1 


// 


- 1) + 3/* + 1 
[n 


9 


+ 1 

[n -2 a — 1 * it 


lienee, l , - 0 f 3 + 


and 


1 

n - ‘«i 

i 

1 

/( - 1 


n[ n- 1} 

—- 0. w 


n 

tn 


, when n — 1 


1, whfti n - 1 


„ .3 1 . 

“ + |1 + I2 ’ 
2 3 l 

4 - - 4 - 

! | ' | •) * *i ’ 

|l i-» 

2 3 1 

l? + + ’ 


and so on. 

Now, adding ii|» the vertical elomnns separately, we have 
tho required sum 

- 2 ( l + 'W + i» + * c -) 

+ 3 ( ,+ lI + l i + is + i + * c -) 

-(J + LF + 'i + i + * c -) 

2ii + 3e + (fi — l) 

■* G« — 1. 


Exercise (87). 

1. Prove that when a is indefinitely increased the limit of 
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2. Find the value of e — ^ . 

He 

3. Show that the error committed by taking the first G 

terms only of the expansion of e is less than * . 


4. Find j ' correct to two places of decimals. 

(<".ileutt.t I’uiver-ily I'. A. Paper, 

5. .Show that e' 1 =. 2 / ^ + - + ** + t fce. ^ . 

\J< ,5 J ) 

6. Find (he co-eflicient of x 1 in the expansion of («' — 1 ) a . 

7. Find the value of 

i 1 + ** 1 + u + ft ~ 1 4- ''i + u " + <t> * . c .. 

1++ + + Are, to infinity. 

■2 ;d it 

k L 1 

o. F.xpand ix in a series of ascending powers of x. 


1 «» 

_ |« — * 

r ind iiiu co-eiiicient oi x r in the expansion of 

. i i i .ft + f>x + f ‘t “ 

10. rind the eo-eihcicuL ut x w in the expansion of - 

11. I-Aprcfs, i(' "+« ") m ascending power* of x, where 

i ~ sj — 1. 

12. K xpress \ (t- - c''') in ascending powers of x, while 

M t 

i = s/-T 


13. Shew that 


1 


1 

1 



+ 


+ 

+ . . . 

13 


t 

.6 


l 


l 

l 


11 

+ 

3 

+ ir 

+ ... 


(Calcutta L'nivcrdty F. A. Paper, 1SS9.) 


-e-l _U- 1)* _c* + l-2t c + c~' - 2 _ k "I 
e+1 “ e»-l ” t*-l J 


l 3 2* 3* 4 a 5 3 . 

lL + a + 13 + d + li +&C - 


14. Shew that 2* 
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15. Shew that 3e - 1 + + - 7 - +*fec. 

ll L 2 Li li 


16. Shew that e 9 - l 


2 2 2 4 2 fl 
l + [ 2 + [3 + L 4 + _••• 

1 v 2 “ 

+ li + ii + l 4 * '' 


17. Shew that 


e 9 + 1 

« a - 1 


1 + 


1 1 1 

I?. + K + l« + ' ‘ " 

.111 

|3 + l» + ll + 


18. Prove that 


1 »> o g o :j 

, + ;2 + i.s + ii + 's + ■ ■ ■ 
. i'll' 

+ i.- + l± V + 


e 

•> 


. 1> 10 35 57 85 . 4 . c . 

19. Sum the senes + + - + + 4-*vo. to infinity. 

II Li i* i r > 7 

20. Sum the series 

1.1 2.5 3.0 4.7 5.8 

to W + Li + F y - 

4. To expand log, (/ + .*•) in ascending powers of j\ 

lly the exponential Theorem, for aV positive values of a we 


have 


, 1 1 **(lop/»)* .r a (log />) 3 

a - 1 + x log,,a + ----- t - + - - * + *V:e. 

L'i 


0 ) 


Also, sinee a r « {1 + (a - 1)}', it is clear that for all posi¬ 
tive values of a less thin 2 wo must have, by the Binomial 
Theorem, 

-• - i+«-d+ r{ \l % - d* + * tIx-V - i) s 

, 4* - 1)(* - 2 X*-3) 


1-2*3.4 


(a - l ) 4 +&c. 


* 1 + *{(a - 1 ) — j(a - 1 )* + £(a- l) a -|(a- l ) 4 +«fec.} + 
terms containing x 9 and higher powers of x . ( 2 ) 
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Hence, from (1) and (2), for all positive values of a bss than 
2 we have the identity 


. , x a (lofr/»)* 

1 + X log.* + 1-i — 1 — '|| - + *« 


" 1 + .r{(„ - 1) - l(a - 0* + J(« - 1)» - ](a - 1)‘ + A-c.j +&c. 

Hence, assuming that the co-etiicients of like powers of * 
are the same on both sides, we have 

log,* = (o-l)-5(a-l)*-hi(a-l)®-](a-l)*+&c. 

Putting therefore x for a - 1, we have for all values of x 
numerically less than unity 


x a x :l x l 


log,(l+.r) - r- - + - ~ +&C. ... 

li O 4 

This is the Logarithmic s^rbs. 

Cor. 1. Putting -j for x in (3), we get 

r»■ d —4 

log,(l -*) =» -x - %) - I} - 4 -ite. .. 

Cor. $. From (3) and (4), we have 

l°g r (J ~ j = loft(l+«) - log„(l -X) 

f JC : * X s , 1 

* -{•*+ + r + ‘ fcc - f 

|as J 

Cor. H. Writing n+ *-for J +JC , ^ 


(3) 


(4) 


2h + 1 


... ... (5) 

for x in (5), 


we have log,(» + 1) - log.n 

J 1 1 1 

“ {'Zn + 1 + 3(2« + 1) :T + 5(27* + 17' 


A 

+ 7(27i+ip 


+ &c. j- 


( 6 ) 


Note 1. When we know the logarithm of any number, the aeries (8) 
(the terms of which diminish rapidly) enables uh to calculate the logarithm 
of the next consecutive number. Thus, since log, 1—0, putting » = 1, 
we get the value of log, 2 ; then putting n = 2, we get the value of log, 3 ; 
and so on. 

Note 2. We know from Art. 8, Chap. XIX., that the logarithm of 
any number to the base 10 will be obtained by multiplying the logarithm 


2—24 
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of that number to the bane e by the constant factor , - ■ This factor is 

lop„ 10 

thus known as the 7tlO(lulllM of the common system and if we denote its 
value by n we have, from the series (6), multiplying both sides by in, 

h>8i o (« + 1) - log, 0 « = 1 + 3(2nVl) 3 + &R ‘} ’ T,lua ^ we ^ now 

the value of in* this formula enables us to calculate and tabulate logarithms 
of all numbers to the base 10. 


Notfl 3. Logarithms to the base c arc known as the Napierian System 
named after Napier, their inventor. They are also called Natural logarithms. 

Example X. Show that log,.2-]| 

1 ! 1 
1.2.3 + 3.4.5 + 5.6.7” + &C ' 

Putting x «= 1 in the Logarithmic Series, we have 
log e 2 « l-Y + £-J + X-d+^ c - 

- + -D + a-W + Ac. 


111. 

" 1.2 + 3.4 + 5.6 +& °' 

and also - 1 -<i-4)-<i- •)-(J - f>-*c- 
,111, 

“ - -l3 - 4.5"6.7"‘ i 

Hence, from (1) and (2), 

2 log,2 - + _ L) 

*' U-2 2.3/ + \3.4 4.5/ 

+ (s^6 " ^ 7 ) + * C - 


or, 2 log e 2 - 1 


2 2 2 . 
1.2.3 + 3.4.5 + 5.6.7 +&C * 


0 ) 


( 2 ) 


. . log.2 “ t - J 2 “3 + g-' 4>6 + 5 6 7 + &c - 

Example 2. If a and fi * be the roots of ax * +bx + c = 0, 
show that 

log,(a-&» + cJ5*) - log,a + (a + j3)*-^® ^^as* + dsc. 


* The numerical valuo of m is very nearly equal to ‘43429. 
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Since a and J3 are the roots of the equation ax 2 + bx + c ■» 0, 
we must have 

a + fi — - - , and a/3 e* - ; 

a a 

and a - bx + cx 2 ■» a( 1 - — .x + ~-.* a ) 

\ a a l 

® ct{ 1 + {a + fi)x + afix 2 1 

— a(l +«a:)(l + fix). 

Hence, log,.(a - bx + cx 2 ) 

= log.a + log,(l + a*) + log,,(l + fix) 

. f a 2 x 2 a !, x 3 t 1 

- log/x+-|aa?- - + - -»kc. V 

fi 2 x 2 fi*x a . 1 

+ V u -Sn +L s "* c 7 

i / « 8 + /?* .> . 

= log,a + (a + (i)x - - - x 2 + ifcc. 

Example 3. Show that Iog t .(« + 2A) <= 2 log..(a5 + A) - 
i f h 2 .A 4 . A« 

'S 8 **- lci+-*j» + J (ir + /.)* + % + ir ] 

The right-hand expression 

= log. (* + A) 8 - log„a? + log,., jl - A ^ 

. f(* + A) 2 ] . far 8 4-2afA’| 

- lor + *(* + 2A)) 

,og *l“— x '(-+*)7 

“ log,(s + 2A). 

Exercise (88). 

1. Show that log^n + 1) — log_ra 

11 1 1 
n 2n a + 3n 3 “4n 4+ °* 

2. Prove that log,(n +1) — Iog,(n — 1) 

" 2 (» + 3i* + 5SS + ,k0 - )• 
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3. Shew how you would calculate the logarithms to the 
base e of the first 12 natural numbers. 


4. 

Find the modulus of the 

3 places 

of decimals. 

6. 

Find the value of 


1 1 1 


3 3V2 3\3 

6. 

Prove that 


a -\ a t 

7. 

Prove that 3 log^(l + *) -1 


+ <fcc. 


log„a - log,.*. 


“ {(1 +ij“ + *'(l + *j" + *‘(r+i)» + *°' } 

“ log,.{l + (l+*) + (l+*) a J. 
e. Prove that log.4 = 1 + , j-j, + ^ 5 jj + Ac. 

9. If log-- ?■ * 9 be expanded in a series of powers 

3 i 

of *, show that the co-oflicieut of ** is - or according as n 
is evpn or odd. 


n 


n 


10. Prove that log„^(l + *) * x (l - *) j 

ar 9 * 4 x a 
1^2 + 3.4 + 5.6 +&C ' 


l+r 


1 -r 


r-\ 


11. If a, /? be the roots of the equation a* 8 + 6* + e = 0, 
prove that 


log e (oas 9 + bx + c) - log/i + 2 log,* - a + ft j 

12. Sum the series * 

±_i_+ 1 _L + ic 

1.2 2 . 3 + 3.4 4.5 

13. Sum the series 

1*1 + **'5' + 5‘T TT + T'lrV + & c * 
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[* 


and 


14. Sum the series 

*+4-i + S4 + i-T«+‘ k ®- 

15. Prove that 

logi o(* + 5) - log, „(* + 3) + log, 0 (x - 3) + log, 0 (x + 4) 
+ l°gi o(« - 4) - log, 0 (* - 5) - 2 log, 0 x 

- •86859...( , ? 2 a f -y + hl-t—^Y + &c - ) 

l* 4 - 2o*-*+ 72 3 \* 4 - 25*-* + 72/ J 

(Calcutta University F. A. Paper, 1800.) 

'rom the formula; :— 


(i) lo&(j^f) = 2{* + ^+^+*o.} 


(ii) log 10 « 


1 


log, 10 
72 


x log,, a = *43429 . . log, a, 


we have, putting : for —---—. 

1 a* -25.c* + 72 

•86859 ---- -+&c. j = *43429 x 2 fcH A:» + &C. j 

la 1 -25a*+ 72 J t j 

1 /l+=\ , /t+s\ _i a* - 25a* +144 

log, 10 °*" \l-z) ~ Ogt0 (1 - ° K 10 a* - 2fix* ” 


t, . (a* - 9)(a* -16) , a* -25a* + 144 

Hence the rigffthaml side = log 10 v — ~Tf J r r \ -- log to- rt _.. r ~ 


= ftc.] 


a*(a - 5) 


25a* 


16. Expand log(l+* + **+x ;J ) in powers of *, and find 
the co-efliuients of * a " and 

(Calcutta University F. A. Paper, 1891.) 


CHAPTEK XXI. 

Identities, Elimination and Miscellaneous ARTmcip. 

1. The method of Indeterminate multipliers for 
solving simultaneous simple equations involving 
three unknown quantities. 


To solve the equations : — 

a,* + ft 1 y + c,z ■><£,.,.(1)) 

Oji* + b^y + CgZ » rf,.. (2)> 

a 3 * + ^sy + c 3* * .(3); 
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Multiply (2) by l and (3) by m, (the values of Z and m 
being at present undetermined), and add the equations ; thus 
we have 

x(a x +la. z + ma a ) + y(b x + Z6 a + wi5 3 ) + z(c 1 + Ze g + mc 3 ) 

**d x + ld 2 + *»ef 3 . 

Now suppose the value of Z and m are such that the co¬ 
efficients of y and z arc each equal to zero. 


Thus we have x — — .... (4) 

a 1 +Za a + ma 3 

where l and m have the values given by the equations 

b x + Z6 a + mb a *=» 01 
c x + lc 2 + mc 3 » 0/ 

But, from these equations, by cross multiplication, we have 
1 = _ l _ _ m 

^* c a — ^ 3 c j b n c x — b x c a 5 1 e g - b 2 c x 


and l 


b 2 e x — b x c 3 
b' Z c 2 — b a c 2 


, and m 


b x c 2 — b$c x 
^* c a “ ^a c a 


Hence, by substitution in (4), we have 

% B i(Z> g c a ^ a c a ) b x c a ) ~*^a c i) 

" (i\(l>iC a -h a c i )+a i (b a c l -b x c :i )+a a {b x c 2 rVi) 

Thus x is determined, and in a similar manner the values of 
y and z may be separately found, if necessary. 

Example. Solve the equations— 

2*- 3y+ 5z - 11 . (1)1 

5x + 2y-7z - - 12 . (2)V 

t4« + 3v+ z - 5 . (3)) 


Multiply (2) by Z, and (3) by wi, and add ; thus we have 
*(2 + 5Z - 4w) + y( - 3 + 2Z + 3m) + z(5 - 7/ + m) = 11-12Z + 5m. 

11 - 12Z + 5m 

lhen * " - a — 5 r - i7 » ~ .< 4 > 


Or 

where l and m have the values given by the equations 
- 3 + 2Z + 3m - 0 1 

5-7Z + m - 0 J‘ 


But from these equations we have 
1 l m 


2 + 21 
* l 


15 + 3 
18 
23 


and 


m 


21 -10 
11 
23* 
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Hence, substituting these values of l and m in (1), we have 
11.23-12.18 + 5.11 
* = 2.23 + 5.18- 4. 11 
253-216 + 55 
46 + 90 - 44 



Now substituting the value of x in (2) & (3), we have 
2y-7z+17 = 01 
3y + z - 9 = 0) 


Hence, 


1 


63-17 


V 


and z 

Thus we have x 


51 + 18 2 + 21’ 

46 ' 

23 
69 


2 

3 


23 

li V - 2, z 


3. 


Exercise (89). 


1. 

3. 


Solve the following equations : — 


3x + 2y + 5 z = 321 2. 

2jc + 5y + 3 z = 31 !■ 

5z + 3y + 2z = 27) 

x + 3y + 5z «= 10 4. 

3x + 5y + 7z ** 14 •• 

5x + 7y + 8z = 15 


4x - 3y + 2z — 8 

3x - 4y + 5z = 6 

- 6x + 5y + 7z — - 1 

5a; - 4y + 9z » 191 

7x + 6y-\2z «■ 16V 

-9x + 8y + 15z = -13J 


5. a 2 x + ay + z — - a 3 
6 8 a; + iy + z ■* - 6® ■ • 
c*a: + cy +z =» - c 3 


7. 4(y-*) - 5z - 22 ‘ 

3z + 4* » 6y + 2 - 
»- 3y — 14 - lOx 


0. 


8 . 


* + y+ z 
x y z 

— + x + ~ 

a o c 
r y z 

a® + 6® c® 


=a+4+ c 
- 1 

“ 0 


\ 


2(*-y) - 3z-2 1 
x — 3z =* 3y - 1 1 
2* + 3z = 4(1 — y) 


/ 
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9. 5*-lly*4-13z* - 22 

4a? 4* 6y^+ 6**■ 31 
a? - =» 2 

2. If any Algebraical Expression * p 0 x n +p r oc*~ l 
+p a x n ~* +/> 3 a? n “ 3 + &c. ... + jv^ac +i*„ where n is a 

positive integer, be divided by sc-«, the remainder 
will bepoU n +Pi<i*~ l +p*a n ~ z +p. A a n ~ A + &c. + />„_i«+/>„. 

Divide' the given expression by x -a till a remainder is 
obtained which docs not involve x. Let Q be the quotient and 
R the remainder ; then 

Pto x * +Pl*’ ,_1 +P a X n ~ a +p a X*~ :i +tfec. . . . +Pn-X x +Pn 

— Q(x -a) + R. 

Now since R does not contain a?, it will 'Venlain unaltered 
whatever value be given to x. Hence, putting a? — a, wo have 

p 0 a* +p t a n '* + p. i a n ~' i +&c. + =Q'(a-a) + R 

where Q' is what Q becomes when a is put for x. 

Thus R «■ p 0 a n +p x a H ~ x +p 3 a n ~ z +&, c. 4-i>„_ l a + p n . 

Cot. If p 0 a n +p x a*- 1 +p a a n - 9 +«fec. +j= 0, 
then p 0 a?" +p 1 a?”~ 1 + p a a n ~ a + «fec. +P n -\ x + Pn i fl divisible 

by a? - a. That is, if a rational and integral expression in x 
vanishes when a is put for x, then that expression is divisible by 
a-a. 

Example 1. Resolve into factors a; 3 - ix ,£ -11x4-30. 

By trial we find that this expression vanishes when x = 2 ; 
hence x - 2 must be oue of its factors. This gives us a clue as 
to how the factorisation is to be performed and we proceed as 
follows:— 

x* - 4x a — llx + 30 

«*> a?*(ar - 2) - 2ar(x - 2) - 15(a - 2) 

- (x - 2)(x* - 2a? - 16) 

% - (a?-2)(*-5)(* + 3). 



* Any Algebraical expression of the form +pix* -1 +p l x"~ 9 + ... 
+P*-i z +Pm where n is a positive integer, is called a rational and integral 
expression in x. 
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Example 2. Find the remainder when as 3 - 4«e* - llas + 30 is 
divided by x + 5. 

The remainder is what the given expression becomes when 
— 5 is put for x ; hence the required remainder 

= ( - 5) 3 - 4( - 5)* - 11( - 5) + 30 

= -125- 100 + 554-30 

= -225 + 85 

= -140. 

■ 

Exercise ( 90 ). 

Resolve into factors : — 

1. a: 3 + 4x* +x- 6. 

2. * 3 + 5a- 3 ^2#^24. 

3. a; 3 + 9** - x - 105. 

4. x 4 + 6ae 3 - r>x‘ J - 42a; + 40. 

5. a: 3 - 18ar + 28. 

6. x :i - 29a; + 60. 

Find *the remainder when 

7. 3a; 3 - 4x* + 5* — 2 is divided by x — 2. 

8. 5a: 4 - 20a? 2 - 5r + 27 is divided by x + 1. 

9. 5ac R + 4x 1 + 3a: 3 + 2x 2 + x is divided by x + 2. 

10. 5a: 3 - 20a: 2 + 4x - 9 is divided by x + 3, 

3. If any algebraical expression p 0 x n +p y x n - 1 

+p 2 x”-* + 2 * a x ,, - a + . iM+p n , where n is a 

positive integer, vanish when x is equal to each of 
the n quantities a Xt a.., n St a lt .... ft nt then will 

P 0 X n +p x X n ' 1 +p 2 X'-* + .... +Pn-\M + Pn = Po(to-aO 

(x - «*)(« - a*) .(* - 

For the sake of brevity let us denote the given expression 
by/(as). 

Then since f(x) vanishes when x = o lt x-a x must be one 
of its factors. Hence we have 

/(a?) - {x-a x XPq*! - 1 +&c . .. . ). 
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Again since f(x) vanishes when x •=> a 2 , x - a t also must 
be a factor of f(x) and therefore of (x - a x ){p^x n ~ l + «fec. . . . ). 

Hence, since x -a a cannot be a factor of x-a lt it must be 
a factor of p 0 x”~ l + &o., and therefore we must have 

f(x) = (x-a 1 )(x-a 5 j)(p 0 x‘*-*+&c. . . ). 

Thus it is proved that/^x) is divisible by (x - a x )(x a 2 ). 

By similar reasoning, repeated as. often as necessary, we 
come to the conclusion that /(x) is divisible by (x-a 1 )(x-a 3 ) 
(x-a 3 ) . . . (x-aj. But in this case V;he quotient must 
evidently be equal to p 0 . 

Hence,/(x) « Po(x-a x )(x-a 3 )(x-a 3 ) ... 

4. If an algebraical expression of the form p 0 x* 
+p x x*~ l +p a x*-‘ A +p a x % ~ a + .. . +i^,ias+/>., where n 
is a positive integer, vanish for more Sterna n different 
values of x t then each of the co-efficients p Q , p X9 p % , 
p :i , . IK- 1 , Pn must be zero. 

Suppose the given expression vanishes when x is equal to 
each of the n quantities a. b, c, rf, . . . . A, k. 

Then, by the last article, we must have 

Po* n +p*x"-*+p A x ' , ~ :i + • • • "h P%— 

— p 0 (x - a)(x — b)(x - c ).(x - h)(x — k). 

Hence, if p be another value of x for which the given ex¬ 
pression vanishes, we must have 

p 0 (p-a)(fi-b)(P-c) . (p-k) = 0. 

Hence, we have p 0 ■* 0, because p being different from 
eaoh of the n quantities «, b, c, d, . . . A, k, none of the 

factors p-a, P - b t P-c t & o. is zero. 

Thfts it is proved that if a rational and integral expression 
of the nth degree in x vanish for more than n values of x, the 
co-efficient of the ath power of x must be zero ... (1) 

Now p 0 being zero, the given expression reduces to/JjX*“ l 

+P** n *+p !i x*-*+ • • +Pn-\ X +JP«» w h* c h is of the 

(n - l)th degree ; and by hypothesis it vanishes (for more than 
n and therefore) for more than n - 1 values of x. 

Hence, by (1), we must have p t «* 0. 
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Similarly we prove that each of the other co-efficients p. £ , 
p a , & c. p n is equal to zero. 

COT . Hence if a rational and integral expression of the nth 
degree in x vanish for all values of #, each of its co-etficients 
must be zero. For if the expression vanish for all values of x 
it certainly vanishes for more than n values. 

5. If two rational and integral expressions of 
the nth degree in x be equal to one another for all 
values x % then will the co-efficient of any power of 
x in one expre&gfbn be equal to the co-efficient of the 
same power of x in the other expression. 

Let p 0 il n +p 1 X n ~' 1 +PtX H -* + . , . +Pn-\*+Pn 

*» eas (7<)* ,, +Yi**" 1 + </„*"■* +. • . . + Y*-i* + Y«i for 

all values of x. Then we must have p 0 * q ot P\ = </i, 

Pi ~ Ys* a »d so on. 

For, by transposition, we have 

0>o-Yu)* n + fri -Yi)*"" 1 + -Y-) in_2 + +(P»-1 -?«-!)■« 

+ (p H -jj n ) = 0 for all values of r. 

Hence, by the corollary to the last article, we have 


P 0 

-Yo - 0, 

or 

P 0 

- Yo; 

P\ 

“ Yi = 

or 

P\ 

= Yi ; 

Pi 

” Ya 35 

or 

Pi 

* y* ; 


tfcc. A t c. »kc. Ac. 


Pn-i-<l„-i * 0* orp H _! ; 

Pn ~ <U “ 0, or p % = q n . 

Note. Th e B ierorem above established is usually referred to as the 
Principle of Indeterminate Co-efficients. Its application wil 
be illustrated by the following examples. 

Example 1 . Find the sum of the series 1 3 + 2* + 3' + &c. 4* » 3 . 
Assume that 

1 3 + 2 2 + 3* + <kc. + n* 

— A 4- Bn + Cn 3 + Dn a + En l 

where, A, B, C, />, E, are quantities, independent of », whose 
values have to be determined. 
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Then we must have the sum of the series to (»+l) terms, 
namely 

1* + 2* +3* +&c. . . . + « a +(n+l) a 

- A + B(n +1) + C(n + 1 ) 2 + D(n + 1)» + E(n +l) 4 . 

By subtraction, 

» a + 2n + l = B + C(2w + 1) + D(3n 2 + 3w +1) 

+ E(4 w* + 0 n* + in + 1). 

Now, since this equation is true for all integral values of », 
the co-clficionts of the respective powers of n mi each side must 
be the same : thus E must be equal to /.ero (for there is no 
torm containing n 3 on the left-hand side), and we shall have 

3D - 1 ; 3J9 + 2C - 2 ; D + C + B - 1 ; 


whence D \ ; C 
Hence tho required sum 


i . 

*2 > 


B = 


i 



Since this equation iN true for all positi^p integral values 
of n, wo may put n = 1 ; then we have 

l a = A + l + l + l 
«=* A + 1, /. A = 0. 

Hence the required sum 

- +3»+l) 

«= jn(M+l)(2w +1). 

Example 2. Find the conditions that a 2 js 4 + bx s + cx 2 + dx 
+ f* may be n perfect square. 

Assumo a a .r 4 +&c 3 + co? a +<&&+/* « (ax 2 + lx +/) a . 

► T 

Now,, sinco this relation is true for alt values of x, the 
co-efficients of like powers of x on both sides must be equal. 

Hence we must have 

b = 2aZ . (1) , | 

c - l 2 + 2af . (2) V 

d - 21/ . (3) I 

From (1) and (3), — = 21 « ~ 

* a / 


ad - if ... (A) 
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Also from (1) and (2), 

c - **,- + 2a/. 4a a e-4* — 8a a /... (B) 

Thus (A) and (B) are the relations that must hold good in 
order that the given expression may be a perfect square. 


Exercise (91). 


Find, by the method of indeterminate co-efficients , the Bum of :— 

1. I 2 + 4 2 + 7 2 + 10 2 + Ac. to n terms. 

2. 1.2 + 2.3 + 3.4 + 4.0 + Ac. to n terms. 

3. 1 a + 3 4 + 5 2 + 7 2 + Ac. to n terms. 

4. 1.2 + 3.4 + 5.0 + Ac. to n terms. 

5. 1 3 + 3 3 + 5 : ‘ + Ac. to n terms. 

6. Shew that if x x +ajc :i + bx* + cx + d be a perfect square, 
the co-efficients saltisfy the relations 

8c — a(l b-u") and (46 -a 2 ) 3 = C4 d. 

7. * If ax* -f 6x 2 + cx + d is divisible by x 9 +h* t prove that 
ad -= be. 

8. Find the relations subsisting between a, 6, c, d, when 
ax 3 + 6x 2 + cx + d is a complete cube. 

6. A short method of finding the quotient and 
remainder when any rational and integral expression 
in x is divided by x - a. 

Let the expression p 0 x n + p x x*~ x +p 2 x*~ 3 +. 

+P*-i x +Pn be divided by x - a ; and let the quotient be Vo*"" 1 

+ 0i*" -8 +?a* n “ 3 + .+ y«- 2 * + V»-i.* and the 

remainder It. 

To find 7 0 , Vii V 2 I &c., a “d 

Now, since Dividend » Divisor x Quotient + Remainder, 
we must have 

p 0 x n +p x x n ~ x +Pax % ~ 2 +p 3 a5"“ a + ..... +p m - x x+p w 
■ + *4^** 3 + . . . V*-3*4*V«-i) + a. 
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Hence, equating the co-efficients of like powers of x on both 
sides, we have 




7o - Po ; 

7i -«7o - Pit 

or 

7i “ a 7o + Pi ; 

7 ‘i — a< ! i = Pi' 

or 

7« - ar /i +/> 2 ; 

7s “ ®7« 31 Pnt 

or 

q 9 » aq 9 + p 9 j 


Ac. <fec. <fec. Ac. 

7«-i -«7»-a - P*-i. or 7«-i = «<l«-*+P n 
£-«7—t - P., or/f = «?-i +*V 
From the equations on the right wc see that q 0 is obtained 
at once, because it is equul to p 0 . We then get y,, by adding 
aq 0 to Pi ; and then y a by adding aq x to p 3 ; and so on. 
Hence the process of calculating successively the co-efficients of 
the quotient and the remainder, may be arranged as follows :— 

Pot Pit Pit Pst . Pn-lt Pn J 

®7o> *7i* . a ?»-x J 

got 7i* 7a» 7a*.^ 7»-i 

Note. It is easy to see that if the divisor be x+a the multiplier will 
be not a but - a. 

Example 1. Find the quotient and remainder whence* - 4x 4 
+ 7x s — 11a? - 13 is divided by x-5. 

The successive co-efficients of the dividend are 1, - 4, 7, 0, 
-11 and - 13 ; and the multiplier is 5. Hence the calculation 
will be performed as follows : — 


1 

-4 

7 

0 

-11 

-13 


6 

5 

60 

300 

1445 

1 

1 

12 

60 

289 

1432 


dfo Thus the quotient is a? 4 +x 9 + 12a? a +60*+ 289, and the 
fiiHinder 1432. 

ft 

Example 2. Find the quotient and remainder when 3x B 
+ 23x 4 — 29*® + 64as* — 79 is divided by x + 9. 

The successive co-efficients of the dividend are 3, 23, - 29, 
64, 0 and - 79 ; and the multiplier is - 9. Hence we haVe 

3 23 - 29 64 0 -79 

-27 36 -63 -9 81 


3 -4 


7 


1 -9 


9 
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Thus the quotient is 3x 4 - 4a: 3 +7a; a +x - 9, and the 
remainder is 2. 

Example 3. Find the value of 

x 8 -18r 7 + 57a?« -lU B -43** + 12r s + 31**-39x + 58, when 
x -» 14. 

By Article 2, we know that the required value iB the 
remainder when the given expression is divided by x - 14. Let 
us then find out this remainder by the method exemplified 
above :— 


1 -18 

57 

-11 

-43 

12 

31 

-39 

58 

14 

-56 

14 

42 

- 14 

-28 

42 

42 

1 -4 

1 

3 

-1 

-2 

3 

3 

100 


Thus the remainder and therefore the required value ** 100. 

Exercise (92). 

Find the quotient and remainder when 

1 . x 1 + 5x a + 3ur a - 5a; + 7 is divided by x - 2. 

2. 2&: 4 + 7a 3 - 57*- + 65 is divided by x - 4. 

3. 5as G + 13os 4 + 9x 3 + 41os a - 17 js + 28 is divided by * + 3. 

4. 4r G + 25a: 4 + 31a? 3 + 37o? a + 43a? + 75 is divided by x + 5. 

5. x G + 10a; 4 + 21a: 3 - 13a? a + 9a; + 705 is divided by a:+ 7. 

6. 7a* - 59* G + 25x 4 - 63a? a + 2x - 100 is divided by * - 8. 

7. x 7 + 15a? fl + 34a; r ‘ - 2Cx 4 - 29a; 3 + 700x + 89 is divided 

by as +12. 

8. a; 0 + 5a; 7 - 44a; 3 + 7a; + 11 is divided by x - 2. 

9. x 7 - 13a: 6 - 35ar 3 - 8a; + 23 is divided by x - 4. f 

10. x 7 + 6x 5 + 25ap a + 765 is divided by x + 5. 

Find the value of :— 

11. 3a; 6 - 17a: 4 + 2a; 3 - 196a: a + 5ar + 79, when x «= 7. 

12. 5a; 6 - 28as 4 + 4a: 3 - 789x a + 38, when as » 8. 

13. x e + 7x 6 - 15x 4 + 29x 3 + 38*+ 275, when x -9. 

14. 2as 6 -31as 4 +59x 3 + 81a? a -37x + 49, when x « 13. 

15. as® - 25as 6 +49as 4 - 73a: 3 +87os a + 113a; + 54, when a:» 23, 
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7. Symmetrical and alternating functions. 

Any expression involving a letter is called a function of 
that letter. Tims x n + 5.k + 8 is a function of x;a a +a6 + & a 
is a function of a and b ; a :i + b li +c n + 2 abc is a function of a, 
b and c ; and so on. 

The letters of which a function consists are called its vari¬ 
ables. Thus x 2 + 5sy + y a is a function of which the variables 
are x and y. 

An expression which is not altered by the interchange of 
any pair of its letters is said to be a symmetrical function. 
Thus ( a + b) A -« 4 - 6 4 and x a +y a +s 3 - 3xyz are symmetrical 
functions. 

An expression whose sign only is altered by the interchange 
of any pair of its letters is called an alternating function. Thus 
a — b and a*(b -c) + 6 a (c - a) + c*(a - b) are alternating functions. 

The produot of two symmetrical functions is also a symmet¬ 
rical function. For instance, let us take the product of a + fl + c 
and bc + ca + ab ; evidently the product, namely, (a + b + c)(bc 
+ ca + ab), cannot be altered by the interchange of any pair of 
its letters, say b and c, because neither a+ b + c nor be+ ca + ab 
is altered by such interchange. Similarly, tho quotient of two 
symmetrical functions is also symmetrical. 

The product of two alternating functions is a symmetrical 
function. For instance, let L and J/ denote two alternating 
functions, each consisting of the throe letters a, b, c ; if any two 
of those three letters be interchanged, L and M will respectively 
become -Land - M t and hence their product will still be LM 
as before. Similarly, the quotient of two alternating functions 
is also a symmetrical function. 

Note. The properties of symmetrical and alternating functions proved 
abCvc should be well remembered as they are of great use in proving a certain 
class of identities. 

8. IDENTITIES. 

Example 1. Show that (x + y + e)* - (y + z - *)* - (s + * - y) s 
- (* + y - «) 3 - 24a cyz. 

Let P denote the given expression. 

Then P may be regarded as a rational and integral function 
of x t and it evidently vanishes when * -* 0. Hence, by Cor. 
Art. 2, x - 0, t. x is one of its factors. 
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Similarly, y and z also are severally factors of P. 

Hence xyz is a factor of P ; and therefore, as P is a function 
of the third degree, it cannot have any other factor involving 
the variables. 

Hence we h$ve P = hxyz ... ... ... (a) 

where A; is a mere number which remains the same for all 
values of x, y , z. 

Evidently therefore we shall find k, if in (a) we give to x , y, 
z any particular numerical values we like. For instance, put- 
fcing x, y, z each equal to 1, (a) becomes 24 «= k, and thus k is 
found. 

Hence P « 24 xyz. 


Example 2. Prove that a 9 {b* - c 2 ) + b 9 (c* - a 9 ) + c 3 (a* - &*) 
«= (a - b)(a — c)(b — c)(ub + be + ca). 

Let P denote the left-hand expression. Then P may be 
regarded as a rational and integral function of a, and if wc sub¬ 
stitute b for a it becomes b 9 {(b* - c*) + (c 2 - 6 2 )} or zero, lienee 
by Cor., Art. 2, a - b is a factor of P ; and similarly a - e also 
is a factor. 


Agaii^ since P may also be regarded as a rational and inte¬ 
gral function of 6 and as it vanishes when b ■» c, we must have 
b-c for one of its factors. 


Wc thus see that P is divisible by (a - b)(a — c)(b - c). 

Now this expression as well as P are both alternating func¬ 
tions of a, b t c t and they are respectively of the third and fifth 
degrees ; the quotient therefore must be a symmetrica] function 
of those letters, and of the second degree. 

Thus it is clear that besides the factors already found, P 
has another factor which is of the second degree and symmet¬ 
rical in a, by c. This factor must therefore be of the form 
l(a* + b* + c* ) + m(ab + be + ca) t where l and m are mere num¬ 
bers and remain the same for all values of a, b t c. 

Hence we have a 9 {b * - c s ) + b 9 (c* — a % ) + c # (o 9 — b 9 ) 

— (a-&)(a — e)(b -c){l(a % +4* + c 8 ) + m(ab + be + ca)} ... (/i) 

Now, putting a « 0, i ■ 1, e » 2, in (/?), 

we have - 4 — - 2(51 + 2m) 

5Z + 2f» ■■ 2 ; ... (1) 


or, 

2—25 
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also putting a «* 0, b = 1, c * 3, we have 

-18 - -6(10Z + 3m) 

or, 10/ + 3»» «■ 3.(2) 


Hence, from (1) and (2), l ■» 0 and m = 1. 

Thus we have * 

P *= (a - b)(a - c)(b - c)(ab + bc + ca). 

Example 3. Show that 8 (a + 6 + c) 3 - (b + c) 3 - (c + a) 3 

— (a + 6) 3 = 3(2a + 6 + c)(a +26 + c)(a + 6 + 2c). 

Putting a: for b + c, y for c + a and z for a + 6, the two sides 
of the above identity respectively become (a; + y + 2 ) 3 -a: 3 — y 3 

— z :i and 3(y + z)(z + x)(x + y), and therefore all that we have to 
do is to prove tho identity of these two expressions. 

Lot P stand for (* + y + z) :t - a; 3 - y :i - z 3 . Then P may be 
regarded as a rational and integral function of y, and it evidently 
vanishes when y — z. Hence y + z is one of its factors. 

Similarly z + x and x + y also are its factors. 

Hence (y + z)(z + aj)(as + y) is a factor of P ; and therefore, 
as P is a function of the third degree, it cannot have any other 
factor involving #, y, 

Hence wo havo 

(x + y + z) :i - x' A - y A - z :i « k(y + z)(z + x)(x + y) ... (B) 

where A; is a mere number which is the same for all 
values of ar, y, z. 

Now putting x =» 0, y «■ 1, z =» 1, in (B), we havo 

6 = 2A’, and Ar = 3. 

Hence, P — 3(y + z){z + x)(x + y). 

Example 4. Shew that (ca - b 2 )(ab - c a ) + (ab - c a )(6c - a 9 ) 
+ (6c-a a )(ca-6 2 ) *= (be + ca + ab)(bc + ca + ab -a 9 — 6 a -c a ). 

We have 

(ca —6 a )(a6-c 2 ) ■■ a a 6c-a(6 3 +c 3 ) + 6 a c 3 , 

(a6 — c*)(6c-a a ) *= 6 a ca-6(c 3 +a 8 ) + c a a a , 
(6c-a a )(ca-6 a ) ■» c a a6-c(a® + 6 8 ) + a*6 8 . 

Hence, the left-hand expression 

(6 a c a + c a a a + a a 6 a ) + (a a 6c + 6 a ea + c*ab) 

- {6c(6 a + c a ) + ca(c* + a a ) +'a6(a a + b*)} 
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= (6 a c a + c a a 9 + a* 6 a ) + 2(a a 6c + 6 9 ca + c a a6) 

- {6c(6 9 + c 9 +a 2 ) + ca(c 8 + a a + 6 2 ) + a6(a 2 + 6 9 +c 9 )} 

« (6c + ca + a6) 2 - (6c + ca + a6)(a* + 6“ + c a ) 

=» (6c + cc|+ a6)(6c + ca + ab — a 8 - 6 a — c a ). 

Example 5. Prove that, if 3s =* 2 (a + 6 + c), (s - a) 3 + (s - 6)* 
+ (* - c) 3 - 3(s - a)(s - b)(8 - c) ■» a 3 + 6 3 + c 3 - 3a6c. 

Since ac 3 + y 3 + 3 s — 3xyz 

« (x + y + z)(x a + y 2 + z 2 - ity - yz - zx) 

= +y + «){(* - y) 2 + (y - *)* + (-- *) a l» 

we must have 

(a - a) 3 + (s - 6) 3 + (s - c) 3 - 3(a - a)(* - 6)(a - c) 

= l {(« - «) + (« - 6) + (« ~ c)}[{(s - a) - (8 - 6)} 2 
+ U s — 6) — (a — c)| 3 + {(a - c) — (a - a)} a ] 

= ^{3s - (« + 6 + c)}[(6 - a) 2 + (c - 6) a + (a - c) 2 ] 

= i(a + 6 + c){(« - 6) 2 + (6 - c) 2 + (c - a) 2 } 

= a 3 + 6 3 +c 3 -3a6e. 

Example 6. Prove that 

(as 2 + 2ys) 3 + (y* + 2zx) :i + (z 2 + 2a:y) 3 - 

3(x 8 + 2yz)(y 2 + 2 zx)(z* + 2a:y) = (x :i +y 3 + z :i - 3xyz) a . 
If 1, u>, oj a be the three cube roots of unity we have 
a :1 + 6 3 + c 3 — 3abc =* (a + 6 + c)(a a + 6 2 + c 2 — a6 - 6c - ca) 

= (a + 6 + c)(a +w6 + w 2 c)(a+ w 2 6 + wc). 

[See example 2, page 221] 

Hence, the giveu expression must be the product of three 
factors of which the first 

— (as 9 + 2yz) + (y 3 + 2zac) + (z 2 + 2asy) 

— ( a: +y+ 2 )*. 

the second =» ( x a + 2yz) + w(y a + 2 zx) + w a (z a + 2xy) 

» a* + to 4 y® + w 2 z 2 + 2to 2 xy + 2to 3 yz +2ft*zas 
■» (x + to*y + toz) a , 

the third <=■ (of 8 + 2yz) + w 8 (y a + 2zx) + to(z 8 + 2x)y 

— as 9 4> to 2 y a + w 4 z 2 + 2<axy + 2w a yz + 2ot‘ J zz 

— (af + «y + to 9 z) 9 . 
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Hence the given expression 

- {(x + y + z)(x + to*y + toZ)(x + iay + io*z)} 9 
■■ (* a + y a +z 3 - 3xyz)*. 


Example 7. If (x 8 + xy + y a )(a a +a6 + 6 a ) # 

m X s + XY + Y 2 t find the values of X and Y. 

If 1, (o, (i) 8 be the three cube roots of unity we know that 

1 + « + o» a «= 0. 

Hence we have 

(x — wy)(x - w 9 y) «* x* — (aj + <o 8 )a:y + <u 5 y* 

= s a + *y + y a ; 

and similarly, > 

(a -<o6)(a — <u 8 6) a 8 +a6 + 6 8 . ... ... (I) 

Hence, (x 8 +xy + y 8 )(a* +ab + b*) 

™ (x - «y)( x - co 9 y)(a - a>6)(a - a» 8 6) 

«■ {(x — a>y)(a - o>6)}{(x — w 9 y)(a - w*6)} 

■» {ax + w 9 6y - a>(ay + 6x)} 

x {ax + why - o» 8 (ay + 6x)| 

■* {ax + (u* + w)6y - <u(ay + 6x + 6y)} 

x {ax + (<»> + to 9 )6y-a> 9 (ay + 6x + 6y)} 

“ {(ax - by) - <a(ay + bx + by)} 

x {(ax-6y)-6i 8 (ay + 6x + 6y)} 
and , by (1), — (ax - 6y) 8 + (ax - 6y)(ay + 6x + 6y) 

+ (ay + 6x + 6y) 8 . 

Thus we see that X ^ ax-by \ 

Y - ay + bx + byj’ 

Example 8. If a + 6 + c - 0, shew that 


(b-c c - a a-b\/ a 
\ a b e )\b-c 

We have _ 

a 6 c 




9. 


hc(b c) ea(c - a) + a6(a - b) 
a 6c 


(6 - c)(c - a)(q - 6) 
abc 
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because the numerator 

= a*(6 - c) — a(6 2 - c 8 ) + 6c(6 - c) 
■» (b — c){a a -a(6 + c) + be] 

— (6 -c)(a-c)(a — 6). 


Also, 


a 


+ 


6 - c c — a 'a — 6 

a(c - a)(a - b) + 6(a - b)(b - c) + c(6 - c)(c - a) 
(6 - c;(e — — 6) 


of which the numerator 

— a(a - c)(a - 6) — b(b — a)(b - c) - c(c — 6)(c — a) 

= - aja 2 - a(6 + c) + 6c} - 6{6 2 - 6(c + a) + co} 

- c{c 2 - c(a + b) -Ij nb\ 

- - a(2a 2 + be) - 6(26 2 + ca) - c( 2c 2 + a6) 

[ v by hypothesis 6 + c = - a, c + a -- -6, a + 6 - -«] 

** - 2(tt* + 6 3 + c 3 ) — 3o6c 


**= - 2(o 3 + 6® + e 3 — 3a6c) — 9a6e 
= - 9<z6c, 

[because a I b + c, which is zero, is n factor of the first term] ; 


•a 


9a 6c 


6 — c c — a a — b (6 — c)(c — a)(a — 6) 
Hence, the given expression 


[- 


(6 - c)(c - a)(a - 6) 
abc 




9a6c 


c)(c - a)(a - 6) 


- 9. 

Example 9. If a + 6 + c + J « o, shew that 

(a 8 + 6® + c® + d :i )* -=* 9(bed + eda + dab + a6c) 2 

*» 9(6c - ad)(ca — bd)(ab - cd). 
Since a+b+c+d « 0, we have a + b *= -(c + d) # 
and (a + 6) 8 *= -(c + <£) 3 , 

or, a® + 6® + 3«6(a + 6) ■» - {c® + d a + 3cd(c + d)}. 
Hence, by transposition, 

a 3 + 6 s + c* + d 3 =» - 3 cd(c + d)- 3ab(a + 6) 

=» 3cd(b + a) + 3a6(c? + c) 

*» 3(bcd + eda + dab + a6c), 
(a 8 + 6* +c 8 + d®) f - 9(6aJ + eda + dab + abc) 3 . 
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Again, since (a + A + c + cf) 9 

= (a +b) 9 + (c + d)*+ 2(a + b)(c + d) 

«■ a 9 + A 9 + c 9 + e£ 9 +■ 2{ab + cd + (a + A)(c + c£)}, 
we must have this expression equal to zero, 
and a*+b 9 +c 9 +d 9 ** - 2{aA + cd + (a + A)(c + d)\. 

Hence, (be - ad)(ca - bd)(ab - cd) 

« {oA(c 2 +d 9 ) -cd(a 9 + A 9 )}(aA - cd) 

- a 9 b 9 (c 9 + d 9 ) + c 9 d 2 (a 9 + A 9 ) - aAcri(a 2 + A 9 + c a + d 9 ) 

- a 9 b 9 (c 9 + d 9 ) + c a d 9 (a 9 + A 8 ) + 2aAccf{aA + cd + (a + A)(c + d)\ 

- a 9 A 9 (c + d) 9 + c 9 d 9 (a + A) 9 + 2abcd(a + b)(c + d) 

* \ab(c + d) + cd(a + A)} 3 

«=* ( A«f + cJa + daA + aAc) 9 . 

Thus the required relations are established. 

Example 10. If a + b + c + d »= 0, prove that 

a c + A® + c® + d r ‘ _ a 3 + A 3 + c 3 + <£ 3 a 9 + A 2 + c 9 + d 9 
6 " " 3 ‘ 2 ’ 

For all values of a, A, c, <i, we have 
(1 -ax)(l - Ax)(l -cx)(l -dx) ( 

«■ 1 - (a + A + c + d)x + (aA + ac + acf + Ac + Ad + cd)x 9 
- (abc + abd + acd + bed)x a + abedx 4 . 

Hence, when their values are restricted by the given condi¬ 
tion, we must have 

(1 — ax)(l -Ax)(l — cx)(l — dx) 

identical with 1 - px 9 - qx 3 - rx* t 

where - p t q, -r respectively stand for ab + ac + ad + Ac 
+ Ac? + cd, abc + abd + acd + bed and abed. 

Hence we must have 

log(l - ax) + log(l - Ax) + log(l - cx) + log(l - dx) 

- log{l - (px 9 + qx 3 +rx 4 )} 
or, (ax + \a*x 9 + £a 3 x 3 + &c.) 

+ (Ax + £A 9 x 9 + ^A 3 x 3 + «fec.) 

+ (cx + |x 9 * 9 + Jc 3 * 3 + &o.) 

+ (dx + \d 9 x 9 + Jd 3 x 3 + &o.) 

* (px 9 + qx 3 + rxt) + |(p« 9 + qx 9 + rx 4 ) 9 + <fec. 
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Therefore, equating the co-etficients of x 3 , x 9 and x R on both 
sides, we have 

a® 4* ft 3 4-c 3 +d 2 

—-- P , 

a 9 +b 9 + c 9 + d 3 


” - 


a 6 +6 r> 4-c* 4-tf 5 


P'/ ; 


whence 


a r > + ft s + c r> + d R a 9 + b 9 + c 3 + d 9 a 3 + ft 3 + c 3 + rf 3 


Exercise (93). 

Prove the following identities :— 

1. a(b + c - a) 3 4- b(c + a - ft) 3 +c(a + b - c) 3 

+ (ft 4* c - a)(c 4- a - b)(a 4- ft - c) » 4aftc. 

2. (a4*ft4-c4-<i) 4 4- (a 4* ft - c - d) 1 4-(a 4 -C-d-b)* 

4 - (a 4 - <1 — ft — c) 4 - (a + ft 4 - c - fi) ‘ - (ft 4 - c 4 * d - a ) 4 

- (c 4-d4-a — ft) 4 - (el 4-a 4-ft - c) 4 = 192afta/. 

3. <ft-c) 3 4-(c-tt) 8 4-(a-ft) 3 

«= 3(ft - c)(c - a)(a - ft). 

4. a 3 (ft-c)4-ft 3 (c-tt)4*c 3 (a-ft) 

=> (a - ft)(a - c)(ft - c). 

5. a(ft4*c) 3 4 -ft(c 4 -a) a 4-c(a4-ft) 2 -4aftc 

b* (ft 4- c)(c + 4* ft). 

6. (yz + zx + xy) 9 - y 9 z 9 - 2 3 ar* - x 3 y 8 

~ 3#yz(y 4- z)(z + x)(x + y). 

7. x(y -z)(y + z-xy + y(z-x)(z + x-y) 1 

+ z(x - y)(x 4- y - 2 ) 4 = \§xyz(x - y){x - z){y - 1 ). 

8. (x + y + 3 ) 4 - (y 4- z) 4 - (z 4 *) 4 - (a 4- y) 4 + x K 4- y 4 4- z 4 

= 12xyz(js4-y 4*z). 

9. a®(ft -e) 4-ft 3 (c - a) + c 3 (a - ft) 

* (a - ft)(<* - c)(ft - c)(a 4* ft 4- c). 
10 . 0(6 -c) s 4-ft(c -a) 8 4*c(a - ft) 3 

■■ (ft - c)(c - a)(a - ft)(a + b + c). 
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11 . 

12 . 

13 . 

14. 

15. 

16. 

17 . 

18. 

19 . 

20 . 

21 . 

22 . 

23. 

24. 


{b - c)(6 + c) a + (c - a)(c + a) 3 4* (a - 6)(a + 6) 8 

= 2(a - 6)(a - e)(6 - c)(a. + b + c). 

(a + b ) 8 - a 8 - 6 6 -» 5a6(a 4* 6)(a 8 4-a6 4-6 2 ). 
a 4 (6 - c) 4- 6 4 (c - a) 4* c 4 (a - 6) 

«= (a - 6)(a - c)(6 - c)(a 2 4- ft* 4- c 2 4- ab 4- be 4- ca). 

(y - z) B +(z-x) r ‘ +(x-y)* 

— 5(y - z)(z - *)(« - y)(ar‘ i 4- y a 4- z a - yz~ zx - ry). 
{x + y + z)* — (y + z - r) r ’ -(z + x-y) 5 

-(x + y-z) n = 80jryz(* 2 4-y a 4* z a ). 
(ar4-y4-z) c - - y B - z B 

= 5(y 4- z)(z 4- x)(x + y)(x 2 +y 2 + z* +yz + zx + xy). 
a F '(b - c) + b r, (c - a) 4 -c R (a - b) 

* (a - 6)(a - c)(6 - c)(a 3 4- 6 3 4- c 3 4- a a 6 4- ab 8 

4- a 2 c 4- ac a 4- 6 8 c 4* be 8 4* «6c). 
a(6 - c) 3 ' 4- 6(c - a) s 4- c(a - 6) r * 

■» (6 - c)(r - «)(a - 6)(a 3 4- 6 s 4* C 3 4- 6 3 c 4- be 8 
4- c s a 4- ca 2 4* a 2 A 4- a6 2 - 9a6c). 

26 2 c 2 4- 2c 2 a 2 4- 2a 8 6 2 - a 4 - 6 4 - c 4 * 

=* (a 4- b 4- e)(6 4- c - a)(c + a - 6)(a 4- 6 - c). 


If & » a 4- b + c, prove that 

*»(<» - 2a)(« - 26) 4- - 26)(# - 2c) 4*«(« - 2c)(s - 2a) 

- (s - 2a)(s - 26)(s - 2c) =» 8a6c. 

Show that 27(a4-6 4-c) a -(a4-26) 3 -(64-2c) 3 

■“ (c 4* 2a) 3 ■> 3(a 4* 36 4* 2c)(6 + 3c 4- 2a)(c + 3a 4" 26). 

Show that 


(r 2 - y 8 ) 3 4- (y a - Z 2 ) 8 4- (z 8 - .r 8 ) 3 
{x - yj 8 4- (y - z) 8 + (3 - x) a 


(x + y)(y 4- z)(z 4- x). 


Prove that (* 4- y - 2z) 3 4- (y + z - 2*) 3 4* (z 4- a: - 2y) 8 
= 3(* 4- y - 2z)(y 4- * - 2x)(z 4- x - 2y). 


Show that a(6 - c)(l 4-a6)(l 4-ac) 

4* 6(c - a)(l 4- 6c)(l 4-6a) 4-c(a - 6)(1 4-ca)(l 4-c6) 
— abc(a - 6)(a - c)(6 - c). 
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25. Show that (6 - c)(l + o 3 6 )(l + a*c) 

+ (c-a)(l + 6 ®c)(l + 6 ®a)+ (a - 6)(1 +c a a)(l +c a 6 ) 

— abc(a - b)(a - c)(b - c)(a 4 b 4 c). 

26. Show that 

x s (y + z) y*(z + x) z 3 (x + y) 

(x - y)(* - z) (y - z)\y - x) (z - x)(z - y) 

— xy + yz + zx. 

27. Prove that 

„a ( a + b)(a + c ) , A8 (6 + c)(A+a) , m% (c+a)(e + A> 

Of • | . / *i v ■ . . 1 i C* * | 

(( a-b)(a-c) ( 6 -c)( 6 -a) (c-a)(c-b) 

— (a + 6 + c) 2 . 

28. Show that (b 4 c) :i 4 (c 4 a) 3 4 (a + b) 3 

- 3(b + c)(c + a)(a +1) = 2(a 3 4 b 3 4 c 3 - 3abc). 

29. If 2 s ** a + b + c, prove that 

(s - a ) 3 + (s - b) 3 4 (ft - c ) 3 - 3(# - «)(s - 6 )(s - c) 

=* 2 ( a '* + b° 4 c 3 - 3abc), 

30. Show that (x 2 — yz ) 3 4 (y a - zx) 3 4 (z“ - ary ) 3 

— 3(.r. 2 - yz)(y 2 - zxHz* - xy) — (x 3 +y 3 + z 3 - 3 xyz) 2 . 

31. If a + b + c + d — 0 , prove that 

a 3 4 A 3 +c 3 4 c ? 3 + 3(a + A )(6 + c)(c + a) » 0 
and (a 4 6 )(a + c)(a 4 fl?) = (b + c)(b 4 ri)(A + a) 

=* (c4d)(c + a)(c + 6 ) = (c? 4 a)(c £4 A)(c?4c). 

32. Prove that o a (6 + c) a + 6 a (c + a) a +c a (a4 6 ) a 

4 2abc(a 4 b 4 c) = 2(Ac 4 ca 4 a//) 3 . 

33. Show that (Act? 4 cda 4 t/«A 4 abc) 2 

— abcd[a + b + c + d) 2 = (be - ad)(ca - bd)(ab - cd). 

34. Ifa4&4c * 0, show that * 

(a 2 +b 2 4 c a ) a - 2 (a 4 4 A 4 4 c 4 ). 

35. Show that {(a - b) 2 4 (b — c) 2 4 (c - a) 3 }* 

- 2{(a — A ) 4 4 (6 - c) 4 4(c - a) 4 }. 

36. Prove that {( 046 -2c) a 4 (A 4 c- 2 a ) 2 4 (c4«-2A) a } a 

— 2{(«4 A - 2e ) 4 4 (A 4 c- 2a ) 4 4(c4a- 2A) 4 }. 

37. If a 4 b 4 c ■■ 0. show that 

4(A a c* 4c*a a 4a*i*) - (a 3 4A*4c a ) a ; 
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and hence prove that 

(y - z)*(z - g) 3 +(z- x)*{x - y) 3 + (x - y) 2 (y - z )* 

= (at 3 + y 3 + z 3 -xy-yz -zx) 3 . 

38. Show that (a 2 + A 2 + c 3 ) 3 + 2(Ac + ca + aA) 8 

- 3(a* + A 2 + c 2 )(Ac + ca + aA) 2 *» (a 3 + A 3 + c 3 - 3aAc) 3 . 

39. Show that 3(.t + y + z) a - (g + y) 3 - (y + z) s 

- (z +x) 3 - x 3 - y 3 - z 3 = 6 (xy + yz + zx)(x + y + z). 

40. If 2.V ** a 3 + A a +c 3 , and 2s = a + A + c, prove that 
(5 - A 2 )(S - c 3 ) + (‘V - c*)(jS - a 3 ) + (5 - a 3 )(^ -A 2 ) 

= 4*(« - a)(« - A)(s - c). 

41. Show that (a + A + c) 3 

- a 3 + A 3 +c 3 +3{a(A 3 +c 3 ) + A(c 2 +a 3 ) 

+ c(a 2 + A 2 )} + 6aAc. 

42. Prove that (a + A + c) 3 - 27aAc 

== j{(a + A + 7c)(a - A) 3 + (A + c + 7a)(A - c) 2 

+ (c + a + 7A)(c - a) 3 }. 

43. Prove that 9(a 3 + A 3 + c 3 ) - (a + A + c) 3 

«=» (4a + 4A + c)(a - A) 2 + (4A + 4c + a)(A - c) 2 

+ (4c + 4a + A)(e - a)*. 

44. Show that x(l-y a )(l- 2 a ) + y(l-z a )(l-x a ) 

+ 2(1 - fic 2 )(l - y 2 ) - 4gyz 

« (g + y + z - xyz){ 1 -xy-yz- zx). 

45. Prove that 

8 a 3 A 3 c 3 + (A 2 + c 2 - a 3 )(c 3 + a 3 - A 2 )(a* +*A 3 - c 3 ) 

«■ (a 3 + A 3 + c 3 )(a + A + c)(A + c- a)(c + a ~ A)(a + A - c). 
40. If gy + yz + z* «■ 1, prove that 

x . y z 4gyz 

l“x» + l-y a+ l-* 2 “ (l-x a )(l-y a )(l-z 2 ) ? 

47. If gy + yz + z* « 1, prove that 

g + y y + z z 4 -a? g + y y + z z + x 

1 -xy + 1 -yz + 1 -zx \ -xyl -yz l - zx 

48. If xy + yz + zx « - 1, prove that 

g + y y + z z+g g + y y+z jj4-» ^ ^ 
l + ay l + yz + l + 2 jB + l+*yl+yzl + zg 
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49. If a 3 +A 3 +c 3 «* (a + 6 + c) 3 , prove that 
a 2 ..+i +i a«+i +c *.+ i _ (a4-A4-c) 2 " +1 l 

where n is any positive integer. 

50. If - + ~ + — «-\— , show that 

a b c a + b + c 

/l 1_ l\ a - +l _1_ 

\ a + A + c / " a 2 - +1 +6 2 " +1 +c 2 "^ 1 * 

where n is any positive integer. 

51. Show that (a: 4 y) 7 -x 7 -y 7 is divisible by a; 2 + xy 4-y*. 

52. Prove that (3 a - b - c) 8 + (36 - c - a) 3 4- (3c - a - A) 3 - 
3(3 a - h - c)(3A - c - a)(3c - a - b) = 1 G(a 3 + A 3 + c 3 - 3aAc). 

53. Prove that (x 3 + y 3 4- : 3 - 3j iyz)(a 3 + 6 3 4- c 3 - 3aAc) 

= (ax 4 by 4- cz ) 3 4- (bx 4 cy 4- az) 3 4- (cx 4- ay 4- 6s) 3 

- 3(a* 4- by 4- cz)(hx 4 cy 4- az)(cx + ay + bz) ; 

aud hence shew that the product of any nunibor of factors 
of the form x 3 4 y 3 4- z 3 - 3xyz can be put into the form 
JT 3 4-F 3 4-^ 3 -3A:r^. 

54. • If 04640 = 0 , prove that 

a B 4-6 c 4-c f> _ a 3 4- A 3 4- c 3 a 3 4- A 2 4- c* 

5 " “ 3 ' 2 ’ 

55. If a 4- b 4- c = 0, prove that 

a 7 4A 7 4c 7 a r ’4 A 5 4c ,r> a 3 4 A 2 4 c 2 
7 “ “■ -5 • 2 

__ a 3 4- A 3 4- c 3 a* 4 A 4 4- c 4 
' 3“ “ T 

56. Show that 

25{(A - cy 4- (c - a) 7 4 (a - A) 7 }{(A - c) 3 4 (c - a) 3 4*(« - A) 3 

- 21 {(A -c) 8 4 (c - a) 5 4 (a - A) 8 }*. 

9 ELIMINATION. 

Example 1. Eliminate x from the equations 
a x x* 4- A 1 *4-c 1 ■* 0, and a 3 x 2 4-A a z 4c a =■ 0. 

Let a be the value of x which satisfies both the equations. 
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Then we must have 

a x a* + b x a + c x « O'! 
o s «* + 6 a a+c a *■ 0/ 

Hence, by cross multiplication, 

a 5 * a 1 

— cs - • 

^ 1^9 "" ^ 2^1 Cytl^ ^ 1^2 "" ^ 2^1 


h\ Cj| - i.jCi *“ 


\C11* 3 — Cjfflj / 


whence (6,c a -^a c i)( rt i^» ~ a a*i) * ( c i a * ” c a a i)*» which is the 
required Eliminant. 

Example 2- Eliminate m between the equations 


, a , a 

nix + *a m x + ■ . 
m rn 

and mm « - 1 


and prove that x + a — 0. 

Since y *» mx + -- 

m 


(Calcutta University F. A. Paj»er, 1888.) 


and also y 
0 


' ® 
m x + - ,, 
m 


(m - m 



1 

m 



(m - m')x — 


m - m 

-- j 

mm 


\ mm! 

— (m - m)(x + a). [By the 3rd equation.] 

Hence, since m — m is not zero, we have x + a = 0, 
which is the required Eliminant. 

Example 3- Eliminate 7, m, a', 6’ from the equations 
Ix + my — 

mx-ly * Jd*m % +b , *l' i 
and a* - a' 9 - 6* - A'* - k* 

(Calcutta University F. A. Paper, 1891.) 
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• (A) 


■ <B) 


From the let equation we have 

l*x“ + m 2 y a + 2lmxy «* a 8 / 8 + 6*m a . . . 

Also, since a' 2 *= a* -A 8 and 6'* =* 6 a - A: 8 , 
from the 2nd equation we have 

»i 8 jc 8 + l‘*y* - 2 Imxy «=* (a a - A a )»»* + (6 a - A 8 )i a 

Now, from (A) and (B) by addition, we have 

(* a +y a )(Z*+m 9 ) = (« a + 6 a - k*)(l* + m 9 ). 

Hence, dividing both sides by I s + »n 8 which is not zero, wo 
must have 

x 9 +y a = a a +6 a -A 8 , 
which is the required Elimiuant. 

Example 4. Eliminate x, y, z from the equations 
ax _ by z ] 

2 ‘ 


Since 


by + cz 
ax 


cz + ax 

1 


x + y 


0 


by + cz 

2 ax *= by + cz, or 2ax - by - cz 
by ^ 1 
cz + ax 2 

26y =s cz + ax, or ax - 2by + cz *■ 0 
From (1) and (2), by cores multiplication, we have 


Alsc^ 


( 1 ) 


( 2 ) 


V 


X 

M y 

z 

-be - 26c 

- ca - 2ca 

- 4a6 + ab 

X 

/II p - - 

^ _ jl_ 

z 

‘ -36c 

- 3ca 

— 3a6 ’ 

X 

0r - ic 

y 

z 

ca 

a6 * 

supposing each of the above ratios = A, we 
A.ca, z = k.ab. 

„ z 1 kab 

jNow since -* -; » •. ,;v ~—r 

x + y 2 A(6c + ca) 


whence 2a6 

— be + ca 


and — 

c 

1 1 

“ — + -r i 
a 6 


which is the required- Eliminant. 



398 


ALGEBRA MADE EAST. 


[Chap. 


Example 5. Eliminate x and y between the equations 
az a + bx a y + cxy a + dy 3 » 0 1 

a'x 3 + b'x a y + cxy a + c?'y 3 * 0 J 


Dividing the equations by y 3 , and putting 


z for *-. we have 

y 


az 3 + hz a + cz + d * 0 . (1) 

o'z 3 + b'z a +cz + d' =0 . (2)- 

Multiplying (1) by a' and (2) by a, we have by subtraction 

(ab - ab')z~ + (ac - ac)z + (ad - ad') = 0 . (3) 

Again, multiplying (1) by it and (2) by d t we have by 
subtraction 

(ad’ - ad)z 3 + (btV - b'd)z 2 + (cd' - cd)z — 0 
and therefore, since z is not zero, 


(ad! - a!d)z * + (bd' - b'd)z + (cd' - cd) = 0 ... (4) 

Now all that we have to do is to eliminate z from (3) 
and (4). 

lienee putting V» r for the respective co-efficients in. 
(3b and p\ q\ r for those in (4), wo have, us in Example 1, 

(qr - qr)(pq - pq) = (rp’-rp)* 
for the required Eliniinaut. 

Example 6. Eliminate x , y, z for tho equations 


111 1 

— + — + - “ — 

x y z a 

x + y + z — 6 
as 3 + y 3 + z 9 ■» c 3 
xyz *= d s 

From (1), »i. + Kt .±S' = 
• xyz 

and by (4), yz + zx + xy - 

From (2), 6* « 

by (5) 


• • • 

(i)i 

• • • 

(2) 

• • • 

(3) 

• • • 

1 

» 

a 

d 3 

<*>J 

L11 a * • 

a 

... (5) 

(as* +y* 

+ 2 *) + 2(ys + zx + xy} 


**+y*+«*+—• 

a 


Hence, as* + y* + s* 



a 




( 6 ) 
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Now from (3) and (4), we have 

c 3 ~3 d 3 = *3 + y 3 + z 3 -3 jcyz 

= (x + y + z)|(x a + y* +z*) - (yz + :.i + icy)} 


and 



[Ky (2), (li) and (ft).] 


Thus we have 


c 3 - 3d 3 = fl 3 - —-, 

a 

whence, a( 6 ® - c 3 ) = 3 d 3 (b - a), 
which is the required Kliininant. 


Example 7. Eliminate jr, y, z from the equations 

ax + yz — be' 
by + zx *= ca 

► 

cz + xy = ah 
xyz « ahc. 

and show that b 3 c 3 +c 3 a ;l + a 3 b 3 = 5a 2 A 5! c 2 . 


Multiplying together the first three equations, we have 
abexyz + bcy 2 z 2 + caz 2 x 2 + abx 2 y 2 + ax 3 yz + bry :l z 

+ cxyz 3 + x 2 y 2 z 2 a 2 b 2 c 2 . 

Hence, since xyz — abc t we have 

a 2 b 2 c* + bcy 2 z 2 + caz 2 x 2 +abx' J y 8 + a 6 c(ax* + 6y* + C2*)«=0, 
or, a 2 b 2 c 2 + bc(a 2 x 2 + y 2 z 2 ) + ca(b 2 y 2 + 2 *;c a ) 

+ aft(c* 2 *+ a*y*) = 0. ... ... ... (1) 

But we have a 2 x 2 +y 2 z 2 = (ax + yz) 2 — 2axyz 

- b 2 c 2 - 2a 2 bc ; 
and similarly, b 8 y s + z*x 2 = c*a 2 - 2 a 6 *c, 
and c 2 x 2 + x 2 y 2 *= a 2 b 2 -2abe 2 , 

Hence, from (1), 

aHH 2 + bc(b 2 c 2 - 2a* be) + ca(c 2 a 2 - 2 ab 2 c) 

+ ab(a 2 b 2 -2abc 2 ) - 0, 
whence, 6®c® +c®a® + a®6® =* 5a*6*c*, 
which is the required Eliminant. 
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Example 8. Eliminate x % y, z from the equations 
x a + yz « a 


y* + zx 


z a +*y — c | 1 
x + y + z =■ 0J 6 + 


aud show that 
1 1 


■ + 
c cfa 


0 . 


We have b + c 


a + b 

y a + 2 * + x(y + z) 

y* + z a -(y + z )* f [ V * =-(y+=)] 


“ 2yz; 

(b + c)x = - 2xyz. ' 

Similarly, (c + a)y « -2xyz ; 

and (a + 6)z * - 2xyz. , 

Hence, putting P for - 2xyz, we have 

(6 + c)x * (c + a)y =» (a + b)z = P ; 

P P 

x * - — , y « — 

6 + c 


/> 

a + 6 * 


c + a 

Hence, from the last of the given equations, we have 

7 1 1 1 \ A 

+ /- 0 , 


Pi, + 


^6 + c ' c + a ' a + 6/ 
whence, since P is not zero, wo have 


1 

6 + c**" 


1 _ _ 1 _ 
c + ci a + 6 


0 , 


which is the required Eliminant. 

Example 9. Eliminate x , y, z from the equations 

a a - yz « a ... ... ... (1)' 

y* - zx b ... ... ... (2) 

s 51 - xy «* c ... ... ... (3) 

aat + 6y + C2 * 0 ... ... ... (4)^ 

Multiplying (1) by y, (2) by z, and (3) by x, we have 
ay « **y-y* 

6z ■■ y*z -z*xj 
cx - z*x - x a y, 

Hence, by addition, 

e* + ay + 6s — 0. (5) 


:r 
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Again, multiplying (1) by z, (2) by ar, and (3) by y, 
we have 

az — x*z -yz* 
bx «= ry 3 - x' l i 
cy — yz a -ary 3 J 
Hence, by addition, 

bx + cy + az *= 0 ... ... ... (6) 


Now, from (5) and (6), by cross multiplication, we have 

a _ y _ m z 

a* — be b* —ca c*—ab‘ 

Therefore, putting each of these ratios = /«*, we have 

* «= A(a 3 -6c), y •» k(b‘ 2 - ca), z «=« k(c“-ab). 
lienee, from (4), we have 

fc|a(a 3 - be) + b(b s - ca) + c(c 3 - ab)\ = 0, 
whence, since & is zero, we must have 

a 3 + 6® + c 3 - 3a6c ■» 0, 
which is the required Eliminant. 

Example 10. Eliminate as, y, z from the equations 
2 1 1 „ 1 
x y z 

a 3 *-+fi 3 y 3 +c 3 z 3 - 0, a 3 * 3 +6 3 y 3 +c 3 z 3 = 0 ; 
and show that 

_ c *)fr + fc$( c 3 -a 3 )* + c*(a 8 -ft 3 )* - 0. 

Let a 3 - - 6 3 - 1 r 3 - 1 k. 


Then we have o 3 —jfc + —, 6 3 ■» & + — , 

* y 


and c 3 ™ A + 


1 


Hence, since a*as 3 + 6 3 y* + c*z 3 01 
and a 3 * 3 +6*y® +c 3 z 3 •* 0J ’ 

we must have 

a 4 * 8 + 6 4 y a +c 4 z* *= o 3 * 8 .a* + 6*y 8 A 3 +c 3 z 8 .c 3 
2—26 
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Thus wo have 


- a a x 3 ^k+ l^ + b*y*(k + 

+ c 2 z 3 ^& + -^ 

- fr(a a * 3 +6 a y 3 +c 2 z 3 ) 

+ (a 2 * 2 + £ 2 y 2 + c*2 8 ) 

- 0. 


a*.(a*z :i ) + b*.(b*y a ) + c a ,(c*3*) * 0\ 
and also (a 8 at 3 )+ (6 2 y 3 ) + (c a 3 3 ) = Of 


Hence, by cross multiplication 


a a s 3 

6 B -c* 


b*y a 
c‘ - a* 


. 3*3 


C* 

a- - 0* 


> 


and supposing each of these ratios = w, we have 


a 3 ac 3 =» m.a(6 J -c 2 ), and a* = m^.afyi 2 ~c 2 ) 3 ; 

b a y 9 *» m.6(e 2 -a 2 ), and 6y = m^.6 a (c a - a 2 ) 3 ; 

c 3 2 3 sss m.c(a 2 - 6 a ), and cz = m 3 .c^(a a - 6 2 ) 3 . 

Hence, sinco a 2 * 2 + 6 a y a + c a z a = 0, we must hive 

m*{a v fy a - c 2 ) 3 + 6*(c 2 - a 2 ) 3 + c 3 (a 2 - ft 2 )* j = 0, 

whence, since m is uol zero, wo have 

a 3 (6 a -c s, )^ + *^(c“-a a )*+c*<« a '- i8 )* - 0, 

which is the required Kliminant. 


Exercise ( 94 ). 

1 . Eliminate x, y from the equations 

ax + by = m 
bx — ay «= w 
a: 2 + y 2 ■> 1 

2. Eliminate a?, y, z from tho equations 

o^ + ^y + Cj - 0, a % x + b a y + c a « 0, 

a3* + 6 s y + c 3 «■ 0. 
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3. Eliminate x, y from the equations 

ax + b — cy, a 1 y + b 1 *= c 1 ar, * 2 +y 2 = 1. 

4. Eliminate a, b t c from the equations 

bz + cy = a, cx + az — b, ay + bx = c. 

5. Eliminate r, y, z from the equations 


y + 3 


Z + JC 


- ft, —— 
* + y 


6. Eliminate a:, y from the equations 

a x x 4 + 6 x x 3 +c t = 0, a a x* + b a x a +c a «= 0. 

7. Eliminate x, y from the equations 

, l Ja*+b a ** , y l _*_ a: a +« a = 

ax + by - , ^ a + 7 * tt a + 6 a * + y 

3. Eliminate ar from the equations 

* 3 + 3 =. 4(a : * + A 3 ), 3# + - = 4(a 3 - 6 3 ). 

a; ar* 


9. Eliminate ar, y from the equations 

• x + y = a, x*+y' 2 =» b a ,x 4 +y* = c 4 . 

10. Eliminate x, y, z from the equations 

a: 3 + y 8 + z :i — 3 xyz = a 3 ^ 
yz + zx + xy = 6 2 ] 
ar + y + z « c 

11. Eliminate ar, y, z from the equations 

ar + y + z = a 
2(y2 + zx + ary) =» 6*1 
ac 3 + y 3 + z 3 =» c 3 
3 xyz = cf 4 J 

12. Eliminate ar, y, z from the equations 

ar +y + 2 * a 
** + y* +2* - ft 2 I 
x 3 +y® + z 3 = e 3 1 
* 4 +y 4 +z 4 *■ <£ 4 J 
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13. Eliminate x, y from the equations 
ax + by — x + y + xy » « a +y 8 - 1 


0, 


and show that + 


a 1 


1 

ft 8 


1 


(a - by 


14. Eliminate x, y from the equations 

p*-y* - (a-a) 8 , q* -y 8 - (x -ft) 8 , r 8 -y 8 «= <*-c) 8 , 
and show that 

p 8 (ft - c) + <2 a (c - «) + »* 8 (a - ft) 4- (ft - c)(c - a)(a - ft) 


15. 

16 . 


Eliminate x, y, z from the equations 


* + •*- 
2 y 


Z X 

a, — + — 

X 3 


, x y 

ft, — + i 

y * 


Eliminate a, y, 2 from the equations 


x y z x y z 

+ - + — + - + 
y z x % x y 


A 


17. Eliminate a, y, z from the equations 

bx+— — 2/, cy+® — 2y, az+ — = 2A,‘ 

x y z 

xyz - 1. 

18. Eliminate a, y from the equations 

* - « 2a, y - — 2ft, — + - 2c. 

x V y x 

19. Eliminate x t y, z from the equations 
ae 8 (y + *) — a®, y 8 (* + a) - ft®, z*(x + y) - c®, 

xyz — aftc. 

20. Eliminate Z, m, n from the equations 
a 8 I® + ft 8 i»® + c*n* =* a' 8 Z 4* ft' 8 m + c' 8 « ; 
al — bm cn ; Z 8 + m 8 + n 8 ■■ 1. 

21. Eliminate a?, y, z from the equations 

a 8 y 8 s 8 11 1 

a® " ft® " c« " x + y + t ' 

ft 8 c 8 111 

■-£ +-JT 

y* »* a b c 


0 
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22. Eliminate a, y from the equations 

(az + by )* -r a + b t 

cue*+by % - 1 » ^~^a* + y*^, 

a b , 

* y 

23. Eliminate a, y, z from the equations 
a 9 - a* - y® - b* - 3® - c 9 «■ ayz ; 

a® 6 s c 8 d !i 

— 4 - — + • = — - - . 

x y z x +y + z 

24. Eliminate a, y t z from the equations 


a z 

2y 

- + ■ 

. 9 

a c 

6 

aexz « 

»V. 


2az 

a* c® 

6®“' 


25. ^Eliminate a, y from the equations 

y*-a* — ay-/$a, ixy = a* + fty, a® +y* 
and show that 

(« + / 3 )* + (a - / 3 )* ■> 2. 

26. Eliminate a, y, z, n from the equations 

a - by + cz + du, y =» ax+ cz + du, 
z mm az + by + du, u — ac + 6y + cz ; 

and show that 

a . b l c ^ d 1 

l + a + r+6 + ITc + r+<f “ ' 


27. Eliminate a, y, z from the equations 
ax* + by*+cz* =» aa + 6y + cz 

-i yz + zx + ay * 0. 

28. Eliminate a, y, z from the equations 

a* — ay - a* y* - yz - yx _ z* — za - zy 

--- - ---' *■ * 

a b c 

ax + by + cz — 0. 



406 


ALGEBRA MADE EAST. 


[Chap. 


10. Miscellaneous Artifices. 

Example 1. Shew that if a, b, c, d are all real and ( a + b )* 
+ (6 + c) a + (c + d) a 4(o6 + 6c + cd) t then will a ■» 6 — c ■* cf. 
We have (a + 6) a +(6 + c) a + (c + <f) a = 4(a6 + be + ce?); 
by transposition, 

{(a + b )* - 4a6} + {(6 + c) a - 46c} + {(c + d) a - 4c<*} - 0, 
or, (a-6) a + (6-c) a +(c-ii) a = 0. 

Now since a, b , c, c? are all real, no term on the left-hand 
side is negative ; hence the above relation will hold only when 
each term is equal to zero ; 

a - 6 *■ 0, b - c =* 0, c-d = 0; whence a = b =■ c = d. 

Example 2. Show that if the sum of any two positive quan¬ 
tities be constant, their product is a maximum when the quan¬ 
tities are equal. 

Let x , y be any two quantities whose sum — k, a constant. 
Now since 4 xy ■=• (x + y) a - (*-y) a t 

*= k*-(x-y)* t 

it is evident that 4*y is altmy* less than k a except wh$n x -y = 0. 
Thus 4 xy is a maximum when x**y ; i.e., xy is a maximum 


when x »y«J, 

M 


and the maximum value 


Jt a 

4 


Note. The Above can be easily verified by a numerical example. For 
instance, 12 = 11 + 1 = 10 + 2 = 9 + 3 — 8 + 4 = 7 + . r > = 8 + 0 ; but of the 
products llxl, 10 x 2, 9 x 3, 8 x 4, 7 x 5, 6 x 6, the lost is the greatest. 


Example 3. Shew that if the product of any two positive 
quantities be constant, their sum is a minimum when the quan¬ 
tities are equal. 

L$t x, y be any two positive quantities whose product «= k 2 . 
Now since (x + y) a — 4xy + (x - y) a 

- 41c* + (x - y) a , 

it is evident that (* + y) a is alwiye greater than 4& a , except 
when x - y — 0. 

Hence, ar + y is a minimum when * ■= y « &, and the 
minimum value — 2k. 

Note. Let us verify the above by a numerical example. For instance, 
36=30x1 = 18x2 = 12x3=9x4 = 0x6 ; but of the sums 36+1, 18+2, 
12+3, 9 + 4, 6 + 6, the last is the least. 
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Example 4. Show that x n 
positive integral values of n. 

By division X -—- = x**- 1 

x — a 

Hence, if x - a divides 


- a n is divisible by x - a, for all 

a(x" -1 - a" _t ) 

"f-• 

x - a 

x n ' l -a n ~ l it will also divide 


x - a™. 


But we know that x- a divides x 3 -a 3 ; it will therefore 
also divide x 4 -o*. And, since x-a divides x 4 -a 4 it will 
also divide x 5 - a s ; and so on. 

Thus the proposition is established. 

Example 5. If the two expressions x :i + px* + yx + r and 
x 3 +p'x + (/x + r have the same quadratic factor, then 


r — r pr — pr <y r — qr 
p-p q-q r-r 

Let x 2 + ax + b denote the common quadratic factor ; and 
suppose that 

x 3 +jms* +qx + r = (x* +ax + 6)(x + c) 
and x 3 + p'x' z + qx + r' = (x 3 + ax + b)(x + c). 

By equating co-etlicients of like powers of x, we have 


P 

7 

r 


a + c 
ac + h 
be 


Hence, 


r - r 
P 

p'r - pr 
2~ f I 


b (c-O 
c — c 

ab(c — c ) 
a(c - c') 


q'r — qr 6 8 (c-c') 
~ " 6(c - c) 


r — r 
r — r' 
P~P' 


pr -pr 


r 

(jr - </r' 
r-r' 


jo = o + c 
= ac' + b 
■ *c' 


7-7 

Example 6. If the equation ox + 

a 3 6 s 

have only one solution, prove that - - + ~r «= 1 and that x 

c cL 


1 and ex* = 1 

a 
c 
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From the given equations, we have 

or, d(l - 2 aa? + a a * a ) - 6 8 (1 -c* 8 ), 
or, (a*d + b*c)z 2 -2adx + (d-b*) ■» 0 ; 

ad ± Ja*d*^(d - b*)(a*d + b*c) 

X (a*d + b*c) 

Hence, %/* tfare 60 only ow« value of x the expression under 
the radical sign must vanish ; that is, we must have 

a*d* - (d- 6 8 )(a a d + 6 a c) 

«* a*d* + b*dc - 6 8 (a 8 d + b*c ); 

a*d + b*c «■ de , 


a* fc 8 
c + d 


1 . 


ad 


Henoe, also „ 

a a d+ 6 a c 


ad 

dc 


and 


... y . 1 ( 1 -a*) - i(l-? c ’) 


A 


1 ?! 6 
6’d " d 


Example 7. Find the condition that the roots of 

cue* + 2bx + c *■ 0 may be formed from those of ax* + 2 b'x + c' 

— 0 by adding the same quantity to each root. 

Let a and /? be the roots of a'x* + 2 b*x + c *» 0, then a + d* 
and )8 + d must be the roots of ax* + 2bx + c «■ 0 . 


Hehce, a + /3 « 

2U 

a' 

■ • • 

... <l) 

«/»- 

d 

nr 

• •• 

... (2) 

® + /?+ 2d ■ 

2b 

a 

• • ■ 

... (3) 

(a + d)(/8 + d) 

c 

• • • 
a 

• •A 

... (4) 
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From (1) and (3), we have 

0 , 26 26' 

2 d -+ , 

a a 

.. d ® — — + — r • 
a a 

Hence, from (4), 

- - a/* + (« + /fyf + d a 


c' 267 6^ _ 6 \ /J6' _ 6 X- 
a' o' \o' a / \ o' a / 




6* 


a 


a 


'il 


I j # 

or, - - c a --- , which is the required condition. 

a' 2 a a' 2 a 

Eiample 8. If o + ^,-" 2 = 6 4- --then will each 

F b-c c-a 

member of the equation be equal to c + ——. 

Let each member of the given equation — k. 

Then o(6 - c) + y a - z a « fc(6 - c), 
and 6(c - a) + z 9 - x 9 *» k(e - o) ; * 

by addition, 

c(6-a) + y a - * a « k(b — a). 

Hence, k - c + --2- . 

CL — b 


Example 9. If ** ~ *1 

*(1 -yi) 


y 9 -zx 


and x , 

l 


y, «be 


un- 


• • •• 

equal, then each member of this equation will be equal to* 

to x+y + z t and to — + i- + - 1 . 

x y i 


±*zj*y 

*(1 - ary)’ 


Let each member of the given equation ■ k. 
Then x 9 — yz mm k(x — xyz) 
and y* -zx - fc(y - *y«). 
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Hence, by subtraction, 

x % - y* + z(a? - y) ** k(x - y), 

(x - y)(x + y + z) = fc(3-y), 

A: - x + y + z, 

since x - y is not zero. 

Again, x 9 - yz =* A:(x - xyz) 

— (x + y + z)(x - xyz) 

- ** + x(y + z) - xyz(x + y + z), 
or, xyz{x + y + z) — xy + ar2 + yz : 


at + y + z 


1 1 1 
* _ + + 
xyz 


therefore z 9 - 

x + y + z =» 


( 1 ) 


(3) 


Also, since xyz(x + y + z) «■ xy + xz + y: 

=» xy + z(x + y) 

- ary-z 9 + z(x + y + z), 
ary - (x + y + z)(z - aryz), 
z 9 - xy 

=(i -*v) . 

Honcc, from (l), (2) tfc (3), we have 

i . Ill z a - xy 

x y z z( 1 -xy) 

Example 10. Pro^e that 

{(A - c) 9 + (c - a) 9 + (a - A) 9 }{a 8 (A - c) 9 + A 9 (c - a) 9 + c 9 (a - A) 8 } 
- 3(A - c) 9 (c - a) 9 (a. - A) 9 + {a(A - c) 9 + A(c - a) 9 + c(a - A) 8 ^ 9 . 
Let A-c — *, c-o «» y, a - A = z. 

Then, {(A-c) 8 + (c-a) 9 + (a-A) 9 } 

x {a 9 (A - c) 9 + A*(c - a) 9 + c 9 (a - A) 9 }' 

« ^x 9 +y 9 + z 9 )(a 9 x 9 + A 9 y 9 + c 8 z 9 ) 

- a 9 * 4 + a 9 x 9 (y 8 +z 9 ) + 6 9 y 4 +A 9 y 9 (z 9 +x 9 ) 

+ C 9 Z 4 + C 9 Z 9 (x 9 +y*) 

** a 9 x* + b*y* + c 9 z 4 + x 9 y 9 (a 9 + A 9 ) + y 9 z*(A 9 +c 9 ) 

+ z 9 x 9 (c 9 +a 9 ). 

But x 9 y 9 (a 9 + A 9 ) + y 9 z 9 (A 9 + e 9 ) + z*x 9 (c 9 + a 9 ) 

= x 9 y 9 {(a-A) 9 + 2aA} + y 9 z 9 {(A -c) 9 + 2Ac} 

.4- z 9 * 9 {(c - a) 9 + 2ca} 
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«= x 2 y 2 (z 2 + 2 ab) + y*z*(x- + 26t) + z*x*(y“ + 2 ca) 

«= 3x a y a s a + 2a6x a y a + 2 bcy 2 z l + 2caz a x 8 ; 
{(6-c) 8 +(c-a) 8 +(a-6) a } 

x {a 8 (6 -c) 8 + 6 a (c - u) a + c 8 (a- 6) 8 } 

« « a j; 4 + 6 8 y 4 -fc 8 z 4 +3z a y a 2 a + 2a6-r 8 y- 

+ 26ey 8 z 8 + 2caz a x a ; 

*■ 3jf a y a 2 a + (ax 2 + by 2 +cz 2 ) 2 

- 3(6 - c) 8 .(c - a) 8 .(a - 6) 8 + {«(6 - c) 8 + 6(c - a) 8 + c(a - 6) 8 } 8 . 

Example 11. Shew that if a + b + c =» Q, the following ex¬ 
pression is also zero :— 

a 2 A 8 c* 

2a 8 + 6c + 26 8 + ca + 2c* 4- a6 
We have 

2a a + 6c = a a + a.a + 6c 

« a 3 -a(6 + c) + 6c [ V a «= -(6 + c)] 

= (a-6)(a-c). 

Similarly, 

26* +■ ca *» 6 3 - 6(a + c) + ca 
* (6 - c)(6- a) ; 

and 2c a +a6 = c 8 ~c(a + 6) + a6 
-= (c - a)(c - 6). 

Hence, the given expression 

a 8 _ 6» c* 

** (a - 6)(a - c) + (6 - c)(6 - a) + (c - a)(c - 6) 

a 8 (6 - c) - 6 8 ta - c) + c 8 (a - 6) _ ^ 

(a - 6)(6 - c)(a - cj 

_ o*(6 -c) - a(6 8 - c 8 ) + 6c (6 - c) _ - 
"* (a - b)(b - c)(a - c) 

(6-c){a 8 - a(6 + c) + 6cj j 
"* (a - 6)(6 - cj(a - c) 

(6 - c)(a - c)(a - 6) . 

" (a-6)(6~-c)(a-c)“ 

- 0 . 
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Example 12. If n be a positive integer, prove that 

1 -2»+ 2n(2 ”- 1 > - ic. + (- 1)- 2n(2 “■ •_(»±»> 
[2 v \n-_ 1 

_ J 2n 


(“1)’ 


mny 


We have 

(l-x) a * — 1 - 2n x + 2 - -——x a -&c. 

+< - i)«->. 2n < 2 '*- - y • • ■l n+ A ) »—* . 

|/i - 1 

(l—*)” 1 =» 1 + x + x a + . . .+ x n “ 1 + x n + «fcc y 
Hence, multiplying, wo see that 

1_2 n + 2n ! 2 ^f ^. . + (- l)**- 1 . 2n(2 - n _“ 

» co-cfHcient of x*"* 1 in the expansion of (1 -x) 2 ".(l -x)” 1 
» co-ellicient of x n ~ x in the expansion of (1 -x) 8 "" 1 

1 >-lL» 


_ 2 “l 2 “- l 

2n\n — 1 [n 


_ ( _n— l 2n 

Example 13. Prove that 

1.3.5..(2r- 1) 1.3.5....(2r - 3) 3 

■(£ + \r — 1 ‘[i. 


1.3.5...(2r-5) 3.5 , or/1 . 

+--j-}---.^. + &c. - 2 r (l +r). 

We have 

/i , L 1 . 1.3 x* 1.3.5 

( i_,) *. i+_. 

+ l^.J2r-l)^ + gtc .. 

4 121 
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„ , 3 3.5 z a 3 5.7 * 3 , 

(1 “ *> 2 " 1 + + ~'jii [3 +&C 

Hence, multiplying, we see that 

1.3.5....(2r-l) 1.3.5— (2r - 3) 3 

""'2 r 1 r ' + 2 r - 1 |r - 1 ' 2 

1.3.5. . . . (2r — 5) 3.5 . 

*-*-•*-* — 


1.3.8. . . . (2r - 1) 1.3.5.(2r - 3) 3 

l ' e '' .s'i v ' + 2- y-i 0. 

+ 'A 5 .(2r-5)3.5 

2'|r-2 [2 

-1 _ 3 

= co-ettieient of x r in the expansion of (1 -x)""*(l - x)~* 
t\«., of (1 - x)~ 2 
=» r + 1. 


1.3.5. 


. .(2r- 1) 1.3.5_(2r - 3) 3 

i'- + ' T-i Li 


1.3.5_(2r- 5) 3.5 , 

+-—--+*c- 

/ -4 I aJ 


= 2 r (l + »’)• 

Example 14. If c 0 , «i» ®*» * • ■ c„ denote the coefficients in 
the expansion of (1 + *)", prove that 

- 1 + V + A +i °. + l. 

Let 5, denote the given expression. * 

Then S m - n C x - \ n C % +p<7 3 - \ n C K + Ac. 

+ (-l)-'~*C.. 

n 

Hence $„ +l - + J-* +5 tf a - Ac. 

+ (_l).->.i.«iC.+(-l)*.-i T .- + »0. +1 . 

n Sri 
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Therefore, by subtraction, 

.s„ +1 -s. - (*+*0, -*c\) - J. (* +, 0, -’0.) 

+ j(' +, 03-’0»)-*c. 

+(-1 )- 1 -1 - *0.) +(- 1 )' n Ti'" c '- +l 

- * 0 .-i-*Ci + l-* 0 .-*o. +( - 1 

fb 

+( _ i )..J 1 .. } 0„ 1 

•» —^-^.["(71 + l)."( 7 (j — ^-(»+ l).”C l + + 1 )."C 2 — ilc. 


+ (“ I)" - *' •( B + l)’*0.- 1 +( ~ 1)"'* +1 0.+ 1 J 

_ * [.-tir 1 4.11+1/7 _.*.p 

” »+ll ° l a+ ° 3 

+ (-l)*- | * +1 0» + (-l)*" +1 0„l il 

“ »+ if.' ' (‘ _,+lC > +’ M 0S -* + ‘03 +*C. 

+(- i)v +, 0;+(- i)* +i *+» 0 . + , 


n +1 
1 

n +1 


Therefore S n+1 — S n + 


1 

n+ 1 


Hence, since S x » 1, £ a «1 + J; and since £ a ■ S a + J, 
S a — 1 +1 + J ; and so on. 

Thus, 5; - 1 + i + i + -r + *°* + -- • 

2 3 4 n 
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Example 15. Prove that if n and r are positive integers, 

n - n(w - 1) + ———{n - 2) r - 1.-.A---'(tt-SJ' + Ac. 

is equal to o if r be lesB than n t and to [n if r — n. 

We have («*- l)-= (x+ ' + * + «fcc. 

«= a* + terms containing higher 

powers of a. . (1) 

Again, by the Binomial Theorem, 

(«‘-l) = e"+ ” ( ”7 1) .e'-’ ,M -&c. (2) 


By expanding each of the terms c nx , ifcc., we find 

that the co-efficient of x r in (2) is 

n r (n - l ) r n(n — 1) (n — 2) r 

l v 1 ’ L ? : i i ~'~ hi 


n(n - 1)(» - 2) (n - 3) r 


+ &c. 


1 li L»: 

and the co-efficient of & r in (1) is 0 or 1 according as r is less 
than h or equal to n. 

Hence, n r - n(n - 1 ) r + n ^ n ^ .(n - 2) r 

IA 

- —————.(« - 3) r + &c. iB 

13 - 

= [«, if r = n f and is *» 0, if r be less than n. 

foe — ofi 

Example 16. If a + - - - be not altered in value by 

interchanging a pair of the letters a, b , c not equal to each 
other, it will not be altered by interchanging any other pair ; 
and it will vanish if o + 6 + c — 1. 

Suppose the given expression is not altered in value when 
a and b are interchanged ; i.e., suppose 

be-a 9 . . ac - b % 


a + 


a 9 +6* +c* 


b + 


b 9 + a 9 +c 9 
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Then we must have 


Therefore, since a - b is not zero, we have 

, a + 6 + c _ n 
1 a* + 6 a +c a . 

T fee-a a ) ( 6a-c a ) 

Jlenoe, | a + 0 J + 'c" j \ c + c »+&«+ «“/ 

- (o _,) + *<«—) + <*’ -/*> 
v ' a* + 6 a +c* 

-J- 

-1— 

■> (a - c) x 0 
- 0; 


be - a* 

ir^rjr c ~» 


6a — c s 
c* +~6*Ta* * 


Thus it is proved that if the given expression is not altered 
when a and b are interchanged, it is also not altered when a and 
t are interchanged. 

Now to prove that the given expression vanishes if we have 
the additional condition V 

a + 6 + c ■■ 1 . (2) 


5 


• * * 
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ft 

From (1) and (2), we have 

a 3 +6 2 +c 9 «= 1. 

be —a* 


Hence, a+ -- 


a- + 6 2 +c 2 


= a + bc - a* 


.^(2« + 26c - 2a 2 ) 


= J{2a + 26e-a 2 -(l -6--c 2 )j 
- ^{(6 a + c 2 + 26c) - (1 + a 3 - 2a)J 


- i|(6 + c) 2 -(l-«) 2 < 


Example 17. 

prove that 
w-y 
2 


= i{(6 + c) 2 -(6 + c) 2 }, [by (2)] 

= 0. 

Tf xy + \(x + y)(a + 6) + nb — 01 
xy + ii(x + y)(c + d) + cd = 0J 

J(a - c)( a - d)(b - c)(b - d) 
a + b-c-d 


From the given equations, by cross multiplication, we have 

*.V hi* + y) = 1 

{c + d) - (>i + b) ’ 

» cd — tt6 

. . ■ , sum aijc + y) = . 

a+b-c-d 2 a+6-c-rf 


xy 


cd(a + 6) — a6(c ■+• d) ab - cd 
ab(c + d)-cd(a + b) .. . 


Hence, 




(cd - a6) 2 - (a + 6 - c - d)\ab(c + d) - cd(a + 6)} 
(a + 6-c-d)*. ‘ 


Now, if c is put for a, the numerator on the right-hand 
aide becomes 

e 9 (d - 6)* - (6 - d){c*(6 - d)\ t or zero; 
hence, a - c is one of its factors. 


2—27 
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Similarly we find that a - d, b-c and 6 - d also are its. 
factors. 

Hence, the numerator which is a rational and integral func¬ 
tion of the fourth degree, must be equal to 

k(a - c)(o - d)(b - c)(b - d ), 

where k is some numerical constant. 

Putting a — 0, b ■» 0, c ■■ 1, d = 1 in the above relation, 
we have 1 <=» kx 1 , and k = 1 . 

Hence, we have 

[x ~y\ a _ (a - c)(a - d)(b - c) (b - d) 

\ 2 / (a + A-c-d)* 

ftn d * _ V(a - c)(a - d)(A -V) (A-d) 

2 a+A-c-d 

Example 18. Show that the co efficient of x H in the expan- 

AC 1 

sion of-:—- in ascending powers of x is ... 

(x - a)(x - b) ° r a - b a n b n 


Assume 


A B 

.+-; 

x-a x-b 


(x - a)(x - b) 

where A and B are quantities independent of ? and whose 
values have to be determined. 

Then we must have 

x *= A(jc - b) + B(* — a) 

- (A + B)ar - (AA + Ba). 

Heuco, equating co-efficients of like powers of x, we have 
A + B -= 1, and AA + Ba — 0 ; 


whence, A — 


and 


o - A 

Thus we have the given expression 


B - 


-A 
o - A 


a - A\* -a x-bj 

1 ~t 1 'tJ 

-.m-kph)! 
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. ) 

*K*S*S*.)} 

Hence, the required coefficient 

_ _L/!_JL\ 

a-b\b m a*/ 
a" - 6* 1 
o-6 a*6“ ’ 

Miscellaneous Exercises. 

L 


5. 


1. Solve 9* - 4-c 8 + J\x“ - 9a: + 11 

2. The difference between the hypotenuse and baso of a 
tight-angled triangle is = 6, and the difference between the 
hypotenuse and the perpendicular is • 3. What are the sides ? 

3. „ - ; prove that 

§o + 76 G6 + 7c 6c + 7o 1 

(53a + 456 + 58c)(ae+y+ ;) = 13(a + 6 + c)(Sy + 92 - 5 jc). 

x a - 2x - 3 


2-e a + 2a: + 1 


lies 


4. Determine the limits between which 
for all real values of r. 

5. Resolve 2a: 3 - 2lxy - lly 2 - x + 3ty - 3 into its factors. 

6. What number must be taken from each of the numbers 
13, 15, 19 that the remainders may form a harmonic series ? 

7. In how many ways can an eleven be selected from 25 
boys, 6 of them being always included and 5 always excluded ? 

8. Find the value of— 

1 + T + 6l2 + 6.12:i8 +Act0mfin,ty - 

II. 

1. If x(b - c) + y(c - a) + z(a - b) =* 0, then will 
hz - cy ex-az ay - hx 


6-c 


cx-az 

c-a 


o-6 



420 


algebra made east. 


[Chap. 


2. Solve x + y + z *» 7 " 

xy + xz *= yz - 2 . 
x* +y* + z a «* 21 

3. Prove that jc* +^* ;i +yjc z + »\r -M is a perfect square, 

if jp a s ■» r a and y = + 2*£ . 

4. if » = a + 6 + c, prove that— 

(a* + bc)(bs + ca){ca + ab) =* (£ + c) 3 .(c + a)-.(a + &) 2 . 

6. Divide 25 into 5 parts, which are in A. P., such 
that the sum of the squares of the least and greatest of them is 
less by 1 than the sum of the squares of the other three. 

0. Sum the series :— 

2® + 4® + 6® + »fcc. + (2>i)®. 

7. How many different sides can bo formed in a croquet 
party consisting of 5 ladies and 3 gentlemen, the gentlemen 
novor boing all on the same side ? 

8. Kind the co-cHieicnt of x " in the expansion of 

(1 4- 3x + 6o; a + IOjc® + &c.)®. 

III. 

1. Solve x‘ J + 2xy — y 3 =■ ax + by 1 

x 2 — 2j ry — y 2 — bx - ay J 

2. Express 4(x* + 3® + x 2 + x + 1) as the difl'erencc be¬ 
tween two squares. 

3. If a, b % e be in A. P.\ b, c, d in G. P.\ and c, d, e in II. P. t 
prove that a, c, e are in G. P. 

4. Apply the principle of Variation to solve the following 
question :—If 7 men can dig a trench 27 yards long in 36 days 
working 5 hours a day, how many men can dig a trench 81 yards 
long in'15 days working 9 hours a day ? 

5. If be , ea , ab are in II. P. t then will 

“(l + c) i\ + \) ftnd C ( a~ + 9 1,0 i0 A - P ' 

6. Eight boats start in a race one after another. Find the 
number of ways in which they can be arranged so that (i) a par¬ 
ticular boat may always have a given boat just behind it, (ii) that 
it may always be between two given boats. 
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7. Find the co-efficient of j" in the expansion of 

1 + x - 2,r a 

8. If A w is the co-efficient of x n in the expansion of - - , 

thenA -A„_, . 

\it 

IV. 


1. Prove that the same values of x and y will satisfy the 

equations a l x + b J y = c lt a 2 c 4- b.,y = c a , a :i x + b :i y * f.„ 
if +(a 3 ^! -«jA s )^ a + (a t ft a -a.^)^ - 0. 

2. If « and /J bu the roots of the equation x* + 4a*+ 3 «= 0, 


shew that the equation whose roots aro 
Zx* - lGx+ 16 - 0. 


a +(i 

IL 


and 


a 



3. Show that the least value of x + is 2 and the least 

x 


value of %+ is G, x being real and positive. 


4. Shew that ( " 1 + 2 t —~ = " >• if 


n 


be any integer which is not a multiple of 3. 

5. If the carriages in a railway train be all of the same 
class and always just full ; if the expense of running a train bo 
proportional to the square of the number of carriages ; and if a 
train of 36 carriages just pay the expense of working it ; prove 
that it will be as profitable to the railway company to run trains 
of 16 carriages as trains of 20 carriages. 

6. How many different rectangular parallelepipeds are there 
satisfying the condition that each edge of each parallelepiped shall 
be equal to some one of n given lines all of different lengths ? 


7. Find a, b so that the co-efficient of x " in 
be 4n + 3. 


a + bx 


may 


8. If c 0 , c x , c a , &c., be the co-efficients in the expansion of 
(1 +*)", prove that e x ~ 2c a + 3c 3 - <fcc. + ( - l)*" l .nc„ — 0. 
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V. 


1. Two roots of a 7 - 23s® + 22« 4 + 55x® - 32 jc 8 - 33ac +10 
«* 0 are 2 and - 5 ; find all the other roots. 

2. Ifa 8 +6 8 + e 8 — 1 and o x * +b x * + c x 8 « 1, prove that 
«m»i +bb 1 +cc x is never greater than 1. 

3. If ^ + - varies inversely as x + y. show that **+y a 

x y 

varies as xy. 

4. If 1, w, w 8 are the three cube roots of unity, prove that 
(1 -o> + w 8 )(l -o> 8 + w 4 )(l -w 4 +<«“) <fec., to 2» factors — 2 8 \ 

5. Sum the series 

(i) 1.3 + 2.4 + 3.6 + *kc,, + m(m + 2), 

(ii) 1.3* + 2.4* + 3.5 8 +&c. to n terms. 

6. There are 8 white billiard balls exactly alike, and 4 red 
ones also aliko ; in how many ways can an arrangement be made 
containing 3 of each colour ? 

7. Find the term independent of x in the expansion of 


3* 9 


3 x 3 / 


8. If x is so small that its square and higher powers may 
be neglected, prove that 


Vi'+2je+ Vl -x 


VTT 


lx 


2 - 14 * 

15 


VI. 


I.. Solve ax + ey + bi ■» <?« + by + az ■» bx + ay + ez 

— a® + 6® + c* - 3 abe. 

2. Simplify (a + 6 + c)(x + y + s) + (a + 6-c)(* + y-») 

+ (6 + c - a)(y + 2-*) + (c + o- b)(z + x-y). 

3. Find the value of (2 + 3 J - 5)^ + (2 - 3 J - 5)*. 

4. Sum to n terms 

1® +3® + 5® + 7® +&o. 
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5. Shew that the sum of all the harmonic means which 
■can be inserted between all the pairs of positive integers the sum 
of which is **, is g(»* - 1). 

6. Shew that in 8 "C»the number of combinations in which 
a particular thing occurs is equal to the number in which it does 
not occur. 

7. If c„, c lf c a , dec., be the co efficients in the expansion 
of (1+ac)", prove that 

c 0 - 2cj + 3c a - &c. + ( - 1)"(« + 1 ) 0 . ■■ 0. 

8. Investigate the relations between the co-efficients that 
the equation ax s + bx * + cx + d =■ 0 may be put under one of 
the forms 

(1) x* = (x* +px + q) a ; 

(2) q a *= (x* +px + q) a . 

Solve in this way the equation 2v 9 - x* - 2x + 1 « 0. 


VII. 


1. Solve the equations : — 

/i) . Jjc*~-8x + 15 + Jx* + 2jb - 15 - - 18x4-18. 


... ax + b . bx + a 

<u)-7 + 


(a + b)(x + 2) 


cx + b cx + a cx + a + b 
2. If ax + by + cz «■ 0, a 2 x + 6 a y + c 8 z ■> 0, and 

x , y 2 


b + c-a a+c-b+a+b—c 
bc(b - c) 3 4 ac(c - a) 3 4-a6(a - 6) 3 


0, prove that 

- 0 . 


3. The hands of a clock are of equal length, and one of 
them is between the figures 2 and 3 on the dial, and the other 
between 6 and 7 ; find their position when there is ambiguity 
as to the time and shew that this position of ambiguity will 


recur at intervals of 


720 

143 


minutes. 


4. If a, b, e be in 
progression, prove that 


arithmetic and a t b, d in harmonic 
2 («-*)• 
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5. If Vos + yi 
4(* 9 - r *) 


X + Vi, show that 


*.+ y 
X + Y 


6. There are 3 capitals, 6 consonants and 4 vowels; in 
how many ways can a word be made beginning with one of the 
capitals, and containing 3 consonants and 2 vowels 1 


a c 20 

7. If , + . -- 

6 + c a+o c+a 


, prove that a 3 + c 3 «= 26*, 


or, a + b +■ c — 0. 

8. Find the co-efficient of x A in the expansion of 
(l-2* + 3**-4a; 3 +&c.p'. 

VIII. 

1. Solve >Jx*+ 2x - i + Jx*+x + I ■» ^2+^3. 

2. If a; be a real quantity, determine the limits of value 

2x* ^ 0 

between which the expression - - must lie. 

2x + 1 

3. Shew that 2^.4^.8 ,l M G 3 '-'.itc. = 2. 

4. Find the squaro root of - 79 - 8 J - 5. 

5. Shew that in 3n C n the number of the combinations in 
which a particular thing occurs is one-third of the whole number 
of the combinations. 

6. In the expansion of ^g 9 - * j write down the co-efli- 

cicnts of x 9 and g“ 8 ; also find the term independent of x. 

7. Find the 5th root of 3120 to four plaoes of decimals. 

8/ If A - (6- c )(a-tf), B = (c-a)(b-d), C = (a-6) 

(c - d), find the simplest value of A 3 + B 9 + C 3 - 3ABC. 


IX. 

1. Solve 2g + 3y-8z + 35 - 01 

7*-4y+ x- 8«=0> 
12g-5y-3z + 10 «■ 0} 
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2. If x aud y are two real quantities connected by the 
equation 9ac* + 2ary+ y a - 92.r - 20y + 244 = 0, then will x lie 
between 3 and 6, and y between 1 and 10. 

3. Sum to n terms 

1* + (1 8 + 2*) + (1 * + 2 a + 3*) + A'c. 


4. The sum of n terms of two arithmetic series are as 
3n + 31 : 5 n- 3 ; shew that their ninth terms are the same. 


5. If ax 3 + 6x a + cx + d is a perfect cube, prove that be =» 
9ac? and ac 3 « b 3 d 

6. Find the number of words beginning and ending with a 
consonant which can be formed out of the word equation. 

7. Show that the co-etticiont of x" in the expansion of 

(1 - 2jc) 2 . 1. rw 2 1X 

(i-,,' 18 # 

8. Sum tho series 


1 1.3 13.5 

1.2 + 1.2.3.4 + 1.2.3.4:r,;G + ‘ 


to infinity. 


t 

1. If «(y + s) 


X. 

b(s + x) =» c(x + y), prove that 


y - z z — x x — y 

a(b - c ) b(c - a) c(a - b) 

2. Find the value of x for whioh 3ac 8 + !jx + 3 has its 
least possible value, aud show that the least value is 

3. Sum the series 

1.2 + 2 a .3 + 3 a .4 + «fcc. to n terms. 

4. If a, 6, c are in //. JP., show that 

(i + » «)/!+»-'). A » 

\ a b c /\ 6 c a / ac b* 


5. If the number of permutations of n things taken r to¬ 
gether be denoted by the symbol n l\ ; shew that the number of 
such permutations in which p particular things occur, will be 

rD fl-fi/J 
x p* 1 r-p* 

6. Find the seventh root of 126 to 4 places of decimals. 
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7. Find the co-efficients of as 1 * and x~ x 0 in the expansion of 



8. Shew that, if x a + y a + z* — yz + zx + ary, then * — y =■ z. 

XL 


1. Solve lx + wy + rw — win + nl + Im , 

x + y + a « / + w + w, 

{»» - n)x + (» - 2)y 4* (2 - *»)s — 0. 

2. A train travelling at the rate of 371 miles an hour 
passes a person walking on a road parallel to the railway in 6 
seconds ; it ulso meets another porson walking at the same rate 
as the other but in the opposite direction, and passes him in 4 
seconds. Find the length of the train. 

3. Shew that if x, y, z be in 11. P. t then will 

- X — i —-— i -- 2 - , bo also in II. P. 
y + z-z z + x — y x + y-z 


4. The series of natural numbers are dividod into groups 
I ; 2, 3, 4, ; 5, 6, 7, 8, 9 ; and so on : prove that the siftn of the 
numbers in tho nth group is » a + (» - 1)*. 


5 . 


Given 


3x + 2y J - 1 
6 - 2 


15 

8x + 3y -s/ - 1 * 


find x and y. 


6. Out of 2w men who have to sit down, half on each side 
of a long table, p particular men desire to sit on one side and q 
on the other ; And tho number of ways in whioh this may be 
done. 


7. Shew that if t r denote tho middle term of (1 +*) 8r , 

_ i 

then will t 0 4*+ <* + &c. - (l-4x) *. 

8. Shew that 4. - l-»+£+ T S; + r.K* + ** 


XII. 


1. Shew that a*+ 6® +c* + 24a6c 

- (a + b + c) 9 + 3{a(6 - •)• + 6(c - a)* + c(a - 6)* 
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2. If -^—> then each of them 

a-o-c + a a -o-a + c 

a+b+c+d 
4 ' 

3. If (t, b, e, x are all real quantities, and (a* +b*)x 8 - 
26(a + c)* + (6 8 + c 8 ) - 0, then a, 6, c are in G. A, and x is 
their common ratio. 

4. Having given that , —— are in A. P. ; 

6 - c c - a a - 6 

prove that 

a 3 +c®—2& 3 _ a + 6 + c 
a 8 + c 8 - 26* " 2 

6. Sum to n terms 

1® - 3 3 + 5® - 7® + 4sc. 

0. The number of combinations of 2a things taken n to¬ 
gether when n of the things and no more are alike, is 2 n ; and 
the number of combinations of 3 n things, a together, when n of 

12a 

the things and no more are alike is 2 8 " -1 + . 

'2(\ny 

7. df c 0 , c lf c 2 , c ;l , ike. be the co-efficients in tho expansion 
of (1 + «)*, prove that 

12 n - 1 

«i 8 + 2c a 8 + 3c s 8 + .... +wc„ 8 ■» -i— ,' “i * 


ad - be 


ac-bd 


a-b -c + d a - b-d + c 




a — 1,» — 1 


8. Shew that the sum to infinity of the series whose 
{r + l)th term is is 15*. 

te. 

XIII. 

1. If a( by + cz-ax ) = b(cz + ax-by) = c(ax + by - ez) 
and if a + 6 + c »■ 0, then willse + y + 2 * 0. 

2. If x* + ax + b and **+a'* + b' have a common measure 
of the first degree, prove that their L. C. M. is 

a ab -a'6' ab*-ab'* bV(a-.a') 

+ 4-4' •* + 'a'6-ai' ' + 6-6' 

3. Solve (*-2)* + (jf—3)* +(*- 1)* - 241 

xy + yz + zx — 63 L 
2x + 3y + z — 30 J 
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4. If a, b, c be in A. P., a, ft, y in II. P., an, bft, cy in 

O. P., then will a : b : c « - : -JL : . 

7 ft u 

5. If one geometrical mean (J and two arithmetical means 
p and q be inserted between two given quantities, shew that 


G* - (2p-<j)(2q-p). 



7. If c 0t c lt c a , &c. be the co-elfiuients in the expansion of 
(1 + &)*, provo that 

.. (» + 2 )j 2 n - 1 

c 0 * + 2c 1 8 +3e 2 a +«fcc. + (n+l)c (t a - "jn-'i \n ' 

8. Shew that if 3(a a +6 3 + c 2 )=»(« + 6 + c) a , then a = 6 •*» c. 

XIV. 


1. If (as 8 + y 8 + 2 a )(a a + b* + c a ) « (aa? + 6 y + cs) 8 , 

shew that « : a * y : 6 =» 3 ; c. • 

2. Solve 2ac + 4y - 3? 


2ac + 4y-3s — 22 
4 jc - 2y+ 5z = 18 ■ 
5 j?+ y - 2 r « 14 


bs + cy cx + az ay + bx , ; 

If 7 - = -- *- shew that 

o - c c - a a-b 

(a + b + c)(as + y + z) — aas + by + ez. 

Show that 1 + 3 I + [] +5 \* + &c. 

+ (2n-l)(^~j) - »(2»-l). 


5. If from a series of n terms in A. P., another series be 
formed such that each term is an arithmetic mean between the 
consecutive terms of the first series, and if S and 8 be the sums 
of these series respectively, prove that 8 : 8 - n : n- 1. 

6 . Shew that, if x, y, z be in II. P., (y + z - *) a , (3 + x - y)*, 
(* + y- 2 ) a will be in A. P. 
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7. In the expansion 
of x and of x ~*. 


of 


( 


2a? 3 * + 



find the coefficients 


8. There arc three candidates for a Professorship, and 
one is to be elected by the votes of 5 men ; in how many ways 
can the votes be given ? 


XV. 


1 . 


2 . 


Shew that 


(b - c) 7 + (c - a) 7 + (a - b) 7 

= 7(b - c)(c - a)(a - 6)(a * + b‘ J + c' J - be - ca - ah )*. 


Having given 


i - s'- 


V + z y 
vi + nyz ' 1 - y a 


: + a? 
vi + nxz * 


prove thai if x. y be unequal, , = -- . 

r 1 -z l m + nxy 

3. Shew that y" in - 1 is divisible by either of the quail 
tities y'“ - 1 or y” - 1 without remainder, m and n being positive 
integers. 


4. Solve ----- = 

y + z+ I 

5. Prove that « a « 3 
according as a 1# a a , « ;( , 
harmonical progression 


y __ 2 _ 

z + x ar + y- l 


a? + y + :. 


-Ui«, is positive, zero or negative 
are in arithmetical, geometrical or 


6. In a plane there are m straight lines which all pass 
through a given point, n others which all pass through another 
given point, and p others which all pass through a third given 
point; supposing no other three to intersect at any point, find 
the number of triangles formed by the intersection of tho 
straight lines. 

7. Shew that 



1 + } +. _Li_ + - 1 ill— + «kc. 
10 10.20 10.20.30 


8. In the expansion of (a + A)*", prove that the sum of tho 
squares of the first, third, <kc., co-efficients differs from the sum of 

. . , t iL , 2«(2«- l)...(n+1) 

•the Bquares of the second, fourth, dec. by — ^ 2 3 --— * 
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XVI. 


1. Solve 


a-b. 


2. If l{iny + uz - lx) — m(nz + lx - my) 

« n(lx + my-nz), show that 

l m n 

y + z-x z + x-y x + y-z' 

3. From the equations 

x 8 + 2 yz « a, y~ + 2 zx ■* b, z* + 2a:y «■ c, obtain the result 
3^ + zx + xy) =» a + 6 + c- »Ja*+L*+c*-bc-ca-ab. 

4. Prove that 

(a6 - crf)(a* - 6* + c 2 - <£*) + (ac - bd)(a* + h* - c* - rf*) 

(a 51 - 6“ + c* - <i*)(a* +■ 6 s * — c 5 * — d'*) + 4(a6 - cd)(ac - bd) 

(b + c)(a + d) 

" (6 + c)*+(a + c0* ‘ 

5. If x, y, z are such that their sum is constant, and if 
(z + x - 2y)(x + y - 2 z) varies as yz % prove thut 2 (y + z) -*a? varies 
as yz. 

6. Prove that 

2 -jj--+&o. 

7. Shew that 

1 1.3 1 1.3.6 1 1.3.5.7 1 , . 

2 2.4 4 2.4.6 4* 2.4.6.8 4 a 

- |(2 - Ji) J3. 

8. If y*+ # 7 x; - zx + 7Tz “ w+Jtt,,* *• v and * 

being supposed unequal, prove that each of these quantities is 
equal to xy + yz + zx; and that 

X + y + Z wm 0. 



ANSWERS. 


Exercises. 

1 [ Pages 25, 23. ] 


1. 

7ax* - 36®. 

2. 

a - 6 + c. 

3. 

2a - 6 - 3c. 

4. 

a®+ 26®-3c*. 

5. 

a 6 

X 4- - 

3 2 

0. 

* - 2 - - . 
X 

7. 

«* + 1 + 1 . 

8 

x l 

9. 

a - 6 + c - rf. 

X* 


y v/ 2 

X 


10. 

o* +4®. 11. 

a* - 

b* +c» -d*. 

1 2. 2(a6 + ac + 6c). 


1 . 

4. 

7. 

10 . 

12 . 


2 [ Pages 29, 30. ] 


x*-2x + 3. 




3y 
4x * 


2 . 

5. 

8 . 





or 3 - x +1. 


3. 


x * a Q 

2 --*+y 0. 

x* - 2x^ - x^. 9. 


2x* + 2ax+ 46®. 
x _ 1 _ y 
y 2 x 

ax" 1 +1 + a‘ l x. 


3 






x® + xy+ xz + y* + 2 *. 


3 [Page 30.] 


1 . 

193. 

2. 

908. 3. 

1679. 

4. 

4698. 5. 

9876.* 

0 . 

23456. 

7. 

537. 8. 

•027. 

9. 

15-367. 10. 

•0374. 

11. 

15. 

40305. 

4*4721. 

12. 

1-4142. 


13. 

*0252. 14. 

2*2360. 


4 [Page 42.] 

1. x + 9. 2. 3x-8. 3. 4a-36. 4. a? 3 -3x + 2, 

5. 2** + *- 3. 6. 1 - 3x* + 2z 4 . 7. 2x* - 3cx + c®. 
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5 [Page 46.] 


1. 

25. 

2. 

48. 3. 

98. 

4. 

203. 

5. 

307. 

6. 

457. 

7. 

579. 8. 

607. 

9. 

945. 

10. 

8765. 

11. 

319. 

12. 

3002. 


13. 

3 546. 

14. 

1 442. 

16. 

8 320. 











6 

[Page 52. 

] 



1. 

If a*. 

2. 

1 

J x a 

3. 

00 

ft 

4 ’ 4. 

5 

3 

’x* X Ji 

5. 

8 

V» 4 “ 

. 6. 

\fa r ’ 

3 Vx* ' 

7. 

1 

2 \U 

. 8. 

V. 


9. 

*Va' 

10. 

V* 4 . 

11. 

7 

a*. 

12. 

1 

.1 ■ 
— ’•> 

13. 


a 


3 


a 


a- 


14. 

««. 

16. 

as-. 

16. 

a 4 . 

17. 

i 

s * 

18. 

19. 

27. 

20. 

32. 

21. 

i 

*J 7* 

22. 

36. 

23. 

24. 

81. 

25. 

36. 

26. 

ar”*. 





7 [ Pages 66, 66. ] 


1. 

o~ fl . 

2. 

4 3 
a *b". 

3. 

ab\ 

4. 

a" s 6”^. 

5. 

o H 6«. 

6. 

x -y 4 . 

7. 

r* 

a 3 '-. 

8. 

a" 1 . 

9. 

V- 

10. 

{**«*■ 

11. 

1 «*”*<*“ 

8 . 12. 

a^6^c^. 

CO 

• 

o“ l 6 3 c 3 . 

14. 

a _i j 
o~6 *c : 

15. 

a 4 6*. 




8 [ Pages 69—61. ] 

1. *-2*^ + 1. 2. 0-276. 3. 1 + o*6“* + a 4 6“ 4 . 

1 * 

4. «* + - 4y + 9z^. 5. +y’ a . 

0. o + o^ - 1 +a”^ + a _1 . 7. x + y + 

8. a* w - 96** +126^ - 4c*'. 9. a*-646*. 

10. a + a^ari-ai*”*-*- 1 . 11. 


«|H til» «■» 
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12. 2ar 3 +4x“ 1 +2. 13. y + x-y^ + x. 14. « + aW-6. 
16. x* n — 1 + x -a *. 18. 4x-2x-y“^+ 2xM + y _1 + 


-ir | 

y J 3 a + s . 

20. a"*- 1 . 




18. X* -a* . 19. X s -y’ 

21. x‘+3x*-l. 22. x : - ! +xy~^-2xV*. 


11 :i 1 

2x*y* + 2x 4 y- + y. 

7 _4 r. 

+ 4x + 2x* — 4x 3 + x 11 . 


n n 

.ft 


23. x n -t- x-ar + a". 24. x 3 - 4x" 

* _ 3 1 _1 -11 _ 2 « 
25. a :T x 3 +a*x 3 + a ®x*+a 3 x :1 . 


26. 


1 1 

Ja + jb 


27. 


i 3 

2x 4 - 36x*y w 
x - 27y 


28. 


x + a 

x a +3xa + a s ’ 


29. 

1. 30. 


- x~^y 4 . 31. 1. 32. 

3. 33. 5. 

34. 

2. 35. 

4. 

30. x = 1, y — 2. 37. 

x = 2, y =» 3. 

38. 

X = 1, y 

= 3. 

39. * ■ 1, y - 2, : = 3. 

40. x = 2, 

y - 

4, z — 6. 


9 [ Page 62. ] 


1 . 

^/4:>. 

2. 

iJ2\. 3. X/lni. 

4. t/rm 

5. 

V rt"4- 

6. 

s/x^'y. 7. V«* w /A 



10 [ Page 03. ] 


i. 

372 . 

2. 

4 Jo. 

3. 

5 V2. 

4. 

2 Vt. 

6 . 

3 \Jb. 

6. 

V VI. 

7. 

S t/3. 

8. 

a* V*- 

9. 

x 4 ^a. 10. 

- 8 ”/5. 

11. 

- 4«6 V36. 


12. 

5a a x s/tax. 







11 [ Page 64. ] 




1. 

7^3. 

2. 

7^2. 

3. 

8 ^5 

». 

4 . 272 . 

5 

. ?/2. 

6. 

5 V5. 

7. 

V3. 

8. 

3 73. 

9. 

6^5. 10. 

0 . 

11 . 0 . 

12. 

17 ®/2. 

13. 

(7x + y) s/5x. 

14. 

(z 3 - 2y 3 

+ 3I 9 )V«- 

15. 

4a V2x 

• 









12 [ Page 65. ] 


1. V2?and V 4 - 2. l a / 556 and X V 1 ^ 3. ^Sand 

13 /2i3. 4. 1 l/Tf tmd l l/25. 6. *V25C and *y3T6. 

6. The latter. 7. The former. 8. The former. 9. 

t/6. s/2. 10. %/W, V3, l V25. 

2—28 
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13 [ Page 67. ] 

1. 5^2. 2. 4 J3. 3. 9. 4. 3ylO. 6. 30. 6. 5. 

7. SaxVftx. 8. V s8 '*- 9. V288. 10. 4*/2. 

11. oys. i 2 . 1 y 72 . 1?.. y- 27 . 14. 1 y;i2. 

15. i yiO-i(. 16. 40 73. 17. 288 Ji. 18. 480 V3. 
19. 210«A*y*. 20. 2 JI 21. j. 22. y*. 

23. V3. 24. 077 . 25. 1-341. 26. 3 035. 

27. 20-832. 

14 [Page 68. ] 

I. ajb + hja. 2. (i-4. 3. Gu - 10 Ja. 4. 10x-9y. 

5. c*-54. 6. o+yio. 7. 7 + 4yc. 8. o-oys. 

9 . 2+cy-2. io. o + syis + syis. 11. a*-3 Va*- 

12. 182 + 80 y3. 13. 83 + 12y:l0. 14. 2«'-' - 2 Jit 1 - 44*. 

15. 29x* - 21y s + 20 77*^*7 

15 [Pages 71, 72.] 

1. 2 Azl.'/“i. 2. 5 + 2 yo. 3. 24 + 17 y 2 . 

4. 9 + 2 yio, 5. a -tA a lzJl. 6. A- - Jx*- 1 . 

as 

7. 1(2+ 72- 70. 8. 1+ 7 5 + J\0- n/2. 

9. V 2 + V 3 - + _>/? . 10. J( V21 + 710 - J[ 1 - J 15). 

II, 5*828. 12. 6‘4G4. 13. 5414. 14. 3-650. 

15. 6-854. 10. -504. 17. 2*. 1& 75(1+72). 

19. 2+ 73. 20. 198. 21. 4* 7**-I. 22. 2* a . 

16 [Page 74.] 

1. 3* + 3 a .4^ + 3M* + 3.4 + 3M* 5 + 4*. 


I* _ fi.sl 


+ 6*3*-3». 


3 4 - 3 3 .4^ + 3®.4* - 


3 4 33 133 S3 3 3 133 513 

3.4*+ 4*. 4. 2 ' - 2'- .3‘ I + 2*\3* - 2'.3* + 2*3* - 2 5 .3 r + 

5 3 SI SO 135 5 35 410 S3 

2 1 .** -3 s . 5. 3' r - S' 3 ’^ 1 + 3*.4 J - 3*.4 J + 3*.4’ s ' - 4'* . 
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0 . 

7. 

8. 
9 


4 rt + 4\5 r + 4 4 .5 : + 4 3 .5 7 + 4 2 .5 7 + 4.5 7 + 5 7 . 

J(1 -2.4 3 + 4*). 

31 + 2(3*.2® + 3*.2* + 3V2 + 3.2» + 3*2*) 

23 ... ’ 

3 ooi.oo- ool m 13-3.3® -9.3*+ 3*+ 3.3® 
3 “- - +J - 2 2 - ' 10 - - 13-* 


17 [Page 77.] 

1. /5 + / 3. 2. 3 - /5. 3. :> + 2/2. 4. 5- 

2/3.5. 2/7+ /3. 6. 3 75-2 77. 7. 2/11+73. 

8 . Jl-J5. 9. V2( ^2-1). 10 . V'2( >/ 3 — 1). 

11 . V 3 (l+-/ 2 ). 12 . */5( s /3 + v /2). 13. * + JiF-T*. 


14. 

Jil + b + 

7«■ 

-<>. 15. 

7«+.u+ 7.u. 

16. 

s!x + 2 + 

7 

-3. 17. 

•]x+y+ Js. 





18 [Page 79.] 



1 . 

1+ JG. 

2 

2-73. 3. 75+72, 

. 4. 372- 

■ 7 5 - 

5. 

4 7*'*+ v / 

'6. 







19 [Pages 84, 85.] 



1 . 

1 + 72 + 

7->. 

2. 72 + 73 + 75. 

3. 

73 + 

72 

+ 70. 

4. 

2 73 + 2 - 75. 5. 

72+ ,/G- 

S/3. 

0. 

•44721. 

7. 

4- 710+ 72 8. 

1. 9. 

1 

73’ 

10 

A. 11. 

a + 4. 12 V3 + 1. 13 

14. 

125. 


15. 1692. 

20 [Pages 89, 90.] 


1. The latter. 2. The latter. 3. The former. 

4. The former. 5. The latter. 6. a \ d. 7. 1 I 4. 

8 . 1:1. 9. 75:8. 10. 28:27. 11. 5:7. 

12. 3 : 4. 13. 63 and 72. 14. 85 and 51. 15. 28 and 35. 

18. 42 and 54. 17. -15.18. 13. 19. 17. 

20. a ? -’*. 23. 76:75.24. 1772:1771. 25. B. 

c — d 
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21 [Page 01] 


1. 

4. 

2. 

18. 3. 37 j. 4. 36. 5. 20 

. 0. 60. 

7. 

20 . 

8. 

6. 9. 14. 10. 18. 





22 [Pages 90, 97.] 


1. 

X 

9, y 

o 6. 2- x =* 25, y =■ 9. 3. 

x =* 56, 

y - 

30. 

4. 

K 5. J. 0. 7. fi \. 8. 

i 

ij ’ 

9. 

2J, 

10 

11 “{‘-(tS?)- 

14 

(il * 

10. 

2 . 







24 [Pages 102—104.] 


21. 

0 . 







25 [Pages 113-110.] 


1. 

3y — x. 

2. 14. 3. 2 ). 4. 1. 6. 27a:, 

? - 4 y». 

0. 

y - 

2x + 

1 • 7 - - m*' 2 ***} 8 y = 

2* + \ • 
ac* 

9. 

V - 

3 + 2* -**. 10. y - 


12. 

, 45 inchos. 

13. £26. 5{«. 15. 45 sq. ft. 10. 346£ sq. ft. 

17. 

i960 i 

cubic 

ins. 18. 12 ft. 19. 10 . 20. 

1 2426 ins. 

nearly. 

21. -01875 in. 22. 1610 feet ; 

305 9 feet. 

23. 

3 days, 6 

hours. 24. 224J days nearly. 25. 

9 : 4. 

20. 

Value of diamond — -- wiC7 |'- 7 _ value of ruby 

(m +l)o* 

- • 

3 

cn? 

(ro +1 ) 6 * 

99 9 

29. * - . 31. The cost is least 

15 15s 

when the 

rate 

is 12 miles an hour ; and the cost per mile 


3 

is £45 i and for the journey is £9.'7s. 6 d. 
32 
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26 [Pages 118, 119.] 


1. 

±2J. 

2. 

±5. 

3. 

+ 2. 4. i 9. 6. 

±2. 6, 

. ± 

J 3 
2 

7. 

+ 

a /a 
2 \a 

a _ 

4vi 
1/' 

8. 

+ Jrnab. 

9. 

1+ 

! 

ft 

2 

-6 a ' 

> 

) r 

10. 

+ 

2a 


11. 

i+ 

M 

CO 

• 

i+ 

to 77. 

« 







27 

[Pages 119— 

-122.] 




3. 

a 

4> 

7]- 

4. 

SI 

02 

6. 

. 2 b 2]. 

6. 

9x1 

ilj 

V3 

8. 

9, 

8. 

9. 

.1 * 

s* ~ ■ 

10. 

S» iff- 11 • 

29, -10. 12. 

10, - 

-29 

16. 

s* 

0. 16. 

10, - 

2 

' S* 

17. 3. 18. 

' «» ra- 

19. 

1, - 

4 0, 
" IT 

20. 

— 

11 ± 

"'6 

v/J 

3 

-a. 








28 [Page 124.] 


1. 

3, 2*. 

2. 

_ 4 . _ r. q 4 _ ft 

*» 9> ff* 

4. 

5 

3» 

r 

S' 

6. 

2.j, ~ i- 

6. 

5, iy. 7. — 1, -J-. 







29 [Page 124.] 




1. 

h -6. 

2. 

1®, — 1J. 3. is, —8. 

4. 

f» 

-34 

6. 

9]5, -11. 

. 6. 

a * n a 

2 ‘ c * 7 * a6, " 3 

• 


- 




30 [Page 127 ] 




1. 

2, 4. 

2. 

5, -4. 3. 1, -4. 

4. 

4. - 

13 

6. 

q _ 4 

5* 

6. 

— £• 7. 7, — J. 

8. 

2, J. 


9. 

2 — * 
"u- 

10. 

a, 4. 11. 1, 24 .. 

a — o 

12 . 

a, - 

6. 

13. 

a 3a 

2 * T‘ 

14. 

a e ie 2a6-ae 

4,8. 15. 0, o + A _ 

- 6c 
2c~ ’ 




16 . a, %. 
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31 [Page 128.] 


1 . 

2, 3. 

2 . 

±2, ± via 

3. 

i 3- 

4. ±£, ±1 

5. 

i _ i 

a* 2- 

0 . 

l l 

a- ’ 4 a 54 ' 

7. 


8 . 3", 5*. 

9. 

2 a **, 2 4 *. 

10 . 

4, y-ra 

11 . 

< aA (- 

“sis)*- 

12 . 

4 1 

O' 

13. 

eS *) 

3’". (- 3)"”. 





32 [Pages 130, 131.] 


1. 

o, 

j. 2. -1, 2, . 

-2. 3 

!• -S, 

1 ± JIO 

3- 

4. 

2, 

— i + s! — io. 

5. 1, 

1(-1± 

: ■J- 7). 

0. 

— 

3, j(3 ± V - 3). 

7. ± 

1, ± 

/-11 ± a/85\J 

8. 

- 

m, m ± Jm~ + 2. 

9. 1, 

2, 3, 4. 

10. 4, 1± V-l. 

11. 

3, 

- 1, - 1 ± V«- 

12. 1 

-y. l(- 


7a 

r 

\ 

4. 



33 [Pages 131 

-130.] 

3. 

o, 

2. 4. ± J. 

5. - 4. 

0. 

±3. 7. 0,-1. 

8. 

o, 

2. 11. 2,-8,- 

3 + 3 V- r >. 

12. 

1. 13. 4,-9. 

14. 

o, 

-3,12,-15. 15. 

1, I- 

10. 

•7 1 4 1 ± >/3 * 

’ 51 ‘ 6 

17. 

2, 

- J. 18. 1, - 2. 



19. 

2, 

1. 1(9 ± «/- 31). 

20. 

1| 3, ^{3 + 

21. 

4, 

-6, -l±4,/5. 

22. 

0,3, } 

+ V-23 
" 2 * 

25. 

ft 

-2+ ./-6. 

20. 

9, -7. 

1 ± V - 24. 

27. 

2, 

-4, -1± a/7T- 

28. 

9, -7, 

1 ± a/-6 . 

29. 

3. 

, 3± a/-47 

30. 

"ft —- 

3± ./TO 

2 

31. 

4, 

- 3, J(1 ± a/^43). 

32. 

5, -1, 

2 ± a/5. 
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34 [Pages 136, 137.] 

1 0 o Q 9 1 :» Q J. U ^ r, lrtR -1 — 

1. 2, - .i. A. *, — - 3 -. 3- 4, - f . o. g - . 

35 [Page 140.] 

1. 2 ± *A ? . 2. i(3 + 7 -7), 1( - 1 ± 7~15). 


4. 1, 


._ ,_ 5 + jr> 

3. ± 1, J-(l ± J - 3), ± s! - i. 4. 1, 9 

M 

5. 2 , 1 , ](3 ± 7- 7). 6 . 2 , >, 1(9 + 7 «r>). 7. 3, - 1 , 3 * «-■ ■ 

Q 0 1 5± >/4l Q 9 1 2 _1 IQ 3 1 Jl?.“ . 

O. — A) - — ^ • w. •'i n» *'» *”■ 31 jj 

11. x+ C = -o a ± Ja* - 4a a & + 8ae\ . 

ax 2a [ J 

12. (1 + 73) ± A + 2 73, (1 - 73) ± - 2 7:1. 

# 36 [Pages 140—143.] 

1. 3,-1.2. ± 2 r ", -?■ 3 ±1. 4. 1. 9.--V-. 

0 & 

an 0 4 C»3a « H r ’ 4* 1 

** 2 ’ “ 3 ‘ 6 ' fa ’ 13' 7 ‘ °* ”65 ‘ * ± - 1 ‘ W ' 


9. 

5, - 

; * 1 ± J - 75 

4 . 2 . 

10. 

1, l(-3± 7?>). 

11. 

±1, 

•i(3 ± 75). 

12. 

±5, ±4 72- 



14. -2, -2± 73. 


2 ac 

13. 

1, 4. 

15. 

2c + 6± ^6* - 4c a 

16. 

2, - 

» - 3 ± 795 
r. 7 

17. 

q 4 -3± J -7 

J, 4, .. - - r - . 

18. 

4, -2 

, - 1 ± 7 1. 19. 3, - 1 

. 20. 

3± J\7 3± /13 

2 ’ 2 * 

21 . 

5, - 

1 , a± 75- 

22. 

5c 29c 

T * 21 ‘ 
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29. G, ±7-11. 


23. 24. ±7^- 2 . ±J n n ~- 

25. “{1+75). 26. 1, .1(1 ± 75). 27. 5, 2± 7-2. 

W 

28. a, Ma + 6 ± 75<7 + 2a4 + A* j . 29. C, ± V^TT. 

30. 5,1(1+7-23). 31. ~ 1 ± 2 - s/ — ■ 

32. K - 3 ± 75), 1( - 5 ± 7^TT). 33. 1, - 1 * ■ 

M 

3 . 1± 7-1 -1+7-1 13 

34. ^ • 35. ±1 R . 

30- l(o ± y/27 + 3 757 ) ■ 


- 1 ± 7-3 
2 


36. ± If® • 

14 


37 [Pages 146-147.] 

4. (i) Real but not rational; (ii) Imaginary ; (iii) Rational; 

(iv) lloal and equal; (v) Real but not rational ; (vi) Imaginary. 

7. ±12. 8. 8. 9. 0,3. 


38 [Pages 147-163.] 

4. (i) - A ; (ii) 1H ; (iii) J. 6. $, 3J. T (i) 8 ; (ii) 7 ; 
(iii) 6. 8. 3, J. 14. +3 and -3. 22. * between -3 
and + 3, y between 0 aud 4. 

39 [Page 166.] 

1. **-5* + 6«0. 2. **+3*-28-0. 3. ** + 5*- 104-0. 
4* 3** — 53* + 34 — 0. 6. 5** — 12* — 9 — 0. 0. ** — 10* + 
23 - 0. 7. ** - 8 * + 9 — 0 . 8. ** - 14*+ 29 - 0. 

9. * a + 14* + 4-0. 10. (to* - n*)** + 4mn* - (m* - »*) - 0 . 

11. **-(1+73)* + l-0. 

40 [Page 166.] 

1. 3,4. 2. 5,-3. 3. -2,-4. 4. 3+ 77,3- 77. 
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41 [Page 156.] 

1. 7,-1. 2. a, a - b - c. 3. a, 7 - a. 


4. 1, 


47 - 44 y‘6 
23 


42 [Pages 159, 160.] 


1. </x 8 - ( p 8 - 2(/)x + 2 == 0. 

3. x 3 -jo 9 x + ;> 8 7 w 0. 5. 36. 


2. $rx 8 - 2^x + 4 «* 0. 

7 /;n 6c 4 (3ae-6 8 ). 

*• V 1 / » 



6(3ac - 6 8 ) 


a 8 c 



6 4 - 46 8 ac + 2a 8 c 8 


9. 5. 10. 12. 11. 8 . 12. 3. 

43 [Pages 162, 163.] 

1. 4(x-3)(x + i). 2. (x + 5)(x + 17). 3. (x + 20)(x - 32). 

. .(..V”)(~ 4 *i D- 

5. 5 - “ + 6 --^-) • 6. Yos. 7. No. 

8 . Yes. # 9. No. 10. No. 13. Between -J and J. 

44 [ Pages 169, 170. ] 

1. ±10. 2. ±7. 10. (cc’-aa’)* - {be'-ab'){b'c-a’b). 

0 (ad’ - ad) 8 - {ah’ - a^Kcd* - c'd) 

(a*' - a'6)(6<? - &'d) -(ac' -a!c)(a<f-a T d) 

(ac ' - a'c)(cd' - c'd) - (ad* - a'd)(id' - £'d) 

’ (ad* - a'd) 8 - (a6' - a'6)(cd > - c'd) 


45 [Pages 175, 176.] 


1. 

* - 1, 

53 

~SS ; 

333 

2. *-5,-gg-;3. 

x ** 

12, 18 ; 


V - 1, 

25 

“52- 

o 188 

r- 9 * 42 ' 

y - 

18, 12. 

4. 

x - 29, 

-47; 

6. * - 3, 2 ; 6. 

X — 

11, -8; 


y - 47, 

-29. 

y - 2, 3. 

y - 

8, -11. 
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7. x - 7, 

-4 ; 

8. x - 4, 3 ; 9. 

1 16 
* " 4 ’ 3 

y - 4, 

-7. 

•» 

II 

y * 3, g. 


10. * - 1 ; 11. x - 7, 3 , - 7, - 3 ; 12. x - 8, 5, - 8, - 5; 

Ot 

y - | • f-3,7,-3, - 7. y - 5, 8, -5, -8. 

13. *-5,7, -5,-7; 14. * -5, 16. * = 8, 5 ; 

1 r » 

y-7,5, -7, -5. y«4,- 2 . y-5, 8. 


10. as =* 7, — 5 ; IT- *-7, 2, -7, - 2 ; 18. * = 9, 5, -9, -5 ; 

y « 5, -7. y-2,7, -2,-7. y = 5, 9, -5, -9. 

19. x - 17, 1 ; 20. x-3, 2,-3,-2 ; 21. as-5, 3, -5, -3 ; 


y 

- 

1, 17. 

y-2, 3,-2,-3. 

y — 3, 5, — 3, — 5. 

22 . x 

SB 

4,2; 

23. x-7, -3 ; 

04 h. 

ft, s j 

y 

- 

2, 4. 

y — 3, -7. 

,._ti « 

y-a. ?• 

26. x 

B7 

5, 1 ; 

20 . x — 8, 2 ; 

27. x = 9, 4 ; 

y 

- 

1, 5. 

y» 2 , 8 . 

y«=4, 9. 

28. x 

- 

5, 1 ; 

29. x = 2 , 8 ; 

30. x = 729, 343; 

y 

SS3 

1, 5. 

y = 8 , 2 . 

y — 343, 729. 


31 . x = 1, 64 ; 32. a * 2, 1 ; 33. x - £, - j ; 34. x = \ ; 

y 64, 1. y 1, 2. y *= ^ . y * J, - 


40 [Pages 178, 179. ] 


4. - 3 . - 4 ; 2 - * =2, v 


y-2, 


i. *-3, -3, - 2. *- 2 ,^/ 5 , -2, - yg; 

w 0 ^ 9 _ 1 f/m 1 — O /- _ 1 2 !— 

y--, fi* v "v 5 ’ 71 V 5 ' 

3. * ■ 2j - 2 j 4, * ■ j, 5, -1, - j; 6i * * 2, g >/3, — 2, — g ^/3 ; 

y-3, - 3 . y*?i5*“D "t* y**‘ 3 --s/3, ~6, —-g- 
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6. x 

y 

8- x 

y 

9. x 

y 

11 . X 

y 

14. x 

y 

16. *■ 

y 

1 . X 

y 

3. x 

y 

5. x 

y 


- 5, 

3, - 5, - 3 ; 

7- <* • 

= ^ \/19 

» ~ >/ 

*-75‘ 

- 3, 

4,-3, -4. 

y 

- °* s/S 

. 0, 

-•ys- 

■ 1» 

51N/2I, - 

■ 1 , - 

21 '/ ;jT ; 



= 3, 

21 

3, - 

2 2 . V-'. 



- 3, 

^ n/6, - 3, - 

■w« 

; 10. j? = 4, : 

»73. 

- 4 , -373 

■ 1 , 

1 n/6. - 1 , - 

!7«- 

// = 5, 

73 . 

- 5 , - ^ 3 . 

m 

= <> 

7 3 . -7, - 


12. s-4, 3 

; 13. 

x-7, 

_ o 

- ->f ■ 

-373,-2, 373. 

y = 3, 4. 


y «■ t>, - 7 . 

= 4, 

38 _ 4 . 
7«7' ’ 

38 

’ 

; 16. x - 2, 

_ 0 
“1 

+ r». / 5 ; 

*" V 117’ 

- 1. 

- 3 -1 - 
7«?. 

3 

' 7«7 

y - 3, 

-3., 

+1 

ric* 

• 

■ 3, 

• 

- 3 - 'V 12 

* 

7’ “ 

»7£; 



= 4, 


r 

7’ ” 

•7.” • 




47 [ Page 182. ] 


3,1,2 + 57-1; 2. 

a 

* - .>; 

1, 3, 2 + 57 -T. 

b 

• - 2- 

4, -2, + 7-15+1 ; 4. 

x - 4, 1, J(5 ± 7 r T65T; 

2, -4, ± 

y - 1, 4, J(5? 7-159). 

11, i{l± 7-21l} ; 6. 

* - 4, -2, ± V- 11 +1; 


y - 2 , -4, ±V^Tl-l. 


3, j{-15± 211J . 
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7. * - 2,1, j|3± V- 19 }. 
y - 1, 2, j{3? 

y - |{i+ 73]. “{!+ j 3 }- _ 

9. * - a, 6 ; 10. x « 3, 2, J^5 ±*J - ; 

y - *,«■ y - 2, 3, }( 5 + yy/ - • 


48 [Pages 185, 186.] 


1 . 


4. 

6 . 

7. 

8 . 


* — 2, - 2 ; 2. f ■ 3, y « 4, 1 ■ 1. 

y « 4, - 4 ; 3. x — 0, ± 0 ( 6 * - c 9 )l 

j ■ 6, -G. y — 0, ± 6 (c 9 -a 9 )}-. 

2 “ 0, ± c(a 9 - 6 9 )j 

* - 5, y — -1, z - 7. 6. x ■» ± 3, y — ± J, z - ± 2. 

* — ± 3, y — + 5, 2 =■ ± 4. 


is » _ 0 .,. _ 4 _ 1 u 

1 » 1 n» T » y *» Tff» 


3* 2.1 _ 1 « a 

O , * " 1, - j, Jtf, J. 


a(b* -c 9 ) p ' 

2(a6 + 6c + ca)’ 

6(c 9 - a 9 ) „ , D 

\ —f p . where P 

2 (06 + be + ca) 

c(a 9 - 6 9 ) p 
2 (06 + 6c + caj’ 


a 6 c 

. +-+ —, • 

0 — c c — a 0 — 6 


49 [ Pages 201-205.] 

1. *-0,2, ±72; 2. *-4,2; 3.*-4,2,-l±7*f; 

y-0, 2, 2*72. y-2, 4. y = 2, 4, -1+7#. 

, 4 . * - 5, 13; 5. *-4,9; 8. *-3, -1|£; 

y - 4, 12. y«9. 4. y«-4,8JJ. 

7. * - 7, - 1 , ± 7^3 + 3 ; 8. * - 3, 2, 5, 1 . 

y — 1, - 7, ± 7 - 3 — 3. y — 2, 3, 1, 5 ; 



9. x 

y 

12 . * 
y 

15. x 

y 

17. * 

y 

19. x 

y 

21 . x 

y 

22 . x 

y 

23. x 

y 

25. x 

27. x 

y 

29. x 

y 

z 

31. * 

y 
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5, 18 V ; 
4, 17V. 

q 13 . 

'3 > 

7, 0. 

o, i, U ; 

o, 2, 

3, i; 

1, 3. 


3, 3, - j, 
3, - 3 . 3, 


10. 

x = 7, 2 ; 

11. 

X a 

2, 

i 

-> 
V* « 


N 

11 


y - 

3, 

1 34 ? 

'h2~■ 

13. 

x « 5 ; 

14. 

X — 

6 , 

2, 4, 3 ; 


y = ±4. 


y - 

1 , 

3j fi 2. 


16. x — 4, -2, 1± ; 

y = 2, - 4, - 1 ± vVi- 


18. x = J |a ± ; 

y - 5{ 4 ±\/ Aa --« 4 }- 

■ J ; 20. * = 10 + 4 ^/G, lO + j^Tfi; 
■}. y - 10 + 4 70, 10 ± » JUk 


= 1, 2. }(-ll± J'M'J) ; 

- 2, 1, J(-H+ ^-’0!»). 


- ± j — a), ± a J — 1 ; 


nc 


% /3(2a - 6 ), 

+ t"J- 1 . 



- 6 , - 6 ; 

24. 

X 

=» +3 ; 

3, 3, - 3. 


y 

- ± 2 . 

V»t + M. 

26. 

X 

1 ± J2 
“ 4 ’ 



y 

- 4- 

' j 

28. 

X 

» a, 6 ; 



x 

y 


30. 



b f a. 
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32. X 



33. x = 4, ®?; 


y - 



2 = 


G, 




66 
7 ; 

- 6 . 


34. 


37. 


39. 


42. 


X « 

12 

7 ’ 

35. x = 9, 1 ; 36. 

x = 3 ; 


12 

V - 3 ; 


y = 7 ; 

y - 

O' 5 

2 = 1, 9. 


2 =11; 

2 = 

-12. 



w = 20. 

x = 

±3; 

38. x - 6 ’ 


x = 7 

y - 

±5 ; 

y = G, 2 

- 

y - 3± V-l 

2 ■= 

±7. 

2 - 2, 5 


2 = 3 + v/ - 1 

X = 

4; 

40. x “ 2,-2 

1 

41. x = + 2 ; 

y = 

6 , 3 

; 0; 

y - ±3 ; 

s = 

3, 6. 

2 - -1, 1 

• 

2 = ± 4. 



h + c - a 

r + a 

- 6 . 

X = 

+ 

“ 2 

mj __ 

*Ja* + b*+c* W 

a 51 +6" +c“ * 


43. x 

y 

z 

46. x 

y 





± 1 | 2 = +2 
±2) y » ±1 


a + b-c 

Z = +-~ . 

^ Va a + b* + c* 


44. x = 3, 3 

x = 4, 4' 

x = 5, r>| 

y = 4, 5 

y “ 5. 3 

.y = 3, 4 1 

► s = 5, 4 

2 = 3, 5 

■d 

CO 

II 

n 


)• 


50 [Pages 213-216 ] 


1 . 16 ; £5. 2. 18. 3. 3 inches. 4. 4*8 capital = £5, B ’s 
capital = £120. 5. 5 miles per hour. 6. 12, 5. 7. 5, 3. 

8 . J,gl20; B t 80. 9. 7, 2. 10. Rs. 90. 11. Small wheel 
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4 feet; large wheel 13 feet. 12. 4 pence. 13. 5G. 14. 20, 
30 miles an hour. 15. >£60, or £10. 16. 12, 16, 18. 
17. 2G and 38 feet. 18. 25, 13, 6. 19. 40 aud 45 miles 

an hour. 20. 256 square yards. 21. 14, 10, 2. 22. 6400. 

23. A, 10 miles an hour ; //, 12 miles an hour. 24. . 

a* 

25. The sides were 30 and 19, and the height 1 yards. 
20. 100 shares at £15 each. 27. 15, 12 , 10, 7. 29. 625. 
30. 324 square feet. 


51 [ Page 217.J 


1 . 

/' 2. -1 

. 3. 

i. 4. 1. 

5. 

- 1. 

6.-/. 7. 

8. 

• 

— i. 

9. 

- i. 

10. 

- 1. 




52 [ Pages 221 

-223. ] 


1 . 

99 + 23 n/ - 

3 . 2. 


3. 

63 + 11 J2\. 

A 

17 6 . 


ac + M he 

- nd. 

6. 

X“ - x+ 1. 

4. 

13* 13 7 

5. 

c 2 + d“ + c 2 

+ d* L ' 

8. 

2+ J -3. 

9. 

5 - 3 J - 2 


10. 

2+7-5. 

11. 

- 1 + 2 i. 

12 . 

l+i. 13. 

100. 

14. 

6 . 

15. 

± -J ( ^ 

+ x + 1 + i Jx - - x + 1 \ . 



16. 

, 1 ± 

l * •) 

1a 

-3 
- ■ 

19. -27. 





53 [Pago 224.] 

1. 16, 40, 2/1-6. 2. 29th, 46th, (3a - 10;th. 3. 6. 

4. 98. 

54 [Pages 225, 226.] 

1. 325. 2. 900. 3. 52J. 4. 0. 6. 25452. 

6 . 7 . 
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56 [ Page 228. ] 

1.3. 2. 9. 3. 7. 4. 13 or 7. 5. Last 

term 3, or - 1 ; number of terms 10 or 12. 

6 . 18 or 19. 7. w*. 8. 1, l } t 2, <fcc.; 1470. 

9. 1, 3, 5, 7, ifec.; »*. 10. 2. 11. 4 or 10. 

60 [ Page 230. ] * 

1 . 6J j 8 ; m ; a fl +z*. 2. 9J, 10|; 7J. 3. 207, 

297, 387. 4. -2, -G, -10, -14. 5. 1, -11, &c., 

-39. 0. 14. 


1 . 

3. 

6 . 

1. 

3. 

0 . 


57 [ Page 234.] 

~(Gn a + 3n — 1). 2. "( w + 1 K ?l t 2 )- (3w ±- 5 ) 

2 12 

j(4» i + 6»-l). 4. -1). 


n(» + 1 )(n + 2) 

6 • 

68 [ Pages 238, 239.] 

ma - “ 6 (2» +1). 2. 9, 13, 17, 21, 

a — o 

13 ; 6. 4. 70. 5. + 2 ) 

G 

”(2»" + 3» + 7).* 7. ”(2n J +9n + l). 


25. 


®‘ 3(2n + 3 )' ^ 18, 2 ®’ 

10. 8,5,7. 11. 1, 3, 5, 7. 

12. 3, 6, 7, 9, 11, 13. * v 

14. + -*-(»•-*>) + £(»- 2 ) - 0. 

16. +g< - OT - - r > . 16. , 16. 

m-n 


19. »(»-H)(» + 2) 


20 . J{» - l).n.(2» - 1) yards. 
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59 [ Page 240.] 


1 . 

8748. 2. 

4 

»'* 

3. 65536. 

4. - 243. 

5. 

8 . + 2«- 

27 ; * 3*“ 

S 

¥’ + 

or — according as 

n is even or odd* 

6. 

4 4 8 

STS* 

7. 

i i 

SS* 1ST* 




* 

60 

[ Page 242.] 


1. 

265720. 

2 . 

603?. 3. 

-682. 

4. 

18 1 * 

6 t a* 

5. 

j|(l"- 2 ar ). 


6. 

1 5"+ 2" 

U 5—» * 

- or + 

according as n is 

i oven or odd. 



61 

[ Page 244.] 


1 . 

1. . 2. 

2 

5- 

3. «. 

4. }. 6. 10 J, 

6 . 

13 7 

24 ' 

33 

48* 

8 3 ^ 3 

9. 5(4 + 3 72). 

10. 

1 

rr* 





• 

62 [Page 246.] 


1 . 

6, 12. 

Q 3 

«■ Ui 

12 O 

1 , j. o. 

_ 1 3 _ 9 

‘i ii li 

4. 

V-, 8, 12, 18 

l, 27. 




63 [Pages 249-2^1.] 

1 . 

1 • l- 8 - ■ 

36 * 55 ' 

358 

1665 

1 2 

’ 7 ‘ A 

1 + x 

a'-*')* ’ 

3. 

2x 


4 

(1 -f 6r),3as 


(1 - 2*)* * 



( 1- 3x)* 

R 

«(1 — a") «o** +l 

V 

1 - 

V| 

(l-a)* 1 

• 

-a 

o # 

(1 + 0 :)* * 

7. 

1. 


♦ 

a 

* 

. n+ 2 

4 - T-- i • 

9. 

2-*.(2*-l) 

; 2 n (2J» - 3) + 3. 


10. 

5* +1 — 5 - 4n. 
16.5'“ l * 

11. "(10* 

-1)- — 

; 9 • 


2—29 



450 


ALGEBRA HADE EASY. 


12 . 

‘-H’-io")- 

13. 

14. 

2.(2" - 1 - 4 n). 

15. 

18. 

2, 5, 8. 

19. 

20 . 

b 4, 20. 

21. 

22 

i 

//*• * y * 

W" '7 ’ 

24. 

30. 

1 

(1 - r)( 1 - ar) ‘ 



2** 1 -*1-11. 

J(4"-l + 15n). 

4, 8, 16. 

a = 1. 

p 

OH f-a 0«‘li o 

/( -i T • 


64 [Pages 253, 254.] 

1. OJ. 2, , 4 „ !. 3. 1, i, «, 4. 

5. a.- (■•(, :!, 1); (?, !,) 7. 


(>) : : (ii) I! 

!!, 1 . 


6 + (n- - l)('t - 0 ) 


9 

10 . 


(w + 1 
"!/ + »-• 
60 

10 - „ ’ 


(" + 1)»// (" + 1) '.</ 0' + 1Kv 

(" -- 1)// + 2x ' (// - ‘2)y + 3 k ’ ' y + vtx 


65 [Pages 257, 258.] 

5. 8, 72. , 6 . w ‘" 

m + /< 

66 [Pages 262, 263 ] 

2. 42. 3. 30, 5. 120- 7. 092. 

67 [Pages 267, 268 ] 

1. 120; 24; C. 2. 151200; 19958400. 3. G. 4- 4. 5. 8. 
0. 210. 7. 16. 8 . 125. 9. 240. 10. 20160;’ 40320. 
11. 11880. 12. i«(ii-l)(»-2)fJ. . . (»-j»+1). 13. 40319. 
14. 80040 15. 4320. 16. 861. 17. 1440. 18. 576. 
19. 399168000. 20. 332640. 21. 34560. 22. 40320. 
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68 [Pages 275—278.] 


1 . 

19600; 17350 

; 341140446. 2. 300 ; 351. 3. 20 

4. 

100 ; 171. 

5. 

120 ; 35. 

6 . 

n(n - 3) 

•> 

7. 

210; 84. 

8 . 

1330. 

9. 

50850. 

10 . 

810000. 

11 . 

30030; 20020. 

12 . 

702 ; 5040. 

13. 

344. 

15. 

40320. 

16. 

2822 40. 

17. 

300. 

18. 

8136. 

19. 

144000. 

20 . 

25020. 

21 . 

210 

22 . 

57. 

23. 

{ "(« “ 1 )(» “ 

2) - vt 

[in - 1 ){vi - 2) j . 

24. 

1680 

25 

27720. 






69 [Pages 280, 281.] 

1 1, or 5 ; *21, or 35. 2. 10 ; 1)2378. 3. 70 ; 35. 


70 [Pages 287, 288.] 


l. 

7560: 60. 

2 . 

138600 

3. 

60 ; 36. 

4. 

4510535999 ; 

60540 1800; 0070200 

5. 

59875200. 

6 . 

49*9399. 


7. 2519. 

8 . 

21500. 

9. 

I960. 10. 

1680. 

1 1 • 50. 

12 . 

8400. 

13. 

27720 ; 280. 


14. 7, or 8. 




71 [Pages 289, 290.] 

1. 343. 2. 243. 3. 1638 4. 4. 61-44. 

5. 12002400. 6 . 720. 7. m". 


72 [Page 292.] 


1 . 

56. 

2 . 

28. 3. 351. 4. 84. 







73 [Pages 296, 297.] 




1 . 

42. 

2 . 

113. 3. 2190. 4. 

6570. 

5. 

ICO. 

6 . 

315. 

7. 

464730. 8. 22100. 9. 

52. 

10 . 

159. 
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74 [Pages 306-310.] 


1 . 

720; 120. 

2 . 

658409472000. 

3. 

181440. 

4. 

60. 

6 . 

13305600. 

6 . 

72576000. 

7. 

256. 8 . 

160. 9. 

4309200. 

10 . 

3963960. 

11 . 

10G48. 

12 . 

498015. 

13. 

127. 

14. 

8085. 

15. 

« m . 16. 1023. 

22 . 

6666600. 

24. 

76076. 





25. 

|25 

<[4j 4 <L-’t) a 

o 

CO 

254. 31. 190. 

33. 576. 

34. 

136 

24 x 

<L»)* 

|36 

; 576x ut.)‘- 




76 [ Page 316. ] 

1. a® — 18a 6 *+ 135a 4 x a - 540a a x 3 + 1215a 9 * 4 

-1458«*' 1 +729x 6 . 


2. 


15625 - 31 25jc + 


3125 

12 


C25 

54 


* :1 + 


125 , 
x * 

432 


5 

1296* 


6 


3. 

4. 
6 . 

6 . 

7. 

0. 

10 . 



x 20 - r>e*«V + IOjc 1 n y l - 10* 1 4 y fl + 5x l - x 1 1 

x 2 - x ,ix y a + 15 x n y !l — 20xy + 15x 3 y :J - 6x a y n + y 2 . 

32*® - 240x 4 y -l- 720*-y - 1080*V + 8l0xy 4 - 243y f \ 
64x®_32* 4 20r- 135 243 729 

729 27 + 3 ~ “ + 4x* “ 8* 4 + 64*« ‘ 

64a® - 96a 4 + 36a 9 - 2. 8 . 2(365 - 363* + G3* 9 - * 3 ). 

2x(64x® - 112x 4 + 56x 9 - 7). 

> + 3x a -54.-?---4* 

x a at 5 * 


1. 

6 . 


77 [ Pages 319, 320. ] 


495a l *5 8 . 2. 
924a® •V". 6. 


65_ 

2304 


a 4 5 8 . 3. 


-120*V». 4. 760*y®. 


1716a 7 *®; 1716a®* 7 . 7. 


120 ** 


.4 
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8 . 84o s 4«. 9. 10. 0; 210o‘*6«. 11. 312y*. 

10 


12 . 


|2»+l 


n - r n + r + 1 




13. 


18 


15. 


|2n 


*2/i4n 
“3 | 3 


78 [ Page 324. ] 

1. 7 th. 2. 22nd. 3. 20th. 4. 5th and Gth. 

7 


5. 56229888. 


0. 


144 


7 1771875 

*' 8 


79 [ Pages 330, 331.] 

1 . 2 *° - 1 . 2 . 2 25 . 5 . p( 


1 + 


aa ,>-fr + * . (-1)'-» 


P 

J2n 


I" 1 ' 


•y / 2n 

7 ' ( ” 1_ " ’tz. 1 . \*n -r+l 

ir- 3«-3 . (“ 1) |?_ H Q / _ l\r . rir-Jiifl 

’ \n\£"‘' ® * 1 ' ’ r + 1 12n - r* 

^2n 

iw - i 


X X 


11 


12 


|2 n 


13. 2 B-1 («+ 2). 


jw - 2 [» + 2 ' 

i* w(»t+l) 

14 ^ • 


80 [ Pages 336, 337. ] 

1 . 1 -f * + X* ■+• X s + X 4 + X 8 + X 6 + X 7 + X 9 + x v + <fcc. 

2. 1 + 2* + 3** + 4* 8 4* 5x 4 + 6x® + 7x* + 8x T + «kc. 

3. 1 + 3x + 6* a + 10 a 8 + 15x* + 21* 8 + 28x fl + <fcc. 

4. 1 + lx + f** + i V x a + T y ff x 4 + <fcc. 

5. 1 + 6x + 24** + 80* 8 + 240x 4 + &c. 

0. 1 + 3t + -T- — — + tfcc. 

O 04 

7. ,y(i+*+£**+ {{*• +&c.) 

8. 1 - \x % ■&£** - H* # - m x * ~ &c - 

9. 1 +5* + }* 8 +BT** + *«• 
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10 . 

11 . 

12 . 

13. 

14. 


10 . 


18. 


20 . 


21 . 


22 . 

23. 


1 . 

1 . 

5. 

9 . 


1 + X 4- + t \z ;i + ,V" (! * 4 4- iVc. 

a* M'j 40 tt"r* 1 (»0'< 7 jt :! 500./^ 4 . 

+ + + + + ifce 

81 + 243 722 2187 0501 


2/r\* 14/ .r \ ;J . 1 

U) V !+ a + .-i 1 a) + 271 a ) ^ } 

- 915,1-“ <//■ ; -30018.*—“ft". 

208 ' I5 ' --- / -- 


1.5.2. Ac. (41- - 3) r 
4 1 1 

( - 1 >.■*-*-* 


iry 7-2 11. A’c. (2r + 5) r 
1 (■ x r . 

19. 


5 


_.sc 

— " a 

io2 r ■ 


- 1848 k 1 ;i 

,1 , 1 x* 2 jp 4 14 x tt 035 x" . 3 

( 1+ 3> + S»'«“ + 8l«- + 243o>» +,tt '- 

1.4 7. »V<\ (3r - 2) / 

fi ;> / * 


3' 


(» + 1)(2m +■ 1 )(‘An + I) A’i*. (r - m J.n + 1) 1 r.\ 

n* 1 r - 1 '* * '* 


3.5.7. ... <r+l) 

I »W I 

81 [Page 340. ] 


3rd. 2. 

13th. 3. 2nd. 

4. 4th and 5th. 

5. 5th 

1-99776. 

2. 

82 [ Page 344. ] 

1 0099. 3. 3002. 4. 

1-9520. 

314138. 

6. 

501329. 

7. 9-99332. 8. 

i- 41 *. 

, 989 

I — -X. 

192 

10. 

I- 5 * 

1 8 * 

.. 1 G4$ 

ll * 2 + 3024 r 

24 
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83 [ Pages 349-352. ] 

1. *<* - 1K»-8).&o.(« -r+9)_ (tr) ._, ( _ 3yr , ; 

I* *■ 

3.4.11.l8.25.*c.(7r- 17) f n ,, 

- - _ , - \ (dx-)' ; co-eflicient of a: 11 =•= -1 

i '~ 1 .jr - 1 v 1 ’ 

and that of t 1 - = 0. 2. 0. 3. 25. 4. ,!(>*+1)0+2)(>* +3). 
5- i/' 1 - 6. -^ 3 . 9. -2J2 15. ;((» + l)(« + 2)«c" 

J I 

+ «(n - 1) x bc n ~ 2 1. 


16. 


<-!>• 


(9» 2 + 5ii + 2). 18. (o-cflicicnt of jc~" = n 2 + 2« + 1 ; 


that of x‘ nf 1 = (/< + 1 )(n + 2). 


24. Co-clhciont of a; 2 ' = 


a , _ 1.3.5 .&<• (2r - 1) 


2 r .a ar .l r 


co-ofVioicnt of x 




1.3.5 ifco.(2i — 1) 
2’.a 2 ' f 1 . [r 


1 . 

6. 

8 . 


84 [Page 355 ] 


6. 2. G. 3. 9. 

1(17 log <i-19 log />). 

4 log c - 3 log // 
log a + 2 log 6 + log c 


4. - 1. 5. .‘i log m + log a. 

41 log 3 + log 2 

12 

3 log 3 + 4 log 5 - 3 log 2 
log 2 + log 5 


7 

9 


85 [Page 359 ] 

1. 5;3;-G;0;-l. 2. 72*3375 ; 272*3375 ■ 1 72*5375 ; 

8 7283375. 3. 15. 4. 3 8515933. 5. 2 *8869495. 6. 005942. 

7. 19. 8. 7043652; 5 09G91 ; 12730013; 2272439. 

9. 44092388. 10. 1 206. 11. x - 7G02*,) 

y *= 020G0. / 


80 [Page 360 ] 
2 . 4226. 


1. 1-6777943. 
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87 [Pages 360-308 ] 


2 . 

1 + li + |8 

+ i + &c. 

4. -61. 6. jV 7. r«- 

8 . 


+*«.+<*»>■:+* 4 . 

IE. / 

9. 

^ ^ 11 + ar - r(r - 1) 

i 10 . <- m. • »+.}. 

J jn - 2 \m(m - 1) 

11. 

. x® x* 

x n 

-g- +A '- 

*•3 3ft* 3f1 

12 - 

19. 

12«-5. 


20. lie. 



88 [Pages 371-373 ] 

4. 

•434. 

5. 

2 log„2 - log,3. 12. 2 log„2 - 1. 

13. 

1 + log # 3 - 

log,2. 14. 

2-log„2. 16. i if n be odd, 

2m 


and - - if n be even : , 

2m ’ 2m + 1 


89 [Pages 375, 376J 


1. x-2, y-3,3 = 4. 2. x-3, y-2, s-1. 3. x = 1, 

,--2,8-3. 4. 6. *--(« + A + e), 


y — be + ca + ab f 2 — -a6c. 0.x — 


(a - c)(a - A) • y 


_6 s _ 

(6 - a)(6 - c) ’ 


7. x - 2, , - 4, j - 6. 8. x-2, 

y - -*3, a-4. 9. * - 1, y - 4, 2 - 27. 

90 [ Page 377 ] 

1. (x-l)(* + 2)(x + 3). 2. (*- 2)(x + 3)(x + 4). 

3. (x-3)(x + 5)(x + 7). 4. (*-l)(*-2)(x + 4)(* + 5). 

5. (ar - 2)(x* + 2x - 14). 8. (* - 3)(x* + 3x- 20). 


7. 16. 8. 17. 9. -114. 


10. - 336. 
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91 [ Page 381] 

1. Jn(6>i a -3n- 1). 2. Jn(» + l)(n + 2). 3. Jn(4»J-l). 

4. \n(n+ l)(4n- 1). 5. » a (2«* - 1). 8. ac 3 =ci6 :1 , c a » 3db. 

92 [ Page 383. ] 

1. x 8 + 7x a + 17x + 29 ; 65. 2. 2x 8 + 15x a + 3x +12 ; 113. 

3. 5x 4 -2x 8 + 15x a -4x-5 ;43. 4 4x 4 + 5x 8 + 6 x a + 7x + 8 ; 
35. 5. x 4 + 3* 8 -13x + 100 ; 5. 6 . 7x 5 -3x 4 + x 8 + 8 x» 

+ x + 10 ; - 20 . 7. x 8 + 3x R - 2 x 4 - 2 x* - 5x a + 60x - 20 ; 

329. 8. x» + 2x 7 + 9x 8 + 18x R + 3Gx 4 + 72x 8 + 100x a 

+ 200* + 407 ; 825. 9. +4x R +3x 4 + 12x 8 + 13x a +52* 

+ 200 ; 823. 10. x 8 - 5* ’ + 31* 4 - 155x 3 + 775x a + 3850x 

+ 19250 ; -95485. 11. 800. 12. 742. 13. -1525. 

14. 75. 15. 8 . 

94 [ Pages 402—405 ] 

1 . a 9 + 6 a «*m a +n a . 2 . « 5 ( 6 |C a -) + i a ( c i a si “ e % a \) 

+ c a {a x bi~a i b x ) = 0 . 3. ( 6 jC + a l b) 9 +(bc l + ab l )]i — 

(cc 1 -aa 1 ) a . 4 . x*+y a + e a + 2 xyz= 1 . 6 . ab + bc + ca + 

2d be 1 .* 8* (^1^8 — ® J^l) = (®l^l 

7. *l + b l - 1.8. o a -6 a - 1.9. o 4 -2o a 6 a -6 4 + 2c 4 = 0. 
P * V 

10. c 3 -a 8 -36 a c. 11. 2a a - 3a6 a - 2c 8 + 2ti 8 — 0. 12. 6rf 4 


- o 4 + 6a a 6 a - 36 4 - 8ac 8 — 0. 15. a a + 6 * + c a - a6c - 4. 

18. afi — 1 + y. 17. abc + 2/gk - a /* - &y a - cA a «= 0. 

18. a*+4* + l “ c(e+2a4). 19. a* + b 3 + c 3 +abc — 0. 

or . 1 1 1 fa 9 b' 9 c' 9 \( 1 1 1\ 

2 °. -+J-+ --- (—+i+--)(s. + 6 . + c .j- 

21 . .v» + i) + 4 fi + iwi 1 (- , . + l)-o. ■ 

„l \ 4 « / jf \ « <* / c t\ « 6 / 

22. (c-4)*=a + 4. 23. o» + 4»+c* 

24. la’c’fo* -4c)(o4-e*) — 4*(a*-e s )’. 28. j7~+ 


d*. 

+ 


e rf 
+ 


- 1 . 


27. (6 + c - a)(c + a - b)(a + 6 - c) ■■ a&c. 


1 + o 1 + d 

28. a* + 4 s + c 8 + 2o4c ■» (6 + c)(c + a)(a + 6)* 
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Miscellaneous Exercises. 


1 

5. 

2 . 

7. 

1. 

4. 


6 . 


1 . 



1 . 

2 . 

8 . 


[ Pages 419 —430 ] 


. 

I. 


x „ •) I 0 4- >/ .i 1 
° K 

2 15, 12, 0. 4 

1 and - 4. 

(2je+y-3)(*.. 11//+1). 

6. 7. 7. 2002. 

00 


II. 


1, // - 'l, . 2. 5. 

1, 3, 5, 7, 9. 6. 

2/i 2 (« + l) a . 


<‘0. 8. :{oo3. 


III. 


x ~ \(a + h) t y .! (a-ft). 

2. 

(2.t‘-+^ + 2) 2 -( x /3..r) 3 . 

2S. 6. (i) 5010 ; (ii) 

1410 

7. 3n + l. 

IV. 



n(n - l)(// - 2) 

1.2.3 


7. «i - 3, A- 1. 

V. 


- 

i, -i.-i, 2 ± y.-i. 


r "0» +l)(2» + 7). 

&. 0) 6 

##(«+ I)(3m* + 19// +32) 

12 


6. 20. 7. 1890a*. 

VI. 



x « y « : ~ , 1 - + ,V- +c- - 

nfj — 

/>r — ca. 

4(/er+ % + r:). 3. 3 „/2. 

4. 

w 8 (2»* - 1). 


(i) \chd « Sad* + r‘ l ; (ii) 6 3 +Sa*d -* 4a//c ; (iii) 1, - 1. 

VII. 


1. (») 3, y ; (ii) 


q a 9 (c ~rt) + &®(c - A) 

' <ic(a — c) + — c) 

3. The time is either x 30 minutes past 6 o’clock, 
or x 71 minutes 2 o’clock. 

0. 43200. 8. 0. 
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VIII. 


1. 1, - ^ + . 2 It cannot lie between 1 ami 3, but 

19 + 8 V /G 

can have any other value. 4- 1 - 4^ -5. 6- - 20 ; C ; 15. 

7. 4-9984. 8. 0. 

IX. 

1. * - 3,y - 5, : - 7. 3. /,/»(»# + l) a .(» + 2). 6. 4320. 

8. Je- 1. 


2 . 3 . + + + 0 . 1 - 9955 . 7 . 56 ; 8 . 

12 

XI. 

1. x * J(m + n), y «■ !(» + /), : = .\(/+?n). 2. 88 yards. 

'in -}•-</ 


5. x = 1, y = 3. 6. 


5. (-I)"" 1 (4m 3 - 3a). 


!/< -f> H - if 

XII. 

XIII. 


3. x = 6, y = 5, % = 3 : or, r =• , ^ ,, l y = V 1 , c — Vj*. 

XIV. 

2. a: = 3, y - 7, i = 4. 7. 448, 112- 8. 243. 

XV. 

4. x - 0, y * 0, s * 0 ; or, x - &, y » t \, .. - - • 

6. + ,) + »<«- 1, C+rt+^; 1) (m + n) + m , v . 

J J J 


XVI. 

! a 3 +6 3 .. .. a"+i 3 

1. * = + 4(a + &), or--— . 

ao ao 
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1888. 


1. Solve the equation!' 

(i) x 9 - 48* +527 = 0 ; 

(ii) 2xM 3 *y + y* = 151 . 

G-M 2y - 12/ » 

(iii) *» + 4x» + 12x-48 « 0. 

2. Eliminate r/t and «t' between the equations 

y -■ mar -I— = 


, « , ' 

■ 4-= »/* x + 

w m . 

ntn ' = - 1 


(See page 396). 


and tarn 
ml prove that x + a ~ 0 . 

3. Sum the aeries * 

(a) 6« + 7 f 4 9*+*c. 4 25* ; . \ * 

(P) 8 + 44-1 + A i-*<•*•1° infinity. (See page 244.) 

4. Write down the 4th term of ^ . (See page 320.) 

If c be a quantity ho Htimll that c* may bo neglected in comparison with 
l *, shew that ■ 

*/lie* very nrurly equal to 2 + (See page 342.) 

5. Find the value of . 7 - to four places of decimals. (See page 363.) 

V 1 ' 

«, . 1 . 1+2 . 1+2 + 3 . 1+2+3 + 4 , « 

Show that ,„ + — +--+ »vc. = 


B liL 


ii 


It 


1889. 


2 


(See page 363.) 


1, t Solve the following equatione— 


(i) 


(*-»)• 


= 4 ; 


6 

a 


} 


(See page 143.) 
(See page 205.) 


(*“-4x) (ac-2)« 

(ii) **+2x # y + x*y l -f2xy # + y 4 = 4i 

* + & = ! 
y * 

2. ( ,J ) If « and /9 be the roots of the equation ax 1 +bx + c = 0, prove 

that a+/3 = - t and a/3 = —. 

a a 
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(6) Jf the equations ax" + 36x* + 3cx + <1 ~ 0 and ax* + 2te + c = 0 
have a common rqpt, prove that 

(Ac - arf)» = 4(ar - b')(M - c»). (See page 108.) 

3. Sum the scries 

n.l + (» - 1 ).2 +(n - 2). 3 + (n - 3).4— + l.% (See page 239.) 

2 3 4 

and 1 + - R + ^ +— + Ac. to n terms. (See page 249.) 

4. («) Assuming the number of permit tat ions of n things taken r at a 
time find the number of combinations of n. things taken r at a time. 

(6) Find the number ot combinations in the letters of the word 
alliteration taken four at a time. (See page 296.) 

5. Find the (r-fl)th term of (l -2x)~^. (See page 337.) 

0. (a) Expand a* in a series of ascending powers of x. 

1 . 1 . 1 , 

12 + li + hi *'. 

T - . i— • (See page 367). 

UL* li *" 1 l :,+ . 



1890. 


1. Salve the equations 

(i) x* - 13x —8S8 = 0 ; 

(ii) 4 xy-x* — 151 
39y * - xy - 150/ 

Eliminate x lwtween the equations :— 

Ax® + Tlx -f C =01 
A,x® + B,x + C, = 0/ 

fv? ? c 2. Find the condition that the roots of the equation Ax* -»- Rx + C — 0, 
should be (i) equal, (ii) real and unequal : a, b, c, m are real quantities and not 
zero : given that the quadratic in x, vi:., 

x*(»t , a* + b 9 ) + 2mra*x t-a*(r* - A*) = 0 

has equal roots ; show that c = ^m*a* + 6*. * 

3* Insert four arithmetic and three geometric meanB between 4 and 324. 
Sum the series (a) 3 * + 2 s 4- 3* + Ac. to n terms. 

(A) 1.2.3 + 2.3.4 + 3.4.5 + Ac. n terms. 

_ v 

4. Shew that every term in the expansion of (1 -x) "{ is positive. 
Sum the infinite series • 

1 2.5 1 2.5.8 l 





4G2 


ALUKHHA. MA 1 >K EASY. 


5. 


(«*) 


(b) 


Show thaL— 

h‘K. 0 (■/) “ 

l'l nV<* I hilt - - 

!•''«!«(' I •>) 

i 


h 

! ■:) i 

1"^, - 

«> 

'J 1 

1"K,. 

i i) i 

h>K. <- {x - 

-4) 

h’K11/*' 

-*•) 

- KV. r 


•st; mV.* 

1 

1* 4 

7*2 

- *2:m ■ ->-* 

72 

i ( 

7*2 

, V 

1 

( i • 

‘J.l * J 

1 7*2/ 

i 


at" 

— +. 

n 


(See page 373.) 


1891. 


1. Solve (In* lt*ll<.\vin^ ciju.il ion :— 

(a) 1*2.» HI.. '.'1 <» ; 

1 1 1 / ! 1 
{li) ,*■• i,' 

1 1 1 

a >1 l> 

2, If ii. ;> .lie ill.* loot ol llo - «*HH.H II'II " i" '2'" ■ U lnul tin 


value nt " • ' . * 

;i <i 

I’liiniUiile /, m o’, f iimii Hie <*'jii.itioii.-< :— 

/.»* | luff \ if ’/ J i l, % l I - | 

l >' n'" '<“■*' j (See page 396.) 

ami - a J /■'' h - /. -. J 

3. If tlie In*-1 ti*i in of a (ieoiiu'liu* l’i o^i o >.~mn l>e */, .uni the common 
ratio r, liml tin* .-uni of the lir.-t it lei ms. 

Slim the following -me*. : 

li) C- H V’i) l i l- - \ -) . . to 

(ii) <« t-/i t (u 9 t *.W») t i oii’f‘) I-.to n term-. 

4. Jf /(/ 1 ' denote t lie -eric.- 

. mi (hi 1) „ «<: tit On/i-oi . „ , 

i I mx t- r J \ - x > . tor .ill value,, ot m, prove 

* ■ “ 1 IMl’t 


that J\in) \ j\n) J^vt i ,<). 

IIcihv, deduce tin* Hinominul Theorem for any iiules. 

5. Show that i‘ - 1 r x t- r ~ . ... 

1.2 |rl 

K\p;uul lo.; tl x , c 3 - x ) in poweia of x, ami tind the co - efficient.- 


of a** 1 " ami .r 2 " * 1 . 


(See page 373.) 
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1892. 

1 . Solve the equations :— 

(i) ;J'.r 3 201 ; 

(ii) L'r- -t dry 4 - ,,a 20 \ 

;V ! + l.v- 41 J 


2. 1'nder wli.it rireumslamc- i-> the expression nr- f '*hr , <■ o—rnliall) 
positive whutcvci roil \.ilue may l»e at t ulnitcd tor ' (See page 163.) 

Prove that if the eipi.it ion- t - - hx • ru - 0. r ,J -t r.r-I nU - 0 have a 
common root, their oilier root- will -.iti-fy the eipi.ition x* i ttv t be - 0. 

(See page 166). 

3. Wlmt i-i sin imaginari expulsion ' 


Show 
pie of 


t Itat 


( 1 


.‘5) n 

I 


I 


1 - x 

‘J 


| n 

, " J in equal to 2, if h l.e a multi 

I 2 I I 2 I 1 

I), hikI equal to 1, if n he am other intcj/ei. 


4- Kiml t he sunn of » term-of in ant lnnet i<-ii ppn;i ei>ioii of which 
the fir-t term i- >i, and lommon dilVeretue b. 

Sum the^eruM 1 * ■ j * to » term 

The fir-t term of a I'eometi i> al pi ojp r—ion exceed the eeotid ter ill hy 2 
and the >um to miinily i- .In , tmd the -ei ie-, 

5. WjWte down the middle teim of the expns ion of fl j /•)»", 
Pfoxethat tle* ( o-etlii lent- of tlu l ./■ t l," leim o| f] f «■}•»' 1 i- equal t-> 

the -win of t In'i o-etlii ii-nln of the t "• and ,/■ 1 ,' ft lei in-* el (1 ■ > .»», 

6. Kxpmd h>o 1 i i j in a irric* ot a-> eudino power- nt » 


1893. 


1. Solve tin; equation as* t ‘lbs t <• - - 0. 

If a and .i lie it-* root-, determine a" t i' and <x ' i jl ill tenna oi 
a, b and r. 

2. It (« I !> ■ < T »//■/- b d— p; 'f 1 t: • <1 [.I J >, - . - r/,. pnuvc that 
"* b, e, r/ are propoi tional-. 

3. Kind the middle term in the expansion of (1 t x}*«. 

4. Kind the -uni of n term- of the scrie-. 

a \rb)r t- (« 4 2 l,r 2 -i (a-i iib)r a f Ac. 

5. F.xpand c* in a series of ascending power,-* of s. 

lienee calculate the square root of t to three places of decimal- 
correctly. 
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algebra made east. 


1894. 

1. Solve the equations 

(i) 10ac* - 21 oe = 187 ; 


(ii) 


V I + 7 n/; 


22g. 


2. ft, ft are the roots of the equation ax,*-ihx + r = 0. Find the limits 
of y that the expression ay*-\ by + c may have the opposite sign from a. 

„ 22x + 21 

Show that, the greatest and least values of r ^ 9 _ ^ ^ for real values 

of x are J and 1, corresponding to the values 1 aud 2 respectively of x. 

3. Find the huiu of the squares of the first n natural numl>cr». 

Show how the value of a recurring decimal can be found by (leornetricivl 

Progression, and deduce the rule for expressing a recurring decimal as a 
proper fraction. 


Sum to infinity 4112 + 324 + 243+ &e, 


How many successive odd numbers beginning with 3 must be taken, in 
order that their sum may amount to (175 ? 

4. Write down the (rd l) th term of (1+*)’*, where u is a positive 
integer. 

Within what limits will the scries be true when n is negative or 
fractional ? 

Show that 


, 3 3.5 3.5.7 , f . . - .. « 


5. Write down the series for tho expansion of log* (1 +x), and deduce 
a series for log, ^ . 

SUpw that log. 3 =: 1 +-L +& 1 a - +7 1 #+ & C . 


1895. 

1. If a, ft be the roots of the quadratic equation ax* + bx + c = 0, find 
the quadratic equation whose roots are «% ft*. 

2. Solve:— (i) (/ + «)(a + 6)(r+c) = oic ; 

(ii) 3x + 2y = 2 xy \ 

9* + 4y = 5xy j 
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3. Prove that 

(i) (a + 6 + c)(a 9 + 6* + c* -bc-ca-ab) = a* +b* +«* - 3abc • 

(ii) {a + b + c + d + e +/)* 

= a * + 2tt(b + r + d + e-f f) + b* + 2 b(c + d +1 -\-f) 

+ c* + 2c[d + c+f) + d* + 2rf(e +/) + c* + 2r/ +/*. 

4. Prove that n* + 2»{l + 2 + 3 + ...(n - 1)} — «•. 

Hence prove that 

I s + 2* + 3 a + ...+«“ = (1+2 + 3+... + »)». 

5. Expand by the Binomial Theorem (1 -x)K 
Hence find the sum of the scries 

3 + 3.B + 3.63 + iu:!).12 + • t0,nfm,ty - (S8e P atte35 °- E *‘ 7) ‘ 
6,, Kind the limit of (l -f * ^ when n hecnmee infinite. 

Calculate the result to six places of decimals. 


1896. 

1. Solve :— 

(i) (x - 2i(x + 3)(x + 6)(x + l) + 56 = 0 ; 

(ii) (x + l)* + (x-3j* - 256. 

2. Progp that a quadratic etiuatiou cannot have more than two roots. 
Find the relation between the co. efficients and the routs. 

Form the equation whose roots arc 5 and - 6. 

3. Explain the meaning of Arithmetical Mean, (Joomefrieal Mean, and 
llarnionical Mean. 

If u, b, (' be in 0. P. and if p be the A. M. bet neon u and b, and y be 
the A. M. bet wee u b au<l r, then b will be the II. M. between /• and y. 

4. Write down the expansion of (1 +ar)* . 

Expand (1 + rjx)* +(1 - \'x )*. 

5. Show that the sum of the cubes of the first n natural numbers is 
equal to the square of their sum. 

6. Find the number of permutations of n things r at a time. , 

1897. 

1. If a and /3 be the roots of the equation ax 9 -4 26x + e - 0, prove that 

oh e 

• + /3 -, and a/3 =— . 

n a 

Trace the changes of sign of the expression ox* + 2Ax + e, as x is mode 
to take, in succession, all values between a very large negative and a very 
large positive quantity. 

2—30 
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ALGBBRA MADE EAST. 


2. Solve the equations— 

3 x g 

^ 1)'* 4(7+1) ” s ’ 

(ii) ar* fx - %, \ 

/’■rl — / 

3. Find the product of tho two imaginary expression* 

a f (i *J - 1 and y + S •*/ — 1. 

1 /'j 

Prove that the euhe of — t - 1 i» unity ; and write down an* 

2 2 

other imaginary quantity whose cube is unity. 

4. Kind the mini of » terms of ar arithmetical progression of which 
the first term in « mid the common difference ft. 

Show how to insert 2» f 1 arithmetical means between two given quan' 
Cities <t and ft, and give the value of the middle mean. 

5. It being given that a, ft, r are in arithmetical j>rogrcssion. mid a, fl. y 
in Imnnonical progression ; 


if tt |- a 4- , prove that <ia, bli, ry are in geometrical progression, 

yarn 

0, Prove tho binomial theorem for any positive integral exponent. 

n 

Kxpaud (2-3x)* to f> terniH, and give the co-efficient of x r in the ex¬ 
pansion. 


7. Prove tho formula 
log 

1 V [n \ 1) -- h»g i«» 



l 

‘In 4 1 


1 

3(2u \ f)» 


) 


f- itc., explaining what 


»« is. 


1. 


1898. 

Solve tho equations :— 

(1) n/x‘* 4 ax - 1 + >/x* A-bx - 1 ~ v ; m 4 \'b : 


(2) xy-2x» = .n 
//* + xy - tlx* 21 ] ■ 

2. Kxplain the difference Ivetween a quadratic expression and a quadratic 
equation. 


Prove that ax* 4 bx 4- «• may lie written in the form 



and from the latter expression find under what circumstances the expression 
ox* 4 bx 4- f has necessarily the same sign as <*. 

3. If * the sum of an arithmetical progression, a the first term, and b 
the common difference be given, find the uumber of a terms. 

If ouo of the results in the ahove case he - n,, where n, is a whole 
uumber, prove that if the series l>o counted backwards « t terms beginning 
■with o -■ ft, the sum so obtained will be - 
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4. Sum the following series :— 

(1) 2 +5+ 10+ 17 + Ac. to n terms ; 

(2) a + (<i + b)r + (a + 2A)r a + kc. to n terms. 

5. Find the number of permutations of n things taken r at a time. 

0. Write down all the terms of ^5- * ^ . 

Also show that the middle term in the expansion of (l +x)9" is 
1.3.5... (2a -l) 2 , lr „ 

lL» 

7. Having given that 

log„(.r + 1) - 2 log r x - log, (x - 1) 

_ a /_J 1 . ) 

l 2 r ,J - 1 ;i'( 2 x»- 1)» * '‘J ’ 

also that log,,, 3 — ‘47712, and j -- ’43120, find log,,, 11 correct to the 
fifth decimal place. 


1899. 

1. Solve the equations :— 

(1) x» t-ftiA = (2.c \-b)x ; 

( 2 ) •,'» » - 10 ■■■’>'» = '■ 

2. Show when the roots of *ix a I ii < r - 0 are imaginary, and write 
out the equation whose roots are 1 + \ - 1 in itH simplest form. 

3. (1) Prove that the reciprocals of quantities in Arithmetical Pro¬ 
gression arc in Harmonic Progression. 

( 2 ) If *5 and - 25 are the first and second terms of an Arithmeti¬ 
cal, Geometrical and Harumuic Piogressmu, find in each of the three cases, 
by means of decimal fractions, the third term. 

4. (1) Find the number of Combinations of n things taken r at a lime. 

(2) In how many different ways may four Spanish ships fight with 
three American 6 hips, so that all are engaged, and not more than two Spanish 
vessels attack any one American vessel at the same time * 

5. (1) State the general term iu the expansion of 

(1 — X) n • 

(2) Find the cube root of 1 '02 to six places of decimals. 

0. What is the exponential theorem, and how is it proved to be true. 

1900. 

1. If a and ft are the mots of x*+px f 7 — 0, form the equation 
whose root* are (a - p)' and (a -* P)'- 
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ALOIBHA If ADM BAST. 


2. Solve the equations :— 

( 1 ) = 08 ; 

' X- *Jx* -1 x+v**-l 

(2) 3at* - by* = 7) 

Zxy-iy* = 2/ * 

3. If a, b, o, d he in ti. 1\, then 

(a + 6 + c + rf)* = (u + &)* + (<? + </)* + 2(6+ *■)*) 

(.i - rf)» (A -r)»+(c -//)»+ (ft-6)»/ ‘ 

4. Fiwtjkhe Hum of the cubes of the first n natural numbers. 

5. Find for wlmt value of r the nuinlier of combinations of « things 
r at a time is greatest. 

0. Expand (I - -lx) to four terms. 

7. Expand log r (l + x) in ascending powers of x. 

1001 . 

1, Find the gquaro roots of a* - 1 t 2» si - 1. 

Find also the cube roots of - 1. 

2. Solve the equations : — 

(1) \ ( n* I 'In t - ihe* - \ f a* t oj -Cr* - \ f, ln~* +'tout - »i* ; 



3. Distinguish between the Arithmetical mean, the (Geometrical mean 
and the Harmonic mean of any two quantities. 

IV. >ve that the Arithmetic mean of any two positive quantities is greater 
than their (Jeomotric mean. 

4. Distinguish between Permutation and Combination. 

Kind the number of combinations of n dissimilar things taken r at a 
time. 

5. Prove that in the expansion of (1 tar)* the sum of the co-efficients 
of the odd terms is equal to the sum of the co-efficients of the even terms. 

Find tho first throe terms in the expansion of 

1 

(1 + ac) 9 \^1 + 4* 

1002 . 

1. Show that a quadratic equation cannot hare more than two roots. 

If a, pf are the roots of ax* 4 bx + c = 0, form the equation whose roots 
are •• +£ 9 and a"* +0~*. 
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2. Solve the equati on8 :— 

m x + _ >?«+*. 

x - */l2 a - x \ f ** ~ 1 

(2) (x*,-y s )(x-y) - 16xy, \ 

(x*-y 4 )(x*-y a ) = 640x s y s . / 

3. Find the sum of the scries 

x + «, x* + 2a, x* + 3a...to n terms. 

4. Find for wliat value of r the uumber of combinations of u things 

r at a time is greatest. ^ 

5. Assuming the binomial theorem for a positive integral index, prove 
it for a positive fractional index. 

Show that the utli co-efficient in the ex{>an*iou of (1 -x)~"is double of 
the (« - 1 )tl»* 

1903. 


1. Find the condition that the roots of the equation 
«x* + bx + 0 — 0 

should lie (1) equal in magnitude and opjjosite in sign, (2) reciprocals, 
(a) Find the equation whose roots are 


K f a 


\ f a+ %'n-b 




2. Sol vy the equations 


(1) 

w 


n'2x - 1 -I- \3x - 2 = \ ; 4x - 3 + s/bx - 4 

-~- y - + x« + y» = 13J, 

xy 

xy 




3. Applying the rules of Geometrical Progression, how would you find 
the value of a recurring decimal \ 

Find the sum of n terms of the series whose n ( * term is n(n + 2). 

4. Find the number of ways in which n things may >>e arranged 
among themselves, taking them all at a time, when p of the things are 
exactly alike of one kind, q of them exactlj’ alike of another kind, r of them 
exactly alike of a third kind, and the rest different. 

6 . Find in its simplest form the general term in the expansion of 

Show that 


2 


+ 


2.2 s 3.2 s 


47 ^ + 6 ^ ' ’ ■ " log * 3 ’ h>g * 2 ‘ 

1904. 


1. Find the condition that the roots of the equation ax % +bz -f c = 0 
should be equal in magnitude but opposite in sign. 
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(<t) Show that if the roots of the equation 

x*{b* + \h ) + Ux(*b + a'b ') + «* f«' # = 0 
\fC real, they will be equal. 

2 . Helve the equations 

(i) (a~i>(n-*+x 3 4 )» - (ii + iki+**+■*■*); 

(• 2 ) *y - * = « 



3. Kind the sum of I he cubes of the first n natural numtiers. 

If a, b, c lie in A. P. ami a % , h*, c* be in H. P., prove that -!* , b, c 


are in (1. P. or else u = b - «. 


4. Kind the number of ways in which wf «+;)-(■(/ things can be 
divided into four groups containing in, n, p, >/ things severally. 

f"" 5. Kor what values of » are the co-efficients of the second, third, and 
fourth tormn of the expansion of (1 +x) n in arithmetical progression T 

In the statement of the Exponential theorem 


r 1 


1 + 4T + 


L 2 



+ .. 


> 


prove that r is an incommensurable number. 


1905. 


1. Show the relations betsveen the roots and cc-efticients of a 
quadratic equation. 

Prove that if x be real, 2(u - x){x + s'x* +6*j cannot ezcee<l 

«* + 6 *. 

2. Solve the equations 


(1) (Of 4 «0(-r + :hi)(x + r»u)(x+7rt) ■= 384a* ; 


( 2 ) 


* + .V 
1 - jry 


3. ■ Kind the sum of any number of terms in Geometrical Progression. 

The series of natural numbers is divided into groups as follows ; 1 ; 
2, 3 ; 4, B, 0 ; 7, 8, 9, 10 ; and so ou. Prove that the sum of the numbers in 
the t»f* group is )wt(in* + 1). 

4. Kind the greatest number of combinations of m things (where n has 
a given value) taken r at a time. 

Show in how many differeut ways 2n persons may be seated at two 
r ound tables, n persons being seated at eaeh. 
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5. In the 
greatest term. 

Show that 


expansion <>t’ (1+x)* by the binomial 





)' 


1+ ( 


, I I 

+ i* + L 5 . 




theorem, find the 


1906. 

1. If a is a root of the equation ar 9 + t.r + e = 0, ]>rove that x • a is 
a factor of the expression ax * I hx \ »\ 

2. (1) Solve the equation* :— 

(ii) r ox" 13x 9 ]3.r + 21 = 0 ; 

,.... Ill, 

(m - 1 -- , x+.V - ih 

x y 2 

(2) A man bought a certain number of articles of equal value 
for Its. 375. By selling them at Us. 1 * each he gained as much as 10 of 
them cost him. How many did he buy. 

3. If 5, “1 + 2 + 3+ ... . + a, 

and $ 3 “ l*+ 2 » fi 9 + . . I- /.\ 

fiqfl S, and S, in terms of n, and shew that 
3».j I 3«, +(n + l) = (« i-1) :| . 

4. Find the number of ways in which a selection of r things can be 
made out of u thing* which are all different. 

If *C r denote this number, prove that 

-CV + •CV- i = -+ 1 tv. 

5. Prove the Binomial theorem for a positive integral exponent. 
Shew that the huui of the co-efficients of the odd powers of £ in the expan¬ 
sion of (1 + x)" is 2 "“ *. 


(i) x* + 1 =_ x( 


1007. 


1. Prove that if ox 9 \-hr + >' = 0 is satisfied by giving x the values 
a i Pi 7i &U different, it is an identity. 


Verify that 

(x - 2)(x - 3) - 8(x - 3)(x - 1) + 9(x - 1 )(* - 2) 
is an identity. 


2. Solve (1) ( .^ 


_h 9 

(x + 4 )* 1 


(2) x(x + y + :) = « 9 
y(x + y -f :) = &• 
s(* +V -*-r) = c 9 


2 x* 



472 


ALOIBRA MADE EASY. 


3. Show how to sum a Geometric series (a, r) of n termB. 

If the aum of n terms of such a series is 728, the common ratio being 
3 and the first term 2, find n. 

4. Show how to find the number of permutations of n things, r at a 

time. • 

Denoting this by P r , prove that 

*+1 n • 

Pr = Pr +r. P r -\. 

_ 1 

5. Writ# down the expansion of (1 - Jx) - * , x< 1 . 

6 . Expand tt* in powers of x. 

1608. 

1. Prove the rule for the conversion of recurring decimals into vulgar 
fractions. 

2. Show how to solve a quadratic equation. 

If a, ft are the roots of asr* + />x + c — 0, form the equation whose 
roots are a - 1 , ft - 1 . 

3. Solve + 

( 1 ) x »-1 = 0 ; 

(2) (*•+* +1 )(*■ + x + 2} = 12 ; 

(3) x +y = 6, 'i 
*"+y s = 72. J 

4. Show to insert n geometric means between two given quantities ; 

Or, 

If the p ,h term of an arithmetical progression is q, and the term is 
p, find the ml* term. 

5. If ft; is the number of combinations of n things r at a time, 
•how that 



Hence or otherwise find C r . Find when this is a maximum. 

6 . Write down the expansion of (1 -x)^. 

, Find the cube root of 099 to three places of decimals. 

CALCUTTA UNIVERSITY INTER. PAPER. 

1900. 

1. Prove that the equation nx*+bz + c = 0 
cannot have three different roots. 

Find the condition that it should have two equal roots. 

If • and p be the roots of x*-(l+Jr*)** l(l+Jfc»+Jfc«) = 0, 
show that a % +p* — i*. 
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2. Solve 


(i) 

(H) 



= 2 


a* b * 

— + i_ =: 

*• V 

4* = 


2 

2 * 


27 = 9* +l . 


3. Find the number of combinations of » diifercut things taken r at 
a time. 

There are sixteen points in a plane, no three of which are in the same 
straight line. Find the number of straight lines which can be formed by 
joining them. 

4. Find the co-efficient of at 7 in 


5. 


(i) 

(SO 

(i) 


(1-B.cp 


1 -2x 

3 + 2x - * 9 ' 

Simplify ® 

(2 + 3\ / ^T) 4 f-(2-8>/^T)\ 


(ii) Find the value of 

1+ x _ 1 - x 

1 + s/T+x 1 - Ji -x 

when x = —. 

2 


1. Prove that the latus-rectum of a parabola is four times the focal 
distance of the vertex. 

Find a double ordinate of a parabola which shall be double tho latus- 
rectum. 

2. The Mub-taugeut at anjf point of a parabola is bisected at the 
vertex. 

Given the vertex, a tangent, and its poiut of contact, construct the curve. 

3. The sum of the focal distances of any point on an ellipse is equal 

to the major axis. , 

The distance of either extremity of the minor axis from either focus, 
is equal to the semi-axis-major. 

4. The tangents at the ends of a focal chord of an ellipse intersect 
on the directrix. 

Where do the tangents at the extremities of the latus-rectum intersect T 

5. Prove that straight lines in space which are parallel to a giveu 
straight line, are parallel to one another. 

6 . If a solid angle be contained by three plane angles, any two of 
them must be together greater than the third. 
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1880. 

1, Solve the equation — 

1 1 


«-l 


ax*-( ux4 10 ox*+ 10x4 ir» 


2 x 9 + 9x + 10 
150 


(See page 135.) 


2. Given a quadratic cxprcMsion in x, prove the rule for resolving it 
into ilft component fa< loin and shew that itn sign will he constant for all real 
valucH of x, if the hiuomial factors are either imaginary or identical. 


The exprcNnion „ 4 

' x + i 3x + i 


l 

(x+l)(3x+'f) 


cannot, he between the values of 1 and 1, for any real value of .r. 

(See page 151.) 


3. Point out the nrtifico hy which a noried in (J. P. ia bummed, and 
employ it to obtain the huih of the following series :— 

(«) a, (a t-fi)x, (<t4 26)x 9 , . . . {« + (a- l^x*" 1 ; 

(/>) x, 2 9 x 9 , 3 9 x".u*x«. 

4. Find tho number of permutations of n different things, taken r at 
a Lime. 

If P r denote this number, shew that 

1 \ i-+ ... t- f- = 2 - -1. (See page 308.) 

\ 2 b 1 l ' 1 


1881. 

1. Solve the equation— 

(x l 3 ) 9 - 2(x 9 4- 3) = 2x(x + ])■. . 

2 . Investigate the conditions under which the roots of the equation 
«ix* I 6 x 4 -e = 0 , are real and equal, real and unequal, aud imaginary. 

3. (a) Form the equation of which the roots are i(l 4- n/2^/3) 

and i(l + v ; 3 - (See page 155.) 

( 6 ) Show that the expression 

(x 9 -4)(x 9 + 3x 4-2)(x 9 - x - 2) +1 0 
x 9 + fix+ 7 

is positive for all real values of x. (See page 189.) 

4. Find the sum to a terms of the series in 0. P„ whose first term is 
a, and the common ratio r. 

(«) The first term of a Geometric series continued to infinity is 
1, aud any term is equal to the sum of all the succeeding terms. Find the 
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5. Assuming the formula for permutation*, find the number of com¬ 
binations of n things taken r at a time. 

(a) 25 passengers arrive at a Kailway station, and proceed to the 
neighbouring village. At the station, there are 2 coaches accommodating 
1 each, and 3 carts accommodating 3 each. Find the number of ways in 
which they can proceed to the village, assuming 

(1) that the conveyances are always fully occupied, and 

(2) that the conveyances are all distinguishable from eAch other. 

(See page 308.) 


0, Find the sum of the co efficients of the terms in the expansion of 
(1 -l-x)* , when n is a positive integer. 

(a) If the co-etficients in order are p„, p it }> a , 2cc., deduce 
2 3 4 H + 1 


1882 . 

1. Solve the I'ollouing equations ■— 

<» 'W) 


o. 


^2) x^9 - xy) - y(xy - 3t>) 

WWx + 12y - xy) 108(x + y - 3) 


} 


(See page 202.) 


2. Snow that a quadratic equation has two, and only two, roots. 

('*) (Jive the conditions, in order that the roots of the equation 
x + 't x + bx + c , , ... 

u~*' b '*—~ ~ * ,,ia y r oa6t ^ c > 


3. Insert n Harmonical means between u and b. 

(a) (Jivcn that (x - ebriy -f i: - r)pr + (y - ~)</r 0, 

shew that j>, y and r are the x*» , y f * and z" 1 terms respectively of an II. P. 


4. Find for what value of r the number of combinations of n things 
taken r at a time is greatest. 

5. There are 4 packs of cards, each pack containing 52 cards. Find 

the number of ways they may be distributed among 4 persons, so that each 
may have 52 cards, of which there are 4 kings assuming that the cards are 
all distinguishable from each other, and that the order awoug the persons 
remains unchanged. * 

0. Assuming the Binomial Theorem for an integer, prove it for a 
fractional quantity. 

(a) When n is a positive integer, show that the sum of the 
squares of the co efficients of the terms in the expansion of (* + «)• is 


equal to 


(2rt 
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^1883. 

1. Solve the following equation :— 

4y 9 + Zxy - x a = 0 
(y-a)(x-y) = (x + 2 a)(ac + y) 

2. Find for what relation between the co-efficients and what values 
of x the expression w 9 x 9 +&c+c is negative. 

774® 71® 

If be real, show that the expression -.- can have any real 

1 +X 1 — X 

(See page 189.) 

3. Find the sum of the cubes of the first n natural numbers. 

Show that the sum of the cubes of any number of consecutive integers 
(not beginning with unity) is divisible by the sum of the integers. 

4. Find the number of permutations of n things taken all together 
which are not all alike. 

Show that 154 numbers less than 1000 and divisible by 5 can be formed 
with the ten digits, each digit not occurring mure than once in each number. 

(Bee page 308.) 

5. Find the greatest term if the expansion of (x-f a)", n beings 
positive integer. 

Show that the co-efficient of x* in the expansion of is 1 and 

1 — 3x 

that of *"+»■ is 3 r . 



1884. , 

1. Solve ^ + ^ x-vi ^ ^ « + —■ ^x 9 -m 9 ^ . 

(See page 141.) 

2 . (a) if x is real, shew that ax 9 + fix + c and a differ in sign only 
when the equation rtfe* + bx + c = 0 has real rootB and x is taken to lie 
between them. 

( 6 ) If x is real, the value of ~—does not lie between 

(x-f)(x + 4) 

t and l. (See page 151.) 

3. If a, 6 , o, d are proportionals, shew that 

ma + nb mc + nd c* . . . « . c 

- I ' l ■ v - = i and that : - is inversely as n . 

pa + qo pc + qd b d o* tt 9 


4. («) Find the mth term of an Jf. P. whose first term is o, whose 
term is c, and whose number of terms is »». 

, (6) Shew that the sum of n terms of a 0. P. beginning with the 

pth term is r**-v times the sum of an equal number of terms of the same 
* series beginning with the y*h term. (See page 242.] 

5. (a) Assuming the truth of the Binomial Theorem when the ex¬ 
ponent is a positive integer, prove it for any positive exponent. 

(b) Find the (2»+1 )th term from the beginning in the expansion 
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1885. 


1 . (a) If X = V, + s/r'+q 9 + V r _ v/ r * +>, 

find the value of X s + 3yX - 2r. (See page 810 

( 6 ) Find the value of 

_ _ b _ . _ « __ 

(a - 6 )(a - c)(x - «) T (6 - a )(6 - c)[x - ft) (c - a)[c - 6 )(x - cj ‘ 

2. Solve the equations : 

(а) 3x*+15x-2 = 2 n/x* + 5x + 1. 

( б ) x* - 2 xy = 7, 2 y* -xy — - 3. 

3. (a) If a is the first term of a Geometric series whose common ratio 
is r, find the sum of n terms. 

(ft) When are quantities said to be in Harmonic Progression ? 

(c) If nP - b* - c r and «, A, r, are in Oeomctric Progression 
show that/). </, rare in Harmonic Progression. 

4. (a) When is one (Quantity said to vary as another ? 

(ft) If x //, when r is constant, and x ; when y is constant, 
show that x will vary as yz when lwith y and ; vary. 

(c) Apply this to find how soon 20 men will earn Rs. 30, if 3 men 
earn Its. 9 in 16 days. 

5. («) Find the number of combinations of n things taken r at a 
time, without tunny the corresponding formula for permutations. 

{hj Find in how many ways groups of 8 persons, 4 ladies and 
4 gentlemen, can he formed out of 8 ladies and 9 gentlemen, subject to the 
condition that two particular gentlemen are not iimultanroush/ to be in the 
same group with a particular lady. (See page 307 ) 

0. (a) Write down the 10*h term in the expansion of (2x - 


Show that the (r-t-l)th term in the ex|uinsion of (I-2x)~^ j 
[ 2 r 

2 r * 


is 


1886. 


1. ^ (x - \/« 9 - ft 9 ) 3 +y 9 (x + y 3 = 2 a, 

shew that -r+?j - l- (See page 83.) 1 

n M o* 

2. (a) If a, (i are the values of x which make ax*+ bx+c = 0, prove 
that ax* + 6 x + c = «(* - * 0 (x - fi) for all values of x. 

(ft) Solve the equations 

(i) V2x 3 (x + l) + l6x + l-(2* + l) -=0; 

(ii) 6xy-2x* = 3 y*+zy = 18. 
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3. (1) Shew that any magnitudes a, b , c are in A.P., G.P. , or II.P. 

a-b a a a 

according as . = - , or — — , or = —-. 

6 - c a 6 c 

(2) A person is employed to count Its. 12,000. He counts at the 
rate of Its. 150 per minute for an hour, At the end of which time he begins 
to count at the rate Its. 2 less every minute than he did the previous 
minute. Find when he will finish his task, and explain the fact that two 
solutions occur. 

4. (1) Define ratio. Shew that a ratio of greater inequality is di¬ 
minished by adding the same quantity to both its terms. 

(2) The value of a certain fraction is diminished in the ratio of 
10:0 by adding 2 to its numerator and denominator, while its value is in¬ 
creased in the ratio of 2 : 2 by subtracting the same quantity from its 
numerator and denominator. Find the fraction. 

5. (1) Find the number of permutations of n things taken all together 
which aro not all different. 

(2) How many different numbers each of six digits can be express¬ 
ed by menus of the digits of the number 121,202 7 (See page 288.) 

0. (a) Find the numerically greatest term in the expansion of ('t+x)«, 

n being a positive integer. 

(A) Ohtaiu the value of 1 V1.004 correct to eight places of decimals 
by means of the Binomial Theorem. 

1887. « 


1. Find when x w + y*« is divisible by x + y. 

Shew that A a (« 3 4- A a - r a ) + 3 h*(n -t?) 3 -4 3A S (A 3 - ue)(a - r) is a perfect cube. 

Resolve into simple factors the expression 
(.V 1 * +1 )(** b x +1 )(x + 1) - (*• +1 )(y * + y +1 )(y +1). 


2. State the axioms on which operations with equations depend. 
Solve the equations 

1 - nAt- — 1 x-%/*■ + ;8 


( 1 ) 


l+*/x“~ l * 4-Vx 3 4-8 ’ 


(2) **+jr^r + y = 26 ) 

= 3 xyf ' 


(See page 201.) 


3. U ? = r 


^ ^ ~ y | prove that each of these ratios is equal to 

/a 3 - 3are + r a 

\A S - Zbdf+f* ) ’ 

« b e a{b-c) Me-a) e{n-b) 

y + s " + x se + y r y 3 - s* =*-x 3 X* - y" 

(See page 99.) 
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4. Show how to insert a given number of Arithmetic means between 
two given quantities. 

The term of an A. P. i* a and the 7 th berm is 6 . Show that the 
sum of the first p + 7 terms is 

p + t/( , a - 6 ) 

5. Show how to find the number of combinations of n things taken 
r together. 

In how many ways could a party of 2 ladies and 8 gentlemen be chosen 
from a company consisting of 5 ladies and 8 gentlemen '( 

0. Prove the Binomial Theorem for a positive integral exponent. 

n i-xV'* 

Find the co-efficicnt of x r in the expansion of - - . 

* (1 - 2 x)* 

1888. 

1. (a) Resolve into four factors the expression 

« !, (6 + c) + 6 s (o + »z) + r a (« + 6) + 2(6 , r B i + c a tf ■ } « 9 6 9 ) + Anbr[a + 6 + c). 

(b) If a + b + r, — 0 , prove that 

(6c + m -I- oft) 5 + (»t 3 - 6c)(6 9 - r«)(c a - ab) - 0 

(c) Extract the squaro root of x + i*Jx* + .c 9 + 1, when i - nj - 1 . 

(See page 222). 

2. Solve the equations :— 

(1) # x^x + ion/x^+Sx + ig — 2(20 -x); (See page 133.) 

6 r » 1 ' 

(2) Gx + by = + ‘ +29—. 

v J r y .t 

, „ • (See page 202.) 

3*+ ly - — + + 18-,- 

.r y J 

3. («) Give Euclid’s definition of Proportion, ami show that if four 
quantities a, 6 , r, d he in proportion according to this definition, then the 

quotients a , ^ are equal. 

• ( 6 ) If */(x-x ') 3 + (y-.y ') 3 = n/x 9 +y 9 ~ >/x' a + y ' 3 then x, y, 

y' are in proportion. (See page 103.) 

4. (a) Find the sum of a series of terms in Arithmetical pro¬ 
gression. 

( 6 ) The natural numbers are written as follows 

1 

2 3 
4 5 6 

7 8 9 10 


Show that the sum of the numbers in the nth row is $7i(» 9 + 1). 
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€ 


5. What is the meaning of the expression [n 1 For what reason is [0^ 
taken to be equal to 1 f 

Show that 2. 6 . 10. 14.to n factors is equal to (« + l)(n + 2)(n + 3) 

(«+4).. to « factors. (See page 309.) 


6 . («) Find the number of permutations of n things taken all to¬ 
gether, when the things are not all different. 

( 6 ) In how many ways can the letters of the word “ arrange ” be 
arranged 1 How many arrangements can be made, (a) if the two r’s are 
not allowed *> corue together, (b) if neither the two r’s nor the two a's are 
allowed to come together '( (See page 285). 


7. (ft) Assuming the truth of the Binomial Theorem for a positive 
integral index, prove it for a negative integral index. % 


W 


Prove that 


*- 4 ( 



1.3 1 1.3.5 1 

1.2*10* + i. 2 . 3 *io #+Ac * 


) 


1889. 


(See page 345.) 


1. Show liow to determine the sign of the expression ox* + bx + c for 
real values of x. 


Prove that if x is real the expression 


(x - a)( x - c) 
x-b 


is capable of Assuming 


all values, if it, b, c arc in ascending order of magnitude. (See page 168.) 

2. (a) Solve the equations 

y + *Jx*^1 = 2 | 1 

*Jl6+l+"Jx-l = . | 

(b) The area of a rectangular field is acres, and the sum of the 
lengths of adjacent sides exceeds the length of either diagonal by 110 
yards. Find the lengths of the sides. 

3. Assuming that the relation a m x a n — a TO +* is always true whatever 

\ m 

m and n may be, show how to find the meaning of a ", a * , a®, a~ m what* 
ever m and n may be, and prove that (<i m ) n = a m * for all values of m and n § 

Extract the square root of ———- - x^y~^^x - Jx^y^ + y^ . 

4. Show how to find the sum of the squares of the first n natural 
numbers. Provo that the sum of the squares of the first n odd numbers is 

n(4n* -1) 


5. Show how to find the number of combinations of n different things 
taken r at a time, without assuming the formula for the number of permuta¬ 
tions of n things taken r at a time. Find how many numbers greater than 
1000 can be formed from the digits 112340, taken four at a time. 

(See page 297.) 
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6 * Show how to find the greatest term in the expansion of (as + a)", 

n being a positive integer. Expand (a* - 2ax)^ in ascending powers of as as 
for as x 3 , and write down the general term. 


1890. 


1. Show that ar* - a" is divisible by x - a for all positive integral values 
of n, and hence, or otherwise, show that if any rational and integral expres¬ 
sion which contains x vanish when a is put for x, the expression is divisible 
by x-a. 

If x-a is a factor of a,x a +26 l x + c 1 and x + u of a a x 9 + 26 a x+c a , 
prove that (e a a x -c 1 a a ) 9 +4(tt 1 6 a +a a 6 J )(6 1 <.' 9 + & a c 1 ) = 0. 

(See page 170.) 

2. Solve the equations 

(1) x(x- v /2-^3-3)+ J2+ v '3 + 2 = 0 ; 

(2) x+ 3 2, y+ 3 = -2. 

y * 


3. 


If a, b, x be positive quantities and a > b, prove thut 


a + x 
b + x 


a 


b * 


If «, b, e, d be in continued proportion, prove that 

*Jab - \^bc 4 - \ f cd -- \^(a - b + c)[b - r + d). (See page 101.) 

4. Show how to insert n Geometric meanB between two quantities 


a and b. 


а, fi, y are the Geometric means between era, ab ; ah, be ; be, c,a respect¬ 

ively. l’rov^ that if a, h, c are in A. P., a 9 , £ 2 , y 9 are also in A. P., and 
fi + 7 . y + <* + fi are in II. P. (See page 258. ) 

5. Show how to find the number of permutations of n things taken r 
at a time. State how many combinations of r things each can be formed 
from n different things. 

A cricket team consisting of eleven players is to be selected from two 
sets consisting of six and eight players respectively. In how many ways can 
the selection be made, on the supposition that the set of six shall contibute 
not fewer than four players ? (See page 276). 

б . Assuming the truth of the Binomial Theorem for a positive integral 
index, prove the truth of the theorem when the index is any positive 
quantity. 

Find the co-efficient of x r in the expansion of 
powers of z. 


my 


in ascending 


1891. 

1 . Find the G. C. M. of 4x* - 209x 9 +15 and 15x‘ - 209x* + 4. 

2. Between two given numbers a and b insert:—(1) two arithmetic 
means ; (2) two harmonic means * (3) two geometric means. 

If x lt x a be the arithmetic means, y lf y a the harmonic means and z lt 
z a the geometric means, shew that z x y a = z a y x = t x z % . 

2—31 
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3. Solve the equations— 

(1) %/*"+«+ Jx* - a — \/2a + 6+ njb. 


( 2 ) 


x 

y + 1 




= 2 . 


4. Prove that the number of permutations of n things taken all to¬ 
gether, of which p are alike and all the rest unlike is |n 4- |p_ 

In how many ways can the letters forming the word plantain be arrang¬ 
ed so that the two a's do not come together ? 


5. Write down the live terms in the expansion of (a* +x)^. 

Prove that if M differ from N 8 by a small quantity the square root of M 

is approximately equal to (See page 352.) 


BOMBAY UNIVERSITY PREVIOUS 
EXAMINATION PAPERS. 

1882. 

1. Define an expression. When is an expression said to be homo¬ 
geneous 1 

Show that the value of the expression y*z-z 9 y + z*x-x*z + x*y-ry* 
is not altered if any the same quantity be added to or subtracted from each 
of the quantities x, y and z. 

2. Prove that the square root of a binomial, one of whose terms is a 
quadratic surd and the other rational, may sometimes be expressed by a 
binomial, one or ench of whose terms is a quadratic surd. In what case is it 
useless to employ this method ? 

Find the square root of a + &+ s/zab + b*. 

3. Find the sum and product of the root of the quadratic— 

px*+qx + r = 0. 

* 

If a and /9 be the roots of this equation, shew that the roots of the 
equation qrx* + (pr+ $ 8 )x+pfl = 0, are —- and — + . 

o + p a p 

4. Prove that a ratio of greater inequality is diminished and of less 
inequality increased by adding any quantity to both its terms. 

' If four numbers be proportionals, shew that there is no number 
which being added to eaon will leave the resulting four numbers propor¬ 
tionals. 



BOMBAY UNIVERSITY P. B. PAPERS. 


483 


5. Find the sum of a O. P. to n terms and when possible to infinity. 

If a,, » s , s a be the sums to », 2«, 3n terms respectively, prove that 

= (*9~*i)** 


6. If ( n) r represent the number of combinations of u things taken r 
together, prove that independently of any formula that r(n) r = n[n - l) r _ l . 

Four persons are chosen by lot out of ten ; in how many ways can this 
be done and how often would any one persou be chosen ? (See page 2760 


7. If ni be any quantity whatever and / (m) represent the series— 


l + nwc-f 


m(m -1) 

L 2 a 


■ -r -* 


li 


+ &C., 


prove that/(m) x f(n) = /(*» + «). By what consideration does Fulcr prove 
this relation and on what principle does he base his demonstration ? By the 
aid of this formula prove the Binomial Theorem for positive fractional 
exponent. 


1883. 


1. Prove that (n+ l)(u + 2)(n + 3)... to » factors 

- 2n x 1.3.5 ... to n factors. 

2. Show that a factor may be found which will rationalise any binomial. 

Reduce where x - . (See page 85.) 

\'l +ar + \'l -as 3 

3. ^Distinguish between a quadratic equation and quadratic expression 
and shew that a quadratic has two and only two roots. 

Solve the equation >/x a - 3x +- 8 = J(x a - 7x + 8). 

4 . Define ratio , variation, proportional , rommcnsura/tle. 

If A vary as B when C is constant, and .1 vary as C when B is constant, 
prove that A will vary as the product BC when both B and C aro variable. 
Give fully a Geometrical illustration. 

5. Sum the series :— 

(1) 17J, 14i, lOg ... to 21 terms. 

(2) 1, 3, 6, 10, 15, . . . to n terms. 

(3) ?, /i, A, iVo, ... to infinity. 

0. Investigate a formula for the number of permutations»of n things 
taken all together which are not all different. 

How many different numbers can be made out of all the figures of 
111223 ! 

7. Enunciate the Binomial Theorem and prove it for a positive integral 
exponent. 

Write down the (r + l)th term in the expansion of %/a* - x a and the 

oo-efficient of * 3 4 5 * 7 * * 10 in r - + * r . 

(1 -*)• 
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1884. 


1. If 3a s= a + b + c, prove that (a - «)* + (a - ft) 4 + (a - c) 4 

= 2{(a - o) 9 (a - fc) 9 + (* - 6) a (* - c) 9 + (a - c) 9 (a - a) 9 }. 

2. Show that if two quadratic nurds cannot he reduced to others which 
have the same irrational part, their product is irrational, sand also that one 
quadratic surd cannot be made up of two others which have not the same 
irrational part. 

3. If a : b=e : rl, shew that 



(a) tua + nb : pa + qb~mc + nd l pc + qd. 
1 1 1 1 lf« b c rf ) 

via nb pc qd be y q q n vi j 


(See Page 102.) 


4. What do you understand by the limit of an infinite series in Geo¬ 
metrical Progression ’> Are Arithmetical series susceptible of limits '! Find 
the sum of an infinite G. P. 


Determine the value of K^%/bJ a \jb . . . continued to infinity. 

5. Insert a given number of Hurmonicnl means between two given 
terms. 


If o, b, e be in (?. P., and a x — IP ~ r*, prove that x, y, z, arc in II. P. 

6. Find for what value of r the number of combinations of n things 
taken r at a time is greatest. 

A Ur ah man, hospitably disposed, wishes to make up as many different 
paities ns he cun out of 40 ftiends, each party consisting of the same number ; 
how many should he invite at a time ? 

7. Investigate the sum of the co-efficients of the terms in ttie expan¬ 
sion of (1 -Pa:)" ami shew that the sum of the co-efficients of the odd terms 
is equal to the sum of the eo-efficients of the even terms, n being a positive 
integer. 

Prove that if n he a positive integer, (1 + jr) w (1 + z’* )>2** 1 .x n . 


1885. 


1. lftf-f-6 + c + d ~ 2s, prove that 4(ab + cd)* - (n 9 + i 9 -c 9 - d 9 ) 9 

= 16(a-a)(a-&)(a-c)(a-<i). 

2. Shew that in approximating to a cube root the number of figures 
may be nearly doubled by ordinary division. 

If a bo the greatest integer contained in and the difference be so 
small that its cube may be neglected, prove that a nearer approximate value 

of will be 

\ + ( 4N 3a ~ )^} ‘ < See 48-) 

3. If a, p be the roots of the quadratic equation z 9 -pz + q = 0, shew 
that *• - jwe + q — (z - a)(ar - p). 

Shew also that *-.+ -= = - 4—+2. 

P* a 1 j 9 q 
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If a «: b when c is invariable and a « c when b is invariable, prove 
that a <x> be when both b and c are variable. 

4 . The value of a silver coin varies directly as the square of its diameter 

while its thickness remains the same, and directly as its thickness while its 
diameter remains the same. Two silver coins have their diameters in the 
ratio of 4 : 3 ; find the ratio of their thickness if the value of the first be 
four times the value of the second. (See page 115.) 

5. Investigate the sum of the squares of the first n natural numbers. 

Sum tho following scries to n terms and write down the general term 
of each :— 

(<*) 2 + 7 + 14 + 23+ ... .1 
(6) 2 + 5 + 10 + 17+ ./ 

6. Derive the number of permutations of n things r at a time from 
the number of their permutations r - 1 at a time. 

Find the number of different arrangements that can be made of bars of 
the seven prismatic colouis .v> that tho blue and the green shall nover come 
together. 

*7. Investigate the greatest term in the expansion of (x + u) n , where n is 
a positive integer. 

Find the greatest term in (1 + x) fl when x - 

1880. 


1. Jf * + »/ = p and xy —■ q t express x 9 +y 9 , x s +y 8 , x 4 + y* in terms 
of p aua y. 

b 9 __c 9 


2. Sim plif j - c) ' 1 ~ (a - c){b - e) 

Show that ( ~-- £ + + - 1 V = . -- 1 . r ^ + r ” Ca • 

\a-b b-e c-aj («-6) a (6-c) 9 (c-a) 9 

3. Find x and y from tho equations— 

Jx - s /y = Vn 
•Jxy = 3 J ' 

4. What is tho condition that ax* + bx + c shall be a perfect square 

with respect to x ? # 

For what value of n will the expression 

x 9 - (n - l)x + n +1 be a perfect square. 

5. If a, b, e, d are proportionals— 

a + 6: a-b: :c + d:c-d ; 


a® c ■ 


ao 


ZL- 4. __ — o 

6 9 + t£ 9 ~~ bd ’ 

(a+d)-(6 + c) - 
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6. Sum the series— 

3 -1 + ~ - + Ac., ad infinitum. 

3 9 

3 + 6 + 11+20 + Ac., to n terms. 

If a, h, c be in Arithmetical Progression, b, r, d in Geometrical Progres¬ 
sion and c, d, e in Ilaruionical Progression, prove that a, c, e are in Geo¬ 
metrical Progression. *' (See page 258*) 

7. Show by mathematical induction that the sum of the squares of the 

first n natural numl>erH is £n(/t+ l)(2n+ 1). (See page 313.) 

Hence obtain un expression for the sum of the squares of the odd 
numbers in this series. 

8. Prove that the number of combinations of n things taken r % at a 
time is equal to the number of combinations taken n - r at a time. 

Find tho number of different signals that can be made with six flags, 
two of which are whito, two black, and two red ; six flags to be used in 
each signal. 


9, Writo down the co-efficient of jc r in the expansion of (l+x) B and 

(1 + x)~ n and the middle term of ^x + . 

If P denote the sum of the odd terms ami Q the sum of the even terms 
in the expansion of (a + &) B , P* - (^* = ( a 9 -6*) M , 

and 4 P(i - (a + &)*" -(a -&)»• . 

10. Find the root of 35 correct to five places of decimals.* 


1887, 


1. Find a value of x which will make the expression x B - 8x® +1 lx* 
+ 7x - 1789 exactly divisible by x* + 7x - 1. 

2. When n +1 figures of a square root have been obtained by the 
ordinary method, shew that n more may be obtained by division only, suppos¬ 
ing the whole number of figures in the square root to lie 2n + l. 

By this method extract the square root of 5204745225. 

3. Show that a factor may be found which will rationalise any 
binomial. 

l 

simplify ~ 4+!yio- t!' (See pa * e 84 *> 

4. Shew that a quadratic equation cannto have more or less than 
two roots. 

If a, /9 be the roots of x* +px + q = 0, form the equation whose roots 
are a* + ajS aud p* + a/3. (See page 159.) 


5. 



prove that 


a+2c + 3e\* ac + ce 

b + 2d + Zf) ~ bd + df * 
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Solve the simultaneous equations— 

1 1 12 . x + y _ 7 

x + y 11’ 12 x + y-5 

0 . Investigate, an expression for the «th term of an Hurmouical Pro¬ 
gression of which the first and last terms and the number of terms are given. 

If a , b, c are the pth, r/th, ylh terms of an A. P , shew that [q -r)a + 
(r - p)b + (p - q)c — 0, and if «, b, c are the pth, yth, »-th terms of an II. P., 
then (7 - r)bc + (r—p)ca + (p - q)ab — 0 . 

7. Find the sum of a Geometrical Progression when the number of 
terms is indefinitely great and the common ratio is a proper fraction. 

Prove that any term is or the sum of all the succeeding terms 

according as the ratio is or - 


8 . Investigate the number of permutations of a things taken r at a 
time. 

Mix examination papers are to be set in a certain order not to be 
divulged ; it being discovered that this order has leaked out, in how many 
ways can the order be changed ' 

9. Write down the expansion of (1 + r)*, and find the sum of the co¬ 
efficients of all the terms. 

If p 1} p. it . . . p. denote the co-efficients of x, x 3 , . . . x* in this ex¬ 
pansion, shew that p, f-2p a + 3p s + . .. +np H — 2 n ~ l .n. 


10. Obtain the general term in the expansion of (1 -x)“", 

(1 -»-x ) 3 

Find the co-efficient of x ,; in the expansion of ' — - . 


1888. 


10 


1. Simplify :—1 N 'H7 - -3^75-2^ 


. 2+^3 , 2-^3 

and - — - - +-— 

\^2 + v2+ ^3 — v2 - ^/3 


(See page 80.) 


2. Prove that the product of auy four consecutive even integers in¬ 
creased by 16 is a perfect square. • 


3. Shew how to obtain the sum and product of the two roots of a 
quadratic equation in the terms of the co-efficients and the last term. 

If a and p are the roots of «x 3 + bz + c — 0, find the values of the sum 
and product of cm + b and ap + h. ^ 

4. Define ratio and ratio of greater inequality. 

If 6 x 3 + Gy* = 13xy, what is the ratio of x to y ! 

If a : b is a ratio of greater inequality, shew that a : b is greater than 

<»•+&• :2o6. 
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5. Define direct, inverse and joint variation ; and give an illustration 
of each. 

Given that x + y varies as z + , and x-y varies as z - ^ , find the 

z z 

relation between x and z, if z = 2 , when a: = 3 and y — 1. (See page 116.) 

• 

6 . Bind the nth term in an Arithmetical, a Geometrical, and an Har- 
monical Progression. 

In a Geometrical progression, if the (p + r/)th term is m, and the ( p - ^)th 
term is n, find the pth and r/th terms. 


e 7. _ Find the sum of an infinite Geometrical Progression, the common 
ratio being less than unity. 

If S ]t S 9 , S s , . . . S p are the sums of infinite Geometrical series, whose 
first terms are 1, 2, 3,... p, and whose common ratios are J, J, . . 

p + l reB l>ectively, prove that +5, + S a + . . +8, - ^{p + 3). 

8. Bind the number of ways in which it is possible to make an arrange¬ 
ment of r things out of n, when in each permutation any of the things may 
be repeated once, twice.r times. 

There are 3 candidates for a Professorship, and one is to be elected by 
the votos of 5 men ; in how many ways can the votes be given ? 

(See page 280.) 

0. Prove the Binomial Theorem, when the exponent is any negative 
quantity. 

Bind the (r+ l)lh term of (1 +*)“• and (1 - hi)*" ■ « 

. 10 - Bind the greatest torm in the expansion of (1 +x) n when n is frac¬ 
tional and positive. 

Bind the greatest term in ^1 +1^^ • 


1889. 


1 +1 + m"*"l +m + win"*"l + n + «f 
prove that either bun = 1, or (1 +Z )(1 +*»)(! +n) = -1. 

2. ' Prove that a factor can be found which will rationalise any binomial 
surd. 

If (x+ six* - bc)[y + sly* - c«)(s+ slz* - ab) 

— (* ~ s/gf* ~ bc)(y - s/y*-ca)(z - s/z* - ab), 
shew that each of these expressions = + a be. (See uage 82.) 

3. When n + 2 figures of a cube root have been'obtained by the ordinary 
method, n more can be obtained by division only, supposing 2 n + 2 to be the 
whole number. 
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If x* + 3rfac # +cz* +/** -MX 9 +Ax+ i* be a perfect cube find its cube 
root and determine the co-efficients e,f, g, h in terms of d aud k. 

(See page 47.) 

4. If a, p are the roots of the equation Bx +(7=0, then a 4-/3 

B , _ <7 

= —j- and ap= - . 

If a be a root of the equation 4** 4 - 2 x -1 = 0 , 
prove that 4a * - 3a is the other root. (See page 158.) 

5. If n : b = c : d, then ma+nb : pa + qh — mc. + nd : pr + qd. 

If ab = cd = ef t shew that 

MAb + d+J ) + d*f'Tf'b' + b * * See Pafif0 

8 . Find the sum of n terms of an Arithmetical Progression. 

If » # , i si denote the sum of n terms of three arithmetical series 
whose first terms are unity and their common differences in harmonic pro¬ 
gression, prove that n = "Vi. 

“ 2.« t -fa, 

7. Find the sum of n terms of the following series :— 

a, (a + 6 )r, (rt + 2 &)r B , (a l-36)r , l . 

If P, Q, R be the pth, 7 th, and rth terms of a Geometrical Progres¬ 
sion, show that Pi~ r .Q r -P.IiP—i — 1 . 

8 . Find for what value of r the number of combinations of n things 
taken r at if time is greatest. 

There are « points in a plane of which no three are in a straight line 
except to, which are all on a straight lino. Find the number of triangles 
formed by joining the points. (See page 277.) 

9. Write down the expansion of (1 and hence show that 


(See page 258.) 


1 , 1.3 , 1.3.5. , 1.3.57 _ 

+ 3 + 3.« f 3.fl.9. + afl.».l*2 + °' 


(See page 350.) 


10 . Find the sum of the co-efficients of the odd terms in the expansion 
of (1 + *)■ where n is a positive integer. (See page 324.) 

If c 0 , Cj, c 9l e„,. e % be the co-efficients in the expansion of (1 lx) n 

where n is a positivo integer, prove that 


C, . P. 

+'« + ‘tt + -r + * ■ ■ + 


c« 

n +1 


2"+ 1 -1 
n +1 


1890. 

1. If a: = \(b + c - a), y = i(c + a~ b), z =s £(a + b — c), 
shew that *■ + y" 4 - 2 s - Zxyz = J(a» + 6 » +c« -3«ftc). 

2. Find a factor which will rationalise a given binomial. 

Bring —— 1 - -to a form with a rational denominator. (See page 70.) 

2* + 2 t + l 
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3. Find the sum and product of the roots of the quadratic ax* + 6 x + 
c = 0. When are the root* real and when imaginary ? 

If x,,x 9 be the roots of the equation x* + »ix + w 9 fn 9 = 0, 
prove thatx l *-f-x l 9 x il 9 +x a * = n 9 ( 2 *»* + 3n 9 ). (Seepage 160). 

4. Define proportion, and if four quantities are in proportion, shew 
that the product of the moans is equal to the produut of the extremes. 

If (pa + qh + rc ■{ sd)(pa - qh - rr + ad) 

— iP' 1 ~ + rc- ad)(pa + qh ~rc- ad), 

shew that he, ad, p», qr are in proportion. (See page 95.) 

5. Insert a given number of arithmetical means between two given 
quantities. 

An Arithmetical Progression and an Harmonica! Progression have the 
same first term, the same lust term, and the same number of terms ; prove 
that the product of the rth term from the beginning in one series and the rth 
term from the end in the other is independent of r. (See page 257.) 

6 . Define Geometrical Progression, and obtain the relation which must 
hold among three quantities which are in (Jeometrieal Progression. 

From three numbers which are in (f. P. three other numbers in G. P. 
are subtracted, and the remainders are found to be also in G. P. ; prove 
that the three series have the same common ratio. 

7 . Investigate the number of permutations of u things taken r at a 
time. 


Find how many significant numbers can be formed by using the digits 
0, 1, 2, 3, 4, but using each not more than once in any number. 

8. Describe the method of proof called Mathematical Induction, and 

apply this method to prove that every even power of every odd number when 
divided by 8 leaves 1 for a remainder. (See page 311.) 

9. The Binomial Theorem being proved for any positive integral value 
of the index, prove it for any negative integral value. 


In the expansion of 


3x-8 
1 - 4x + x* 


iu ascending powers of x, prove that 


the 


co-efficient of x 4 is - J, and find the co-efficient of x r . (S66 pagfO 347). 

10. Write down the general term in the expansion of (1 +x)* . 

If a, b, c be three consecutive co-efficients in the expansion of a power of 

1 +x, prove that the index of the power is and that the number 

« 

of the term of wliich a is the co-eificient is ^ • (SeQ page 330.) 

6 a - ac 


1891. 


1. Prove that if x+y” 1 = a,y + z~ x = 6 ,z + x~ l = c, then 

(1 - bc)x + (1 - at )*"" 1 + 26 

= (1-ca)y + (l - 6c)y -1 +2c 

= (1 -a 6)2 + (l -ca)r -1 + 2 a. 
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2. Prove the rule for finding the L.C.M. of two Algebraical expressions. 

If x* + ox + 6 , x* + a'x + b' have an L. C. M. of the form x a +px + q 
prove that alt = a'b' = ~aa '(« + «'). 


3. Show how to find the square root of a binomial of the form a + */6 
where *Jb is a surd. m 

„. r# 2 v / 5- n /8 

i» wpWy 

4. Find two independent relations between the roots and the co-efli- 
cients in a quadratic equation. 

If y and z be the roots of the equation A(.r 2 + m~) + Axui + Cx*m* = 0, 
show that A(y* + ;*) + Ay: l-Cy *: 9 = 0. 

5. If A ocB when 0 is c instant, and A C when B is constant, 
prove that A *-■: BC when both B and C vary. 


If m sovereigns in a row stretch as far u pennies, and p sovereigns 
in a pile are as high as 7 pennies, compare the values of equal bulks of gold 
and copper, assuming that the area of a circle varies as the square of its 
radius. 


6 . Shew how to find the sum of n terms of an Aiitlimetical Pro¬ 
gression. 

If A<J y) be respectively the //' terms of the series— 

a, a + b, a + 26. 

a, ar, ar‘ J . 

find the sum of the first n terms of the series whose p th term iH Gj, . 

7- When*arc three quantities said to lie in Iiarnwnicul Progression '( 
Prove that the reciprocals of such quantities are in Arithmetical Progres¬ 
sion. 


If p, q, r be in Arithmetical Progression, prove that 


qr rp pq 

p<l +pr * qp 4 - qr ’ rp + rq 


are in Harmonical Progression. 


8 . Kxplaiu the method of proof known as Mathematical Jhvluctwn. 

Shew by this method that the sum of n terms of the series, 

1 + 3 +c-M0 +15+- is i«(« + i)(n + 2). (See page 310). 

9. Find an expression for the number of combinations of n dissimilar 
things taken r at a time. 

There are m men and n monkeys, n being greater than m ; find the 
number of ways in which each man may become the owner of one monkey. 
If a man may have any number of monkeys, in how mAiiy ways may every 
monkey have a master ? (See pages 267 and 290). 


10. Assuming the Binomial Theorem for positive exponents, shew it to 
be true for any exponent. 


Shew that the co-efficient of x r in the expansion 


of 


(l_+3ac)* 
(1 + 2 *)~“ 


is 


( ”2) r “ 3 .(r- 8). 
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1802. 

1. If a + 6 + c s= 0, provo that o l ’+6 # + c # = - 5abc(ab + ca + ab). 

2. In any equation wliich involves rational quantities and quadratic 
surds, the rational parts on each side are equal, and also tho irrational parts. 

Shew that V(6 ^3 +10) - V(6 \/3 -10)= 2. 

3- Solvo tho equation (x + 2)(3x + l)(x- l)(3x + 2) = 224. 

4. Shew how to resolve ox* + 6x + c into factors of the first degree in x. 
What will tho factors bo when b 6 7 8 9 -^Arrr ? 

Find the values of a which nuflcS the expression x a - ax +1 - 2a a always 
positive for real values of x. 


5. 



c 

d 


e 

f 


prove that each of these ratios is equal to 

pa + qc + rc 
pb <- qd + rf ’ 


If 


yz 
x - -- 

x 

r-yz 


y- 


zx 


y 


1 - zx' 
is equal to x-Yy + z or x~ 1 


and x and y be unequal, 

+ 2T 1 H-ar'. 


then each of these ratios 


6. Find the sum of the squares of the first n natural numbers. 

Shew that 1 + 2 9 + 3 + 4 a + 5 + 6 a + . . . . to n termH 

= 1 , J (n+l)(2u a + ?» + 3) or i , . J »{2n a + 9» +4), according 

as n is odd or even. 

7. Shew how to insert a number of harmonic means between two given 
terras. 

If x, y, z be in A. P., ax, by, cz in G. P., and a, b , c in H. P., then the 
harmonic mean of a and r is to the Geometric mean of a and c as the har¬ 
monic mean of x and z is to the Geometric mean of x and z. 

8. Find the number of permutations of n things taken all together, of 
which p are of one sort, q of another, and the rest all different. 

How many combinations and how many permutations can be made with 
the letters of the word parabola taken three at a time ? 

0. Describe carefully the method of Mathematical Induction , and apply 
it to prove the Binomial Theorem for a positive integral exponent 

Shew that 2 4n - 2" (7n +1) is some multiple of the square of 14, where 
n is a positive integer greater than unity. 

10> Find in its simplest form the general term in the expansion of 
(1 + x)-". 

If » = the sum of two quantities, p = their product, q = their 
quotient, shew that 


» . 4.5 


4 


4.5.6 
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1893. 

1. If a* + a +1 = 0, shew that * 3 - l = (x- l)(x-a)(x- a*). 

2. Prove that if two algebraical expressions have a common factor, the 
factor will divide the difference of the expressions. 

The expressions x*+ 6x +a and x a 4- 12x + 3« have a coftimon factor; 
what numerical values can a have f 

3- From an equation whose roots are a, fi. How can you tell, without 
solving, whether the roots, supposed real, of a quadratic equation are 
positive or negative ! * 

Prove that the positive root of x* - 8x -8 — 0 is greater than 8. 

4. If «, ft, x l»e positive quantities of which a is greater than ft, prove 
that the ratio a + x : ft+ 2 is less than the ratio a : ft. 

A is 21 years old, B is If* years old ; what is the least number of yoars 
after which the ratio of their ages will be less than 7:5* 

5- If A vary as B when C is constant and vary as C when li is constant, 
prove that A varies as I1C when both U ami U vary. 

Supposing that the velocity of a steamer varies inversely as the area of 
its gieatcst section when the tonnage is constant, and inversely as the tonnage 
when the area is constant, ami that a steamer whose section is 200 sq ft. 
ami tonnage 1000, goes 15 miles per hour, find the velocity of a steamer 
whose section is 250 sq. ft. and tonnage 1200. 

0. Find an expression for the sum of n terms of a geometrical pro¬ 
gression and prove that in the continued product 

(l+x + x a + .... + x a " )(1 -x-t-x a - .... -t-x a ’' ) the co-efiieicuts 
of odd powers of x are zero and of even powers unity. 

7- Insert » harmonic means between a and ft. 

If a —- = ° = -— r , and p, o, r be in A. P., shew that x, y, z 

px ijy rz 

are in H. P. 

8- Explain the method of Mathematical Induction . By this method 

prove that either 2" +1 or 2* - 1 is divisible by 3, where n is a positive 
integer. 

9. Find the number of combinations of n things taken rata time. 

A gentleman invites a party of in 4- >1 friends to dinner and places 01 at 
one round table and n at another ; find the number of ways in which he can 
arrange them among themselves. (See page 299.) 

10- Assuming the Binomial theorem to be true for a positive exponent, 
prove it for a negative exponent. 

Prove that the co-efficient of x» in the expansion of 

H+ 1 »+ 1 

(1-9X + 20X*)*" 1 is 5 -4 
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1. Solve the equations :— 

(i) 4x»+7y 9 = 148 \ . 

12(s 9 +y 9 ) = 26**/ » 

(ii) * + * + 3>/jc + y = **+iy 9 = 10. 


(See page 179.) 


(See page 202) 


2. The termini of a railway 126 miles long are at A and 0, and the 
station B, at which a certain train stops 15 minutes, is 70 miles from A. The 
whole journey from A to (J takes 15 minutes less than twice as long as the 
journey from A to B. Determine the average rate of the train, including all 
stoppages except that at B. 

3. Prove that if tho same quantity he added to the antecedent and 
consequent terms of a ratio of lesser inequality tho ratio is increased. 

A man engages a servant for 18 days in the month of January at Its. 10 

per mensem ; in paying him his wages, the man gives him instead of 

of tho month’s pay. How much does he pay in excess of the stipulated 
amount 1 

4- Trove the Binomial Theorem for positive integral indices. Write 

l ' / C S\10 

down tho co-efficient of in the expansion of + —. 


1888. 


1. Solve the equations :— 


. _ 2y + « __ 3 x + y . 

W b ~ Y~ ~ a + 26 ’ 

(ii) ( r *T®Y_B/*-*\ + 6 = 0. 

\x + itj \x + aj 

A 

2. Find the sum of n terms in a Geometrical Progression. 

Find the sum of the following series :— 
o 4 

1 - g + - Ac. . . to 6 terms. 

4 + ’8 + *16 + Ac,.. to infinity. 

3. Enunciate and prove the exponential Theorem. Prove that the 

limit when n is infinite of ^1 + ^ is e* . 
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1889. 


1. Solve the equations :— 
(i) 2 + 7 * = 28 1 

* y I 



(ii) bx + ay = a 9 +4 3 4 * * 

x* y % _ b % a* ■. 
a* 6® a® A* 

4 

2. What must be added lo a a .r a + abxy + r a y a in order to make it a 
perfect square ! 

3. Find the sum of any number of terms of an arithmetical Progres¬ 
sion. How many terms of the series f* + 7 + 9 + &c. must be taken in order 
that the sum may be 480 1 

4. Provo the Binomial Theorem for positive integral indices. Show 
that the co-efficient of x n in the expansion of (l + ar) at * is double the co-effici¬ 
ent of x n in the expansion of (l-foe)*" -1 . 

5. What is logarithm and a mantissa ? How is the characteristic of a 
logarithm determined by inspection ! 


1890. 

1. Find the sum of the roots of the equation ax*+ 2bx + c -= 0. 

[f a an<? fl be the roots of the equation ax* + 2bx + c - 0, form the 

equation whose roots aic a f ^ and . 

1 afi a(i 

2. Solve the equations :— 

(i) <Jx |- i+ \'x - 3 = 5 ; 

8 + 2* 5 + 2* 4x* - 2 

1 l- 2x 7 ( 2x 7 + 16a: + 4x a * 

3. Find the sum of n terms of a Geometrical series, and show tnat, 
wheu the number of terms is even, the product of two terms equidistant 
from the beginning and end is equal to the product of the two middle ^erms. 

Sum the series :— 2 + ^2+ 1 +£c. to n terms. 

4. Find the number of permutations of u things taken r at a time. 

A company of 80 men are to be selected from a regiment of 000, find 

the number of ways in which it can be done so that the sume ten men may 

be always included. 

Prove that 

o* = 1 + (log a)x+^^x~ - ** + Ac. In what bate is log a taken 1 
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1801. 


'M?l. Trace the changes in the value of az* + bx + o as a: varies from a 
very large positive to a very large negative quantity. 

Construct a quadratic equation with rational co-efficienta of whose roots 
one will be p + s frj. • 

2. [ (Solve the equations :— 

a L' 7 _ * - 9 _ ac-13 x-U . 
w *-9 x-il *-15 *-17’ 


(ii) 3,/r-l 

* a x-b 

(m) . 4- 

x-b x-n 


5 


3 *Jx + 7 
a 6 
= 6 + a ‘ 


+ 6 ; 


3. Show how to insert two harmouical means between a and b. 
Sum the scries :— 


(i) , 1, to 18 terms ; 

(ii) (a 4- *)", a* 4-*®, (« - *) , tic., to n terms. 

<4* Prove the Binomial Theorem fo ■ any exponent. 

Expand (4 4-3*)^ to four terms, and write down the general term. 


1892. 


1. Provo that the algebraical expression *• 4- 2bx 4- c is greater than, 
equal to, or less than (r + A)* according as the roots of the equation 
sr" 4- 2bx 4- v = Oarc imaginary, oqual or real. 


Form the equation whose roots are 


1 1 

34- s t5* 3- ^6* 


2. Solve the equations :— 

(i) 2sjix f 6 - \^8* - 4 = \^2*4-ll ; 

.... a ft a-c 64-c 

(li) - 4*-; —-4--r-. 

*+-a *4-6 *4-a-c * t-64-c 


3. Show how to insert n Geometrical means between a and 6. 


If 0 , 6, c be in Geometric Progression, and *, y be the Arithmetic means 
between a, b and 6, c respectively, prove that 


2 




and 2 = 4- — . 

* y 


4. Find the number of permutations of n things taken all together, 
which are not all different. 


A person has 15 acquaintances of whom 5 are relatives. In how many 
ways may he invite 13 guests from among them so that 3 of these may be 
relatives 1 


5- Write down the two middle terms of (a4-*)** +1 . 
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roof*. 


'6. Prove that 

l0g ‘ *~n~ = 2 {‘2i*n + 3(2« + lj* + 6(2ir+i)» + &C *} ' 

1893. 

1. (a) Prove that a quadratic equation cannot have more than two 


" ^ v . ,w (b) What do you understand by the roota being real, imaginary or 
impoaaiblc, and state the conditions of each. 

2. Solve the following equations :— 

(*) x a + o/x»-5 = 11 ; 


(*> 


2x(u - x) 
3a - 2x 



(c) x a -3x =2. 

3. When are quantities said to be— 

(а) in Arithmetical Progression ; 

(б) in Geometrical Progression ; 

(c) in Harmonica! Progression * 

4. If there ure t> terms, prove algebrnicully— 

(а) That in the case of Arithmetical Progression the sum of 1st and 
last is equal to the sum of 3rd and 4th. 

(б) That in the case of Geometrical Progression the product of 1st 
and last is efual to the product of 3rd and 4th. 

5. At an Election where every voter may vote for any number of can¬ 
didates nut greater than the number to be voted, there are 0 candidates and 
3 members to be chosen ; in how many ways may a man vote 1 

6. Find the relation between the logarithms of the same number to 
different bases. 


ALLAHABADIUNIVERSITY INTERMEDIATE 
EXAMINATION PAPERS. 

1889. 

1. Solve the equations :— 

(а) x(x+l) + 3>s/2x a +6z-($ = 2(12-x)+l ; 

(б) a£+y? = 3x," x 4 +y 4 = * i 

(e) x(y + z) = 100, y(=+x) = 144, z(z+y) = 154. 

2, Transform the equation x* — 4x* + 13x 9 — 18x — 52 — 0 into one 
whose roota shall be the same except that each is increased by unity, and by 
this means solve the original equation. 

2—32 
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3. The Geometrical mean between a and b is to their Arithmetical 
mean as m is to n ; show that 

alb:: n+ *Jn' J -in 2 l n- * 

4. Out of 7 white aud 8 black nailers, 5 are to be selected for a boat’s 
crew, which must always consist of three white and 2 black men ; in how 
many ways may the crew bo formed ? 

5. Expand by the Binomial Theorem to 5 places— 

1 

(i +V*)° * 

6 . State and prove the Exponential Theorem. 

*7. Find the square root of 12-6 ^3. 

8. Water is admitted into a cistern by three cocks, two of which are 
exactly equal. When they are all open, five-twelfths of the cistern is filled 
in four hours ; and if one of the equal cocks is stopped, seven-ninths of the 
cistern is filled in ten hours and forty minutes. In how many hours would 
each cock fill the cistern '( 

1890. 


1. Show how to determine whether the roots of the equation 
nx* + bx + c = 0 are real, equal, or impossible. 

If a, ft are the roots of the equation x^+jyx + q = 0, then « + .«- 

I f* 

1 ** 
and P+-- are the roots of the equation 7 -r 3 +p(l -hv)x + (l+ <ji) 3 = 0. 


2. Solvo the equations :— 

n sr + 2 2*-3 _ 23 . 

W *-2 + 2(*-l) " 0 ’ 

.... x 

(u) xy+ — 

rry 3 - * 

3. If a : b : : c : d, prove that 

«*+e 9 : 6* + rf* : : ac : hi. 

4. Shew how to find a Harmonic mean between Ja and b. If 2 (y - a) 

is a Harmonic mean between y-x aud y-z, then x-a,y-a, - a, form a 
Geometrical Progression. (See page 258.) 

5. ,Find the total number of permutations of n things taken all together 
when there arc p of one kind, q of another kind, and the rest are unlike. 

0. Show that when a Binomial is expanded, terms equally distant from 
the beginning aud the end have the same co-efficients. 

Write down the two middle terms of the expansion of [a — 6)®. 



1891. 

1. Prove that .r 4 -fax’ +&j ,a +cx + d will be a perfect square for all 
values of .r, if (a 3 - It) 3 = 6 Id, aud c a = a 3 cf. 
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2. Solve the equations 

(i) 3(1+* + **) = +x 3 + z*“) ; 

(ii) xy + x + y = 27*| 



3. A man travels 84 mile*, and finds that he could have made tho 
journey in 5 hours less if he had travelled 5 miles an hour faster ; at what 
rate did he travel * 

4. Find the sum of a Geometrical Progression in terms of tho first 
term, the last term, and the common ratio. 

The sum of 3 quantities in Geometrical Progression is 2-1&, and their 
product is 61 ; find them. (See page 250.) 

5. How many different words can l»c made out of the letters which 
form the word Allahabad ! In how many will the vowels occupy tho even 

places ? (See page 287.) 

0. In the expansion of (1+.»)" where « is a positive integer, both the 
sum of the co-eflicients of the odd terms and the sum of the co-efficients of 
the even terms are equal to 2 n ~ l * * * . 

Find the greatest term in the expansion of (1 H- 5.c) n , when x = 

1892. 

1 . If a, fi be the roots of ax 9 + bx + c — 0, form the quadratic whose 

, 1 ,11 
roots are -* _ and + --. 
a-f/3 a p 

Trove that (y~ l)(y-3)(y-4)(y-6) + 10 is positive for all real values 

of y. 

2. Solve, giving all the roots :— 


(i) 

a-x 
- - - 

, a + x . 

+ —- . - - = ; 

,Ja + v a - x 

V'i-1- v« + x 

(ii) 

(l+x)(l+ ? /) 

= 101 


x*y + xy * 

= 18/ * 

(Hi) 

x + y 

xyz = 

__ y + z _ z + x 
~ 4 “ 5 * 


3. Insert four Harmonical means between 1 and 30. 

In a Harmonical progression if the term = qr, the //A term = pr, 
prove that the rib term = pq. 

4. Write down the nth terms and sum the following series :— 

(i) 1 + ^ + ^ + g + &c. to n terms ; 

(ii) l s + 2 a + 3 , + 4 8 +&c. to n terms ; (See page 231.) 

(iii) 2,1 9 +3.2* + 4.3 j +5.4*+&c. to n terms. 
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5. Find the number of permutations of n letters all together, when p 
of them are of one sort, q of another sort, and the rest all different. 

6. ff the V th term in the expansion of (x+1) 9< * has its co-efficient equa 
to that of the (r + 4) f * term, find r. 

7. Stale (wit)iout proof) the Kx^ionential Theorem and assuming its 
truth, prove that 

log (14 sc) — x + *- 4- a - + &c. to infinity. 

2 * rJ 

1893. 

1. Eliminate a, b, c from the following equations 

bz 4- ry -= a, cx + as = 6, ay 4 -bx — c. 

2. Solve the following equations :— 

... ax -I-_6 bx 4- a _ (a 4- 6)(x 4- 2) . 
tix \-b cx i-a cx + a ’ 

(«> i,- +y --«*.*•= 

3. Find the sum of any number of terms of a series in Arithmetical 
progression of which two particular terms are known. 

4. Investigate the order of magnitude of the Arithmetical, Geometrical 
and Harmonical means between two given numbers. 

5. Prove that the number of combinations of n things takep r together 
is equal to the number taken n-r together. 

Prove that if bho number of combinations of n things taken r together 
be equal to the number taken r together, cither r = s, or r + s = n. 

6. Take any number, the one next to it, and a third equal to the pro¬ 
duct of the first two. Add together the squares of the three numbers and 
prove that the result will always be a perfect square, whatever the number 
you choose to start with. 

7. Prove the Exponential Theorem. 

1894. 

1. (a) Write down the roots of the equation ax* 4-6x4-c = 0 and 
show when the roots are (1) real and unequal, (2) real and equal, (3) ima¬ 
ginary, and (4) rational and uuequ&l. 

(6) Solve the equations:— 

(i) V(** - 8x 4-1 r>) 4- */(*• 4- 2x - 15) = y/(4x* -18*+18); 

<ii) (x*+y*)(x + y) = 272, (x*-y»)(*-y) = 32. 

2. ( (a) Deduce the formula for the sum of n terms of an Arithmetical 
progression of which the first term is a and common difference d. 

(6) On the ground are placed a basket and 12 stones in a straight 
line. The first stone is one yard from the basket, the second stone is 
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3 yards from the first, the third stoue 5 yards from the second, and so on, 
the distances between the stones increasing in Arithmetical progression. 
How many yards will a man run, who starting from the basket, picks up 
the stones one by one, returning each time lie picks up a stone to deposit it 
in the basket ? 

3. («) Find lor what value of r the number of combinations of n things 
taken r at a time is the greatest. 

( b ) A police post, consisting of f> mounted men and 9 foot policemen, 
has to furnish a daily guard consisting of 2 from each class. How many days 
will elapse before the same guard recurs after all possible selections have been 
made ? 

4. (a) In the expansion of (1 + x) n prove that the sum of the co-efficients 
of the odd terms = the sum of the co-efficients of the even terms =2"** 1 . 

(6) Find the co-efficient of x* in the expansion of (1 + 2x)^. 

(c) Having given 

log 2 = -30103, 
log 3 = -17712, 
and log 7 - -84510, 

solve the equations 2*7* — 80,000; 3* = 500 ; the values of x and y to 
be given correct to 5 decimal places. 



ANSWERS TO UNIVERSITY PAPERS. 


Cal. 1888. 

1. (i) 31 or 17 ; (ii) x = 141 a- = 2\ 

y = ~MJ ■ v = - 1 / ’ 
(iii) ac = 2 or - 3+ s!^\b. 

Cal. 1890. 

1. (i) -24,37 ; (ii) a- = 3\ * = -3^ 

V = 2/' 7/ - -2/ ' 

*=v T n — x/ ! n 


1. (i) -24,37 ; (ii) a- = 3\ * = -3^ 

y = 2f' Z/ - -2/ ' 

„ _ yiyr»i /tiiS'v 

*=V “7 * = - V'7 

- r /Tf> ' ’ r /Ir> ’ * 

S' = V »7 ^-V' 7 , 

J J 

(Hi) (0^,-0^)* = (4,5,-i4,5,)(3 0 -5,0,). 

4- >>1- 


1. («) or - 1J ; (/3) 


Cal. 1891. 

x _ 2r<6 J 

+ \^a a + 4& a + a f 

^ _ 2ab _| 

± Va 9 4- 46 9 - a J 


Cal. 1892. 


1. <i) ¥nr -?£; 

(ii) * = + 1\ .18 2 

»= ±3/’ * > /21’ y ~ ± V3I’ 


4. 10,8,61,4c. 5. ,-^rx\ 

(to* n 

Cal. 1893. 

_ 2 b git 

1. -,-(3o-46); {4(4& 9 -ac) 9 -ac(4& 9 -2ae)-4a 9 & 9 }. 

o \2n _ 

O. 5. 1*648. 
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Cal. 1894. 

1. (i) 5£ or - 33 ; (ii) ^ or 27. 3. 1728 ; 25. 

Cal. 1895. 

o r\ -(<t + b + c)+ *Ja'* + b* + - 2»iA - 2 nc -2 be _ 

2 . ( 1 ) ---^-or 0 ; 


2 


(ii) x = 0 

y 


= 0\ * = 2) 

= 0 /’ y = 3J 


Cal. 1896. 


1. 

(i) - 2 ± 2 x / 2 , 

1 . ~ 

5; (ii) 3, -1,1+ \/30. 

2. 

x 9 +x- 30 = 0. 


4. (ii) 2(1 + 6 x + x 9 ). 

Cal. 1897. 

2. 

(i) -5 or 3; 

(ii) 

x — 2 ) x = 4 \ 

a = U ' // = U ‘ 

4. 

a + (« + 1 ) 6 . 


0 t> N /2{1.3.5. ... to (r - 2) terms} 


4 r r 


Cal. 1898. 


- rt + ft + 2(\ , «ft + 2) 

*• ( ‘i ,+T-^Ts U^) ,,r 1; (,,) * = ±4 -» = ±8 - 

3. - 2,1 > ± . 4. (i ) ?(a«» + 3u+7). 7. 1-0U39. 

26 b 

Cal. 1899. 

1. (i) 2a or 6 ; (ii) x = ±1 or ±31 o _ 0 

3. (2) -.75 ; --5 ; -*l6. 4. 36. 

5. (i) ( rt + 1 H 2>1 + 1 )( 3n + 1 ) * • • {(>•-l)n + T}^. . j.006578. 

* n r [r 

Cal. 1900. 

1. x a +2(2'/—2> 9 )x+p 9 (4v ~2> a ) — 0* 

2. (i) ±5; (ii) x = ±3 or + 2\ 

y — +2 or ±1/ 

CaL 1901. 

1 + 


1 . ±(a+J- 1 ) ; -1 


or 


2 . a) < 2) 5 . 1-4X+13X-. 
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Oal. 190& 

1. a*c*z* + [2ac-b*){a* +c*)x + (2ac-b*)* = 0. 

2. (1) 3 a or -4 a ; (2) * - 0, 3, or 9\ 

y = 0,9, or 3/ * 

Oal. 1903. 

1. (1) b — 0 ; (2) n = a ; (a) 6x 9 - 2ax + a = 0. 

2. (1) 1 ; (2) * = 31 * = n *=-3\ * 

y - lj ’ y = 3/ ■ ^ = -1/ ' y 

_ n(n + l)(2n + 7) 

3. - 6 



Oal. 1904. 

1. b = 0 ; (<*) the expression under the radical sign = - (oA'- a'6) 9 , 
which shews that x is real only when at/ - a'b = 0. 

2. (1) 

A 


2 


4. 


(2) * = 0\ 
y = oj 

|m + «+/) + 2 


* = ± " >/a a + ll 

“_ [• 

y - ± >/a 9 + l J 

5. 2 or 7. 

Oal. 1905. 


1. 2(«-*)(x+(y/x 9 + 6 9 ) = uM A 9 - (a-sc) 9 -(x® + 6 9 ) 

+ 2(»-ac)'s/ac 9 -j-A 9 = a a + A a -{(o-x)- n/x 9 +6 9 } 9 , which shews &c # 
Otherwitc, putting m for 2(« -x)(x4- *Jx* + A 9 ), we get 4x 9 (f/»- A 9 ) 
-4ax(«»-26 , )+»i a - 4» 9 A 9 = 0 ; whence, the expression under the radical 
sign in the value of x — 7ft 8 (ft 9 + A* - m 9 ) ; hence, ftc. 

2. (1) «, -9a,(-4±V~f5)«; 

(2) x = x = -1\ 

y = M* y =-2J ' 


4.** 



according as every two arrangements in which all 


the persons sitting at a round table have the same neighbours, be counted 
as two or one. 


Oal. 1006. 


2. (1) (i) a, ± ; 
(ii) x = 3 

y 


(*> i, *8» -j ; 


2 lh 




X as 6 

y 


( 2 ) - 60 . 



ANSWERS TO UNIVERSITY PAPERS. 


505 


Cal. 1907. 


* 2 ab 


2. (l) 0, ; (2) * = ± 

3 . 6. 5. . 


, l»3.5.7....(2r-_l) fff . ^ 
4.8.12.!6....4r 


Gal. 1908. 

2. o** + (2 a+b)x + {a+b+c) — 0. 


3. (1) l, ~ * a — 5 
(3) * = 4 


( 2 ) 1 ,- 2 , 


- 1 ± si -19 . 


2 


*=!}• ; = \)• *■ *+»- 


»t. 


_ , 1 1.2 . 1.2.5 . 1. 2.5.8.11.(3r - 4 )_^ . 

3 FjT* 3 a l3 3 r t 


•909. 


Cal. 1909. 


2. (i) X - a 


y 


= al .... sc = 1 \ * = ~i\ 

= 6/! <“> y = 2/ ’ »=-!!/• 

4 (i) 3wUl.18.19j3.j7 B , 

*• K> 4.8.12.16.20.24.28 


3 . lgO. 

Oi) -T- 4 -|t- 5. (i) -238; (ii) 1. 


Mad. 

1. -4. -3, i. 

Mad. 


l. 0,1, 

leas than zero. 



1881. 

0 . 2 -. 

1882. 

2. a* + 6 9 + c 9 - 2 ah - 2 be - 2ea 


i- m • il 6 

([48 . |4) 4 


Mad. 1883. 


not 
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4. 


Mad. 18$4. 

_ 1) * m _!£l. i 

a(irL~ 1) - c(7H- 2) ’ * J [n’x" 

Mad. 1885. 


1. 

2 . 

4. 


... x(a - h)(b - c)(c - a) - Subc __ 

^ (a-4)(6-f)(c-aXx-tt)(x-i»)(x-c)' 

w o,- s , -’A±y^ ; <»> 


8 cluyu. 


0. -220 x*y a . 


* = 7,-71 
2/= 3,-3/- 


Mad. 1886. 


2. (6) (i) 0, 4,-2 ; (ii) x = ±3) . _ + 2 n/« _ .3^6 

y =±2/’ X - *^11 1 V ~ t'Jll' 

4. (2) 1. 0. 1*00039857. 

Mad. 1887. 

1. 2( 1+ x)(l + j/)(l — xy)(x - y), 2. (1) ±2ot±j2. 

5. 560. 0. 2 r ~ J j 9r> + 15r + 8 } . 


Mad. 1888. 

1. («) (« + 5)(6+c)(c + tt)(« + 5 + f). 


Mad. 1889. 

* (a) * =*2 } * * “*{ } ; (*> * = 220, y = 165. 

3. acjT^-+y^. 

0. ~{l. 3.5... (2r-5)}a*~V- 

Mad. 1860. 


2 . 


6 . 


(i) 1, V2+^3 + 2; (ii) x= 3\ 

y =-3 /• 

1. 3. 5... to ff terms 
-—-=-, when r is even ; 


l.S.B...to t Vterm !iWheilrill0dd> 


r-1 


lr-1 
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1. ae*-4aj + l. 
(2) * = -] 


Mfid. 1891. 

3. (1) ± *Ja + b * 


_ 7 

x = -1 * “ 5 

y = -1 1 1 " ’ 

9 y = -k 

° j 


1 }- 


4. 7560. 


_ /2a+ 6 / b 

2. v ~o~+V •/ • 


Bom. 1882. 


Bom. 1883. 


3. 7, 5 . (i) 710 ; (Hi) 1 *. 0. 60. 

•7 — ,r> .(2r — 3) 2 r 2 i 


4. a*6 S . 


6. 3600. 


Bom. 1884. 

6 . 20 . 

Bom. 1885. 

7. 3rd term. 

Bom. 1886. 


1. p* - 2? ; p* - 3pq ; (/>* - 2?) fl - 2?*. 

2 . 1 . 3 . * = 6 , y = 3 . 

4. 6* - 4ac = 0 ; 0 or 6. 6. (») 4£. 

r. In , ,^n(u+ !)(« +2) . . . (« + r-l) 

tfczjr 5 t 

10. 2*02345. 


Bom. 1887. 


1. * =s 1 . 

5. * = li\ 

»= l/’ 

* = -|±2s/-^ 
!/ — “g+2 

a 719. 


2. 72765. 


= n} 


8. 90. 
[2 n 

h. in 


9. 2* . 


10. 231. 
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1. (i) 9^3. 

e. <0)'C ; 


Bom. 1888. 

3. ft ; ac. 


( in V 
a \ n) * 


4. 1 or 
9. 


• iu> oru mji 


7. 96. 


3. 2(V2-1). 


Bom* 1890. 

Bom. 1891. 

5. 240p*rt* : 771*. 


Bom. 1892. 


3. 2 , -3, 


-3± sf -143 


/ ft \a 2 2 

l. (se + ^J ; <* must lie lietween g - and - ~ . 8. 26 ; 136. 


10 ( - l) r n ( w + l)( w + 2) L> . (n + r - 1 )^ r 

.fc ." 


2. 0 or 9. 


Bom. 1893. 

4. 8, 5. 10 miles per hour. 


Pun. 1887. 

2. 61 miles per hour. 3. gglis. 4. 210c 1 *. 

Pun. 1888. 

1 n\ - 3ft*+aft 3ft* -ab -2a* 

1. („ . = » =--; 

(U) -8a, -2a. 8. ; 5. 

Pan. 1889. 

*■ (l) * ~ y - rai <“> *=Ti »*-« 


or, * = 6, y = a. 


136 ' ft * 

2. -abxy±2acxy. 3. 24. 
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Pun. 1890. 

1. e 9 x a +flj&-a)cx-2a6 = 0. 

7 a - 

2. (i) 7 ; (ii) -• 3. 2*+2*-2 a -2 

t a 

! 890 
M * 

Pun. 1891. 


1. 

2 . 

3. 

4. 


x s -2/>x+j> 9 -?* = 0. 

(i) 13; (ii) 6; (iii) « + AorO. 

(i) 9841(V‘i + l); (») n(a* -i-x* + 3ax-nax). 

(_l)r-i fl 1 3. 1 .3.5...(2* , -7) 2 5-ar( 3jB )r ( 

IT 

Pun. 1892. 


1. 

4. 


4x 9 - 6x +1 = 0. 


2 . 


(i) 



or 



(ii) 


0 


or - 


a + b 
2 ' 


10 . 


5. 


|2 n I-1 
fn + 1 


«*+1 x n 


|2?i 4” 1 
’ Jn +■ 1 


a n x n ^ 1 . 


Pun. 1893. 


2 . («) 


5_?. 

J ll 


W 


3a 

"4" 


a 

or r , 


(-) 


1 or 2. 5. 41. 


1. 

2 . 

5. 

7. 


All. 1889. 


(«) 


-3+ v/241 
2 


-5, 2; 


(6) * = 01 . 
y = 0/ * 


* _ g} ; (c) * =±5, y =±9, 


= ± 11 . 


x 4 -8x*+31x 9 -60x- 16 = 0 ; 1± *J3 or 1+2V -2. 4. *980. 


1 - 6x* + 21** + 56* + 126x*. 

± M - 1). 8. 32 and 24. 


2 . 


. 2J_± v/2«). 

W 11 ’ 


AU. 1890. 



X = 


y = 



6. - 126a 4 6 B . 
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2. (i) 


- 1 + J-3 


2 


(ii) x = 0 


0, 384 


y 
267 
612 


:!>• 


All. 1891. 

c 

7±8V-'7. 

14 ’ 

* ~ . 3-7 milts per hour 


All. 1892. 

1, hex*+ [b 9 + ac)x + ub = 0. 

2. (ii) *=3+V«\ * = 3-*/G\. 

2fs8^6j' 3/ = 3+^6/’ 

(iii) x = 0) x ~ 2^61 * = -2^/61 

2/ — o J- y = y = - V 6 } > 

s = oj c = 3^/6 j s = -3^6J 

o 1 29 129 „ 8 ,7 

O. i 12 I» 1 40' ^21' 17' 


4. (i) 


3,2* - 2» - 3 . n(n+l)(n + 2)(8» + l) 


2"-i 


I (iii) 


12 

All. 1893. 


0 . 8 . 


1. x a +1/* +Z 9 +2xtf3 = 1. 

• K } • c(«»+6*)-c 3 (« + 6) * 


(ii) x — 0 


= 2} 


_ _ h»Ja 
X ~ V*+'Jb' 

All. 1894. 


— a 

® ~ *Ja+ Jb ' 


1. (i) 0, 3 or ; (ii) x = 5, y = 3. 


2* 1300 yds. 


3. 360. 4. ( b ) (r) x- -40706, y = 5-65679. 




APPENDIX. 

CHAPTER I. 

GRAPHS. 

1. Instruments required. The student should first 
of all provide himself with tho following instruments and 
acquire skill in manipulating them with accuracy and neatness. 

(1) A Hard Pencil. 

Note. It must be well sharpened so that the lines drawn may be 
very fine. 

(2) A Pair of Compasses (also called Dividers). 
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(4) A graduated Flat Kuler ( of moderate length) 
shewing tenths of an inch. 



(5) A Diagonal Scale, giving hundredths of an 
inch. 



Example 1. Through the point A draw a straight line 
parallel to BC. * 


B E _____£ 
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Place the Set-square DEF in such a way that the edge DE 
may fall along BC. Then c slip the other Set-square GHK into 
the position 'shewn in the diagram, so that HG may pass by A. 
Now trace a line along HG, which will evidently be parallel 
to BC. 

• 

Example 2. Through the point A in the straight line BC 
draw a straight line perpendicular to BC. 



First trace a line DE parallel to BC. Then placo the Set 
square GftK in such a way that HK may fall along DE and 
GH may pass by A. Now truce a line along IIG, which will 
evidently be perpendicular to BC. 

Example 3. Find the lengths of the straight lines AB and 
CD:- 


C -- —>0 

(1) By means of the Pair of Compasses and the Diagonal 
Scale we find that the length of AB is equal to the distance 
between the two points marked on the line 4—4 in the diagram. 
Hence the required length - 2 24 inches . 

(2) The length of CD is found to be equal to the distance 
between the two points marked ou the line 9—9 in the diagram. 
Hence the required length ■■ 1'69 inches. 


2—33 
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Exercise (i). 

1. Produce the straight line AB to double its length :— 

A _B 

2. On a given straight line AB a point D is taken suppos¬ 
ing it to be the middle point. By means of a Pair of Compasses 
however it is found that AI) is a trifle shorter than BD. Plow is 
the mistako to bo corrected ? 

3. ABC is a triangle and D a point on AC, as in the follow¬ 
ing diagram. Through D draw, towards AB, a straight line 
parallel to CB. 



4. In the same diagram, through D draw, away from AB, 
a straight line parallel to BC. 

6. In the diagram of example 3, through B draw a straight 
line parallel to AC. 

6. From the vertices of a given triangle draw perpendi¬ 
culars to its opposite sides. 

7. In example 3, measure the lengths of the sides of the 
triangle, and also measure the lengths of AD and DC. 

2. Squared paper. A specimen of a sheet of squared 
paper is given on the next page. 
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We have two sets of parallel straight lines on the paper. 
One set being parallel to # the length, and the other, parallel to 



the breadth, of the paper, it is clear that every line of the first 
set is perpendicular to every line of the second. The distance 
between every two consecutive parallels is one-tenth of an inch, 
whilst every two consecutive thick parallels are half an inch 
apart. The whole paper is thus divided into a large number of 
small squares which are equal to one another, each side of each 
square being one-tenth of an inch in length. The paper is also 
divided into a number of thick-bordered squares, each sido of 
each such square being half an inch in length. It is clear also 
that twentyfive of the small squares are contained in each of 
the thick-bordered squares. 

Note 1- Liues parallel to Ail may be regarded oh (uxt-mnl-v:eat 
lines, and those parallel to AD, as north-und-eouth lines. They may also 
be considered as horizontal and vertical lines respectively. 

Note 2. For the sake of convenience the length of a side of <t Htnal 
square may be denoted by the symbol «. 

Note 3* The paper may also l>e ruled so that the length ■■!' >i .side of 
a small square is only one-tenth of a centimetre (t.e. a million;! n\ instead 
of one-tenth of an inch. In that case the distance between <■ • i •. two 
consecutive thick parallels is evidently half a centimetre or fi millimetres. 
(One centimetre is approximately equal to ’39 of »n inch;. 
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Example 1. P, Q, R, S are four stations such that Q is 7 
miles east of P, it is 11 miles south ( of P and S is 13 miles 
north of Q. Find the distance between R and S. 1 



Taking the length of a sido of a small square ( i.e. f a) to 
represent one mile, we have P, Q, R, S as in the above figure, 
where PQ «= 7 a, Pit ■» 11a and QS — 13a. 

With R as centre and RS as radius describe an arc of a 
circle cutting the east-and-west line through R at T. 

Now as RT 25a, we have RS also *= 25a. Hence the 
required distance *= 25 miles. 

« 

Example 2. An upright post is 8 feet high. A string of 
length 8| feet has one end attached to the top of the post 
and is held tight with the other end in contact with the ground. 
How far is this end from the foot of the post 1 * 

Let 3a (».«. 3 times the length of a side of a small square) 
represent one foot. Thei/ 8 feet will be represented by 24a 
and 8$ feet by 26a. * 
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Let A$ represent the post, so that AB — 24a. Take a 
point 0 on the horizontal line through R such that HC « 26a. 



With 13 as centre and 13C as radius describe an arc of a 
circle cutting the horizontal line through A at D. Join RD; 
then BD represents the string. 

Now, AL) is equal to 10a, which is 9a + a. Ilenco the 
required distauce => feet. 

Exercise (2). 

1. A is 5^ units of length east of O, and P is 4 units of 
length north of A. How far is P from 0 ? 

* 2. B is 3 feet west of O, and Q is 1\ feet south of B, 
How far is Q from 0 1 

3. C is 2 yards north of 0, and R is 6® yards west of C. 
How far is R from 0 1 

4. D is 2*1 inches south of 0, and S is 2*8 inches east of 
D. How far is S from 01 
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5. A is 2* 7 feet east of 0. P is north of A and 4-5 feet 
from 0. How far is P from A ? 

6. Q is 2*4 feet south of B. 0 is east of B and 2*5 feet 

from Q. How far is B from () ? . 

7. B is 4 J yards cast of A. C is ? yard north of A, and 
J) is 2 yards north of B. How far is D from C ? 

8. B is 25 feet north of A. I* is 40 feet west of A, and Q 
is 20 feet east of B. How far is Q from P? 

9. Two vertical posts, 14 feet and 3* feet high, are 13£ 
feet apart. Kind the distance between the tops of the posts. 

10. A ladder 30 feet long has its foot at a distance of 10 
feet fr»*m a vertical wall. How far up the wall does it reach 1 
(The Diagonal Scale may be used if necessary). 

3. If in a plane, a point and two straight lines 
passing through it at right angles to each other be 
given, the position of any point in the plane can be 
easily defined. 
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In thp plane of the paper as shewn in the last diagram, 
let XOX' and YOY' be the two given straight lines at right 
angles to each other. If P be any point in the plane, how to 
know its positipn ? 

IVe may regard XOX' as the eant-and-west line, and YOY' as 
the north-and-south line. Draw PM parallel to YOY' meeting 
XOX' at M. Evidently then M is due east of O, and P, due 
north of M. Hence if OM and MP be known, we know the 
position of P at once. 

Taking the length of a side of a small square as the unit of 
length, we have OM = 9 units of length and MP = 12 units of 
length. Hence the position of P may be brielly defined as 
follows:— 

9 units east, 12 units north. 

Note 1. If Q bo a point whiw position i* defined to be 5 units 
east, 8 units north, to li 1 all that we have to dll in to take a point 
fi units due eont of O and Ihei je proceed 8 units northwards. 

Note 2. If It be apt it whose position is defined to bo V Units 
W0St, 4 Units SOUth, t find R .ill that we have to do is to take a 
point 7 units due west of U an 1 thence proceed 1 units southwards. 

• Exercise (3). 

[squared taper is to re uskij in every case.] 

1. Kind the points whose positions are defined as follows :— 

(1) 5 units east, 7 units north. 

(2) 8 units west, 5 units north. 

(3) 10 units west, 12 units south. 

(4) 15 units east, 6 units south. 

(5) 8 units west, 13 units north. 

(6) 14 units east, 15 units south. • 

2. It is clear that “6 units west” is the same 
as “ - 6 units east ”, and "8 units south” is the same as 
‘t- 8 units north”. Hence find the points whose positions are 
defined as follows :— 

(1) 7 units eaBt, -8 units north. 

(2) - 10 units east, 6 units north. 

(3) - 9 units east, - 13 units north. 
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3. In defining the position of »a point the jpords “east” 
and “north” may be omitted if it is accepted as a rule that the 
distance measured towards the east should invariably be men¬ 
tioned first. On this convention, find the points whose positions 
are defined as follows :— 

(1) 8 units, 9 units. (2) 6 units, -11 units. 

(2) -12 units, 15 units. (4) - 10 units, -14 units. 

4. Wo may define the position of a point still more briefly 
if the word “units” be omitted. Find, then, the points whose 
positions are defined as follows :— 

(1) 6,4. (2) 13,8. (3) -7, 6. 

(4) 8, -6. (5) -10, -13. (9) -9, -15. 

4. Definitions. The student is referred to the diagram 
of the last article. The given lines XOX' and YOY' with refer¬ 
ence Ao which tho positions of all points in the plane are defined, 
are called the axes of CO-ordinates ; and the point O, where 
these lines intersect, is called tho origin. 

The straight lino XOX* is called the axis Of X and the 
straight line YOY', the axis of //. f 

The lengths OM and MP which define the position of the 
point P are called its CO-ordinates, OM being called tho 
abscissa (or x co-ordinate) and M P, the ordinate (or y 
co-ordinate). 

“The point (ar, y)” or simply “(*, y)” means “the point 
whose abscissa «=■ x units of length, and ordiuate ™ y units of 
length.” 

Note 1. When we speak of the “jc and y" of a point, we mean its 
“abscissa and ordinate”. 

Note 2. The abscissa is positive or negative according as M is on the 
right or on the left of 0. The ordinate is positive or negative according as 
P is above or below XOX'. 

Note 3. “To plot a point" is to find the position of a point when 
its co-ordinates are given. 

Example 1. In the diagram given on the next page, write 
down the co-ordinates of the points P lf P a , P 8 , P 4I . 

The figure explains itself. Take the length of a side of a 
email square as the unit of length. 
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(1) OMj * 8 units and M 1 is on the right of 0; A^Pi 
■» 10 units and P t is above the line XOX'. Hence the coordi¬ 
nates of Pj are 8 and 10. 

(2) OAIg =-5 units and Al a is on the left of O ; M a P a 
«« 13 units and P a is above the lino XOX'. Hence tho co-ordi¬ 
nates of P a are - 5 and 13. 



(3) OM a = 10 units and A1 3 is on the left of 0;’Al a P a 
« 11 units and P a is below the line XOX'. Hence the co-ordi¬ 
nates of P 3 are - 10 and -11. 

f4) OM 4 » 15 units and M 4 is on the right of 0 ; A1 4 P* 
■» 10 units and P 4 is below the line XOX'. Hence the co-ordi¬ 
nates of P 4 are 15 and - 10. 

Example 2. Plot the points (- 1, 0), (0, 1), (1, 2) and (2, 3); 
and shew that they all lie in a straight line. 
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Lot 5 times the side of a smaH square represent the unit 
of length, and let P,, l' M , P 3 , P 4 , respectively denote the four 
given points. Then the positions of the points will be as shewn 
in the figure. 



Now we liud that a Flat Ruler may be so placed that its 
edge will pass through all the four points. Hence they all lie 
n the*same straight line. 


Exercise (4). 

1. In the diagram given on the next page, what are the 
eo~ordinateB of the points 1\, P. 2 , P 3 , P 4 , (i) when the unit of 
length is represented by a side of n small square, (ii) when 
the unit of length is represented by 5 times the side of a small 
square ? 
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2. What; will be the coordinates of the same points if the 
unit of length be represented by three times the side of a small 
square ? 



3. Plot the points (- 4, -4), (7,7), (13,13) and .satisfy 
yourself that they lie in a straight line passing through the 
origin. 

4. Plot the points (-8, 4) and (10, -5), and satisfy 
youiaclf that the straight line joining them passes through 
the origin. 

5. Plot the points (8, 5) and (-4, -11). and find the 
distance between them. 

6. Plot the points (- 7,9) and (-12,21), and find the 
distance between them. 
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7 . Plot the points (-11, 13)%nd (3, -35) r and find the 
distance between them. 

8 . Join the points (0, 0) and (5, 5), and produce the 
straight line both ways. Find the ordinat ( e of the point on 
this straight line whoso abscissa is 11, and the abscissa of the 
point whose ordinate is - 13. 

9. Join the points (0, 7) and (12, 0), and produce the 
straight line both ways. Find the ordinate of the point on the 
straight lino whose abscissa is -18, and the abscissa of the 
point whose ordinate is - 14. 

10 . Join the points (-4,0) and (0, -8), and produce 
the straight line both ways. Find the ordinate of the point on 
the straight line whose abscissa is - 10, and the abscissa of the 
point whose ordinate is - 24. 

6. Graphs of Simple Equations. The following 
examples will make the subject clear. 

Example 1. If a point moves in such a manner that its 
abscissa is always equal to 5 units of length, find the path along 
which the point will move. 
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Let twice the side of a small square represent the unit of 
length. (The figure is on page 14). 

On OX ta&e the point M such that OM *» 5 units of length ; 
through M draw the straight line PMP' parallel to YOY'. 

Now, if any .point be taken on the straight line PMP' its x 
will evidently be equal to 5 units of length ; but this will not 
be so if the point be taken on either side of the line PMP'. 

Hence the moving point will always be on the line 1 > MP\ 

We see therefore that if a point moves in such a manner 
that its x is always equal to 5 units of length, the path along 
which the point will move is the straight lino PMP'. This fact 
is briefly expressed by saying that the Straight line PMP' 
is the Graph of the equation x = 5. 

Note 1. From the above it is dear that the graph of the equation 
y — 5 is a Htraighl line parallel to XO.V. 

Note 2. ('• cnerally speaking, 1 ho graph of the equation « — »t in a 

^straight line parallel to the a\in of »/ ami pacing through a point on the 
axirf of t which it* at a distance of a units* of length from the oiigin, ami 
the graph of the equation y — f> is* a .straight line parallel to the axis of r 
aiul paxsing through a point on the axis of // which is at a distance of /» 
units of leugth from the origin. 

Not© 3. Evidently therefore the graph of the equation r = 0 is the 
axik of y itself, and the graph of the equation y = 0 is the axis of x itself. 

Example Tf a point moves in such a manner that its x 
and y arc always connected by the relation y = 3*, find the 
path along which the point will move. 

Since y — 3ar, when x = 01 and when x =» 3 

we have y = 0J we have y *= 9 

Evidently therefore (0, 0) and (3, 9) arc two positions of 
the moving point. 

Take the length of a side of a small square as the unit of 
length. (The figure is on the next page ). 

Join the points (0, 0) and (3, 9), and produce the straight 
line both ways. Then this straight line will be the required path. 

Take any point P on this straight line. The co-ordinates 
of P a?ge found to be 5 and 15, which evidently satisfy the given 
relation. Similarly the co-ordinates of any other point on this 
straight line may be shewn to satisfy the given relation. But 
the co-ordinates of a point which is outside the line OP will not 
satisfy the given relation, as can be easily verified. 
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Heuco the moving point will always be on the line OP and 
never stray out of it. 

Thus it is found that if a point moves in such a way that 
its * and y are invariably connected by the relation y *= 3x, 
the path along which the point will move is the straight line- 
OP. in other words the line OP is the Graph of the 
equation // » 3.** 

Note (Jenerally speaking, the graph of the equation y - mx, where 
m ia any given number, is a straight line passing through the origin. 

Example 3 If a point moves in such a way that its #*and y 
are invhriably connected by the relation y - \x + 5, find the 
path along which the point will move. 

From the givon relation, 

when * ® 01 aud when x — 31 - 

we have y *= 5/ ’ we have y »-7j 

Kvidentl ytherefore (0, 5) and (3, -7} are two positions of 
the moving point. 
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Let twice the side of a small square represent the unit of 
length. Join the points (0, 5) and (3, —7), and produce the 
straight line «both ways. Then this straight line will be the 
required path. 
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Take a point P on this straight line. The co-ordinatcH of 
P, which are found to be - 1 and 9, satisfy the given relation. 
Take r another point Q on the straight line ; its co-ordinates also, 
which are found to be 2 and - 3, satisfy the given relation. 
Similarly the co-ordinates of any other point on this straight 
line may be shewn to satisfy the given relation. But if a point 
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be taken outside the line PQ, its co-ordinates will not satisfy 
the given relation, as can be easily seen. Hence the moving 
point will always be on the line PQ and never struj out of it. 

Thus it is found that if a point moves in such a manner 
that its co-ordinates always satisfy the equation y = -4a; 4-5, 
the path along which the point will move is the line PQ. In 
other words, the line PQ is* the Graph of the equa¬ 
tion y = - 4u5 + 5. 

Note 1. (Jenerally speaking, the graph of the equation y — mx + c 
where ni and r art* any given nuinberH, in a atraight line passing through 
the point (u, <■). 

Note 2. As every equation of the first degree in x and y can be 
reduced to the form y ~ vtx-\ it is clear tliat graphs Of all s im ple 
equations are straight lines. 

Note 3. The graph of the equation y — mx + c is also said to he the 
graph of the exprexsion mx + c. 

Note 4. The graph of any given equation may be defined to be 

the path described by a point which moves in such a 
manner that in every position of the point its co-ordi¬ 
nates satisfy the given equation. 

Example 4. Draw the, graph of the equation 7ac + 3y*=ll. . 

When 0 \ when x *= 1 \ 

y - y-4/’ 

Evidently therefore (0, 3jj) and (1, 1J) are two points on 
the graph. 

Let 3 times the side of a small square represent the unit of 
length. Join the points (0, 3£)and(l, 1^), and produce the 
straight line both wayB. Then this straight line will be the 
required graph. (Sco diagram on page 529). 

Take any point P on the liue ; its co-ordinates, which are 
found to be 3 and - 3satisfy the given relation. Take any 
other point Q on the line ; its co-ordinates also, which are found 
to bo - 1 and 6, satisfy the given relation. Similarly it may be 
shown that the co-ordinates of any poiut that may be takln on 
the line PQ will B&tisfy the given relation, but the co-ordinates 
of auy point which is outside PQ will not. Hence the line PQ 
is the required graph. 
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Not© 1. The graph of the oj wit ion 7 r I 'Ay Hi* alno Httiil to ho the 


graph of the exprcaxio 

iJ 

Not© 2. The straight line l’Q being the graph of the equation 
7sM- ; Jy = 11, this equation is said to he th© equation of th© 
straight line PQ. 

Note 3. Hence the equation of a given straight line means the 

equation which is aatisfiedlby th© co-ordinates of ©very 

point on that straight line. 

» 

Example 5. Find the equation of the straight line which 
passes through the points (1, 1) and (3, - '). 

Let y = mx + c be'thc required equation. 

2—34 
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This equation being satisfied by (1, 1) and also by (3, - £), 
we must have ‘ .- 

1 « m + c j Hence, 2m — - j| p and m = - 

and — ^ ™ 3m + c f whence c * 1 + J — l - 

Thus the required equation is y =» - -Jx + j, 

or 3x + 4y — 7. 


Exercise (5). 


1. Draw the graphs of the following equations :— 

(1) x - 8. (2) x ** 13. (3) x + ll = 0. 

(4) y - -7. (5) y-9 = 0. (G) y + 10 = 0. 

2. Draw the graphs of the following equations :— 

(l) y - x. (2) y = - x. (3) y - 2ar. 

(4) y + 2x = 0. (5) y «= -3*. (6) 3 y = 5x*. 

(7) 7y + 8x «= 0. (8) 6y+l3* = 0. 

3. Draw* the graphs of the following equations :— 

(1) y = 3x + 4. (2) y = 7*-8. (3) y = -5a + 9. 

(4) y jj-8s- 11. (o) 3 y •* 7x + 4. (6) -Gy - 7x - 10. 

4. Draw the graphs of the following equations :— 

(1) 2* + 7y - 10. (2) f.r - 5y - 7 = 0. 

(3) 5x + 6y + 8 « 0. (4) -3* + 7y + 8«0. 

(5) lOy- 9* «*» 13. (6) 8*-lly+13 «= 0. 


&, Draw the graphs of the following equations : 

x 


( 1 ) 

(4) y 


x y 
3*4 


1. (2) j + f 9 


5-7* 


(5) y 


9x - 13 
4 


'• «) -Ws 

(«M 


1 . 

1. 


7-4* 


6. Draw the graphs of the following equations :— 

(1) *-3. (2) 3*+ 4. (3) -7*+ 8. (4) 


3 
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7. Find the equation of the straight line which passes 
through each of the following pairs of points 

(1) (0, 0), (5, 6). (2) (0, 5), (7, 0). 

(3) (6,-8), (-7,5). (4) (-4,8), (-9, -13). 

(5) (-ll/O), (7, -10). 

6 . Graphical Solution of Equations. 

Example. Solve graphically— 

2x - 7y + 12 « 0) 

3x + 2y * 32/ ' 

Let uu draw the graplis of the two equations. 

Wo find that 

* = -6\ j = 1| are points on the graph of the 
y » Of* y •= *2 j 1st. equation; 

whilst 


x — 0\ x = 6) are points on the graph of the 

y = 16J ’ y ■= 71 2nd. equation. 

i 

Henge, taking the length of a side of a small square us 
the unit of length, the two graphs are as shewn on the next 
page. 

Let P be the point where the two graphs intersect. P 
being common to the graphs, its co-ordinates will satisfy both 
the given equations. 


Now the co-ordinates of 1* are found to be 8 and 4. 

i 

Hence, x = required solution. 

Note 1. By. actual verification we find that both the equations an; 
satisfied when as *s 8 and y — I. 


Note 2. If it is required to “solve graphically the equation 


x-3f 2x-22” 
“ 2 


all that we have to do is to draw the graphs of the ex¬ 


pression h 


x - 3 

6 



and take the abscissa of the point common 


to the two graphs. 
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Exercise (6). 

Solve the following equations graphically :— 

1. jc + ?/ = 9 f 3x-2y«7. 2. 4x + 3y = 13, 3x + 2y *= 11. 

3. * + « 4, 4x- - 5 y = 2. 

4 O 

4. y - x «* 2, 3x - 2y = 5. 

5. 5jr-3y » 11, 2y - 3x + 4 *» 0. ' 

- .r - 2 - 5jr + 4 _ 2x + 7 3x -7 


2x + 7 3x -7 

“T - 2~ 


4.r — 3 6* 


8 . 
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7. Graphical problems. 

Example 1 . (liven that the price of a seer of rice is three 
annas, shew that a straight line can be drawn such that if any 
point be taken oqit, the abscissa of the point will represent the 
quantity of rice of which the price is represented by the 
ordinate. 



In the above figure let the length of a side of a small 
square measured along OX represent one seer, and let an equal 
length measured along OY represent one anna. Then the mean¬ 
ing of the figures along OX and OY is clear. 
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Since the price of a seer is 3 annas, the price of 8 seers 
must be 24 annas. Clearly therefore t 1 is a point rihch that its 
abscissa OM represents a quantity of rice of which the price is 
represented by the ordinate PM. 

Join OP and produce it. Then this is the straight lino 
every point on which will satisfy a condition similar to that 
satisfied by P. 

(Jj is the point (10, 30) ; consequently its abscissa represents 
a quantity of rice of which the prico is represented by its ordi¬ 
nate. It is the point (3, 9) ; its abscissa therefore represents a 
quantify of rice of which the price is represented by its ordinate. 
Similarly this is true of every point on the line OP. 

(fence OP is the required straight line. 

Note 1. '1 'lie line OP is called the graph of the price of rice, or more 

simply the price-graph <>f rice. 

Note 2. The graph enables us to determine readily the price of any 
given number of seers of rice. For instance, if the abscissa be taken to 
lie 12, the ordinate is inuncdii.tely found to bo 3d ; thus we know that the 
price of 12 seers of rice is 3(5 mins. Similarly for any other abscissa the 
corresponding ordinate can be mmediatcly found. 

Note 3. The graph aim enables us to determine quickly the numlier 
of seers of rice that can be h, 1 for any given price. For instance, if the, 
ordinate is taken to be 27, tti spomling abscissa is immediately found 

to be 9, which shews that we can have 9 seers of rice for 27 amidk. 

Example 2. A person, mimed B, starting from a given place, 
travels at the rate of 5 miles an hour. Shew that a straight 
line can be drawn such that if any point be taken on it, the 
abscissa of the point will represent the number of miles that B 
travels in the time represented by the ordinate. 

In the figure 011 the next page let the length of a side of 
a small square measured along OX represent one mile, and let 
au equal length measured along OY represent 12 minutes. Then 
the meaning of the figures along OX and OY is clear. 

Since B travels 5 miles in one hour, he travels 10 miles in 
2 hours. Clearly therefore P is a point such that its abscissa 
represents the number of miles that the person travels in the 
time represented by its ordinate. 

Join OP and produce it. Then this is the straight Miqp 
every point on which will satisfy a condition similar to that 
satisfied by P. 

Let Q be any point on the line. Its abscissa represents 6 
miles and ordinate represents 1 hour 12 minutes ; but we know 
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that the person travels 6 miles in 1 hour 12 miuutes. Hence Q 
satisfies the condition above mentioned. 

Let Tl be some 
other point on the 
line. Its abscissa 
represents 20 
miles and ordi¬ 
nate represents 4 
hours ; but we 
know that the 
person travels 20 
miles in 4 hours, 
lleueu I! also 
satisfies the pro¬ 
posed condition. 

Similarly for 
any other point 
on the line, 
lienee <>I* is 
the required 

straight h»ie. 

Note k The line OP i» ' ailed th© graph of B'S motion, ur 
the motion-graph of B. 

Not© 2. The graph enables us to determine readily the time in 
which Ji travel* any given number of miles. For instance, it the abscissa 
he taken which represents 1 miles, the currcHpomliny ordinate is immediate 
ly found to be that which represents 2 hours 3d minutes ; thus it is known 
that the time taken by the person to travel 13 miles is 2 hours 3*« minutca. 

Note 3. The graph aU> enables us to determine readily the number 
of miles that the person travels in any given time. For instance,^ the 
ordinate be taken which represents 3 hours 24 miuutes, the corresponding 
abscissa is immediately found to be that which represents 17 mile* ; thus it 
is known that in 3 hours and 21 minutes the person travels 1/ miles. 

Example 3. If one inch be equal in length to 2 - 5*centi¬ 
metres, shew that a straight line can be drawn such that the 
abscissa of any point on the lino will represent the number of 
inches that are equivalent to the number of centimetres repre¬ 
sented* by the ordinate. 

In the figure on the next page let the length of a side of a 
small square measured along OX represent one inch, and let an 
equal length measured along OY represent one centimetre. 
Then the meaning of the figures along OX and OY is clear. 













536 


algebra made baby. 


[Chap. 


Since 1 inch ■■ 2’5 centimetres# we have 8 ( inches = 20 
centimetres, ('learly therefore P is a point such that its abscissa 
represents the number of inches that are equivalent to the 
number of centimotrcs represented by its ordinate. 


Join OP and produce 
it. Then this is the 
straight line every point 
on which will satisfy a 
condition similar to that 
satisfied by P. 

Let („> he any point 
on the line. Its abscissa 
represents 12 inches, whilst 
its ordinate represents 30 
centimetres ; but we know u 
that these two are equiva- t- 
lent. Hence Q satisfies j£j 
the condition above men- p 
tinned. Z 

Let It be some other 
point on the line. Hs 
abscissa represents 2 in¬ 
ches, whilst its ordinate 
represents 5 centimetres ; 
but we know that these 
two are equivalent. Hence 
K also satisfies the pro¬ 
posed condition. 

Similarly for any other 
point on the line. Honce 
OP is the required straight 
line. 



Note 1. Tho line OP is fulled the for converting inches into 

centimetres and vice versa, or more briefly the conversion-graph for 
inches and centimetres. 

Note 2. T he gr<i]>lt enable." u* to determine readily the number of 
centimetres that are equivalent to any given number of inches. For in¬ 
stance, if the abscissa be taken which represent.- 10 inches, the corresponding 
ordinate is immediately found to be that which represents 25 centimetres ; 
thus it is known that 10 inches are equivalent to 25 centimetres. 9 

Note 3. T he graph also enables us to determine leadily the number 
of inches that are equivalent to any given number of centimetres. For 
instance, if the ordinate be taken which represents 15 eertimetres, the 
corresponding abscissa is immediately found to be that which represents 
6 inches ; thus it is known that 15 centimetres are equivalent to 6 inches, j 
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Example 4. A and 6 a are two stations 30 miles apart. P 
starts from X and travels towards B at the rate of 5 miles an 
hour ; at the end of 2 hours he takes rest for one hour, and 
then resumes his journey at the rate of 3 miles an hour, 
leaves B 2 hoars 40 minutes after P leaves A, and travels 
towards A, without stoppage, at the rate of 4 miles an hour. 
When and where will the two travellers meet? 



Let the length of a side of a small square measured horizon¬ 
tally represent one mile, and let an equal length measured verti¬ 
cally represent 10 minutes. Then the meaning of the figures 
along the lines in the above diagram is clear. 
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(i) 1* starts from A, and travelling at the rate of 5 miles 
an hour, completes 10 miles in 2 houfs. Hence if the point C 
be taken such that its co-ordinates respectively represent 10 
t>>iles and 2 hours, AC is the graph of P’s motion for the first 

1 wo hours. , 

The graph for the 3rd hour must be such that the abscissa 
of any point on it may represent 10 miles, because P is supposed 
to bo at rest throughout this hour. Hence CD drawn vertically 
-to represent one hour, as in the diagram, will be the graph of 
B’s rest. 

After the 3rd hour l* travels at the rate of 3 miles an hour. 
Hence if DM be taken to represent 0 miles and MK to represent 

2 hours, the straight line DK is the graph of P’s motion uftcr 
the 3rd hour. 

Thus the broken lino ACL) Id is the complete graph of P’s 
motion. 

(ii) Q starts from B 2 hours 40 minutes after P leaves A. 
Hence if BF ho measured vertically to represent 2 hours 40 
miuutcs, BF may be regarded as the graph of Q’s rest at B. 

When leaves B he moves towards A at the rate of 

4 miles an hour. Hence if FN be taken to represented miles 
and N(jI to represent 2 hours, the straight line F<j will be the 
graph of Q’s motion. 

(iii) Let the two graphs iutersect at 11, and draw HK 
perpendicular to AB. Produce FN to meet Hlv at V. 

Now it is clear that at the end of time HK, P will have gone 
a distance AK towards B, and ( t > will have gone a distance BK 
(t. 0 . FV ) towards A. Hence they will meet at this instant. 
Thus the required time of meeting - that represented by HK « 

5 hours 40 minutes after the commencement of P’s motion. 

Also,* the distance of the place of meeting from A *= that 
represented by AK =*■ 18 miles. 

Note 1. As 11V represents 3 hours, it is clear that P aud Q meet 
at the end of 3 hours after Q starts from B. 

Note 2. The horizontal line through L meets the graphs at the points 
S and T. As AL represents 1 hours 10 minutes aud ST represents 10& 
miles, it is clear that at the end of 4 hours 10 minutes from the commence* 
ment of P’s motion, P and Q are at a distance of 101 miles from each other. 
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Exorcise (7). 

1. If milk sells for 4 annas per seer, construct the price- 
graph of milk, giving the price of any quantity of milk up to 5 
seers. From thft graph read oft’ the price of 3 seers and 5 
chattucks of milk, and also the quantity of milk that can bo 
had for 10 annas and 9 pies. 

2. If Fazli mangoes be worth one rupee two annas a dozen, 
construct a price-graph for mangoes, giving the prieo of any 
number up to 30. Head off from the graph the price of 17 
mangoes and also the number of mangoes that can be had for 
1 lie. 12 as. 6 p. 

3. If a man walks at the rate of 4 miles an hour, construct 
a graph of his motion. Head olf from the graph the time in 
which he travels 13 miles and also the number of miles he 
travels in 4^‘ hours. 

4. If one cubit be equal to 1 ij feet, construct a conversion- 
graph for cubits and feet. Head oil' from the graph the number of 
feet that are equivalent to 5” cubits and also the number of 
cubits that are equivalent to (ij feet. 

• 5. A starts from a place and walks in a given direction at 

the rate 3 miles au hour ; 13 starts from the same place ono 
hour later and moves in the same direction at the rate of 5 
miles an hour. Draw the motion-graphs of A and B, and find 
when and where B overtakes A. 

6. A and B arc two stations 20 miles apart. P starts from 
A and travels towards H at the rate of 3 miles an hour ; whilst 
Q starting from 13 travels towards A at the rate of 2 miles an 
hour. Construct the motion-graphs of P and Q, and find when 
and where they meet. 

7. Fifty articles of the same kind cost 3 Hs. 2 as. Con¬ 
struct a graph from which you can read off" the cost of any num¬ 
ber of articles up to 50. Hence find the cost of 19 articles, aud 
the number of articles that you would get for 2 Rs. 7 as. 

8. Given that 1 kilogramme = 2 2 lbs., construct a graph 
whiefe will enable you to read off the number of kilogrammes 
tltot are equivalent to any given number of lbs. up to 15 lbs. 
Read off the number of kilogrammes in 11 lbs. 

9. A man travels for 3 hours at the rate of 2 miles an 
hour, at the end of which he takes rest for an hour and a half. 
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and then starts to walk at the rate of two and a half miles an 
hour. Construct the graph of his mofton. * 

10. A tnan starts from a place B to walk towards C at the 
rate of 4 miles an hour. After 3 hours he changes his mind and 
walks back towards B at the rate of 3 miles‘an hour. At the 
end of 2 hours again he suddenly changes his mind and begins 
to run towards C at the rate of 7 miles an hour. Draw a graph 
of his motion. 

11. A, B and C are three stations in order on the same 
road, the distance between A and B being 6 miles. Q starts 
from B at noon to walk towards 0 at the rate of 3 miles an 
hour, and at 1-30 r. m. P starts from A to run towards B at the 
rate of 61 miles au hour. Draw graphs of their motion, and 
find when and where I* will overtake Q. 


CHAPTER II. 

GRAPHS {Continued). 

1. Draw the graph of the equation w 2 + y 2 = 30. 

Let twice the length of a side of a small square represent 
the unit of length. 

With centre 0 and a radius equal to 6 units of length 
describe a ciicle, as in the diagram on the nest page. Then this 
circle will be the required graph. 

Take any point P on the circle, and let its co-ordinate, 
be denoted l>y x and y ; evidently thena;*+y a = OP 3 = 36. 
But if a point, such us Q t he taken anywhere not on the circle , 
it is easy to see that its co-ordinates will not satisfy the given 
equation. 
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Tims it is shown that the co-ordinates of every point on tho 
circle, and of no other point, satisfy tho given equation. Hence 
the circle drawn is the required graph. 

2 Draw the graph of the equation (;r-,?)* + 

G/ - zy - 

Let twice the length of a side of a small square represent 
the unit of length. * 

Let A be the point (3, 2). With centre A and a radius equal 
to 5 units of length describe a circle as in the diagram on the 
next page. Then this circle will be the required graph. 

Take any point P on the circle, and let its co-ordinates be 
denoted by x and y. Now from, the diagram it is clear that AP 
is the hypotenuse of a right-angled triangle of which the sides 
are (* - 3) and (y - 2) units of length respectively. 
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Henco (x - 3)* + (y - 2) 2 * AP 2 = 25, which shews that 
tho co-ordinates of P satisfy the givefo equation. But if a point 

such as Q, be 
taken any where 
not on the circle, 
it is easy to see 
that itH oo-ordi- 
nateH will not 
satisfy the given 
equation. 

Thus it is clear 
that tho co-ordi¬ 
nates of every 
point on the circle 
and of no other 
point, Butisfy the 
given equation. 

Hence the circle 
described is the 
required graphs. 

Note 1. It may bo similarly shewn that the graph of the equation 
(x + 2) 1 * +(»/ + 5) a — 49 is a circle of which tho centre is the point (-2, -6) 
and the radiuti is equal to 7 units of length. t 

Note 2. Tho equation a*' 4 + i/* -8ar+10//+ 25 — 0 can ho easily 

reduced to tho form (x - 4)“ +(<y t-f*)' 4 = 16. Hence its graph is a circle 

of which tho centre is tho point (4, - f») and the radius is equal to 4 units of 
length. 

3. Draw the graph of the equation 

From the given equation we have 

y 2 - 4* a - 01 
or, (y + 2*)(y - 2*) « 0;* 

Hence, it is clear that the given equation is satisfied by 
(1) all those points which satisfy the equation y + 2*- <* 0,. 

and also (2) by all those points which satisfy the equation 

y-2x - 0. 1 „ 

Hence, the required graph consists of two straight lines , one 
being the graph of the equatiou y + 2* = 0, and the other being 
the graph of the equation y - 2* — 0. 
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Hence the required graph is as shewn below :— 



4. Draw the graph of the equation 4a? 3 + 9y 3 
- 30. 

(1) When x = 0, we have y a =» 4, and therefore y ±2. 
Hence the points (0, 2) and (0, - 2) are on the required graph. 

(2) When y ■■ 0, we have x * = 9, and therefore x «» ±3. 
Hence the points (3, 0) And ( - 3, 0) are on the required graph. 
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(3) When 




x — ± 1, we have 9y 2 — 

4 x 1414... 5>*656... 

± -— - ± - - — 


32, and therefore 
- ±1-685...- ±1-9 


approximately. Hence the four points (1, 1*9), (1, —1*9), 

( - 1, 1'9) and ( - 1, - 1 9) are on the required graph. 

i.Sv’i (4) When x — ±2, we have 9 y‘* — 20, and therefore 




2 x 2*236... 
3 


= + 


4*472. 


- ± 1*490...-± 1*5 


nearly. Hence the Tour points (2, 1*5), (2 f — 1*5), ( — 2, 1*5) 
and ( - 2, - 1*5) are on the required graph. 
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Let us now plot the twelve points us found above (taking 
5 times the* side of a sty all square as the unit of length) and 
draw a free-hand curve through them, as in the diagram on 
the last page. 

The curve so drawn is the required graph. 

Note 1. Evidently the curve is symmetrical about the Axis of x, ix. 
every chord at right angles to the axis of x is bisected by it. Similarly, the 
curve is also symmetrical about the axis of y. 

Note 2. The curve lies entirely within the space enclosed by the 
four straight lines x=3, x— - 3, y = 2, y — - 2. A curve of this class is 
called an Ellipse. 

5. Draw the graph of the equation jc* - y* »= 1. 



2—35 
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(1) When x *= 0, we have y a ** -1, and therefore y is 
imaginary. This shews that the graph does not out the axis 
of y. 

(2) When y «■ 0, we have x* =* 1, and therefore x — ± 1. 
Hence the points (l, 0) and (- 1, 0) are on the required graph. 

(3) When x — ± 2, we * have y a ® 3, and therefore 
y - ± V 3 " ± 1 •732... ■» ± 1*7 approximately. Hence the four 
points (2, 1*7), (2, -1*7), (— 2, 1*7) and (-2, -1*7) are on 
the required graph. 

w When x « ±3, we have y a «» 8, and therefore 
y ** ± 2 J2 — ±2x1*414... *» ±2 828... = ±2*8 approxi¬ 
mately. lienee the four points (3, 2 8), (3, -2 8), (-3,2 8) 
and ( - 3, - 2*8) are on the required graph. 

Let us now plot the ten points as found above (taking 5 
times the side of a small square as the unit of length) and draw 
a free-hand curvo through them, as in the diagram on the 
last page. 

Tho curve so drawn is the roquired graph. 

Note 1. The curve ho drawn in evidently symmetrical about the axia 
oi x and also about the axis of «/. 

Note 2. The curve consists of two branches, one lying entirely on 
the right of the line * — 1 and the other lying entirely on the left of the 
line x -= - 1. A curve of this clan* is called a Hyperbola. 

Note 3. From articles 1, .1, 4, and f> it may be easily seen that if the 
equation ax a + % 9 — r be taken, (1) the graph is two straight lines pasting 
through the origin when c is zero, and a and b are of different 

eigne ; (2) the graph is a drdc when „ and _ are positive and 

C/ C 

equal ; (») the graph is an Ellipse when * and * are positive 

C C 

ft 

and unequal ; and (4) the graph is a Hyperbola when - and ' , 

are of different signs (their absolute values being either 
equal or unequal). 

8. Draw the graph of the equation y - as% 
taking the unit for measuring y equal to half that 
for measuring ,r. 

Kvidently the following points are on the required graph f*— 

9-0$’ y-1 r 9 - ir 
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x ■ 21 * “ 21 x “ 3\ 

V - 4J ’ • y - 4J ' y = 9/» 

* • “ 3\ * « 4\ x =» - 4\ 

V - 9J* . y « 16/’ y - 1GJ * 

Let four times the side of a'small square (t.e. -4 of an inch) 
be the unit for measuring x and twice the side of a small 
square ( i.e . *2 of an inch), the unit for measuring y. 

Let ns now plot the points found above and draw a curvo 
through them free-hand, as in the following diagram :— 


iiiiiiiiiiiiin 
SiiHftKKiMgai 

kmMmmmmmmmmSrn 

Fw bbbbbbbbbbbbbbbbbbbbbbbbb^^^^^B 

BaSSRHaRnBSSSSSSS3SS8BSSSSSHv£gM 
j^HBjSBBBSBS&SSSS BBSs3&SSBs3b vinisi 

■■■■■ ■■riggHfl 

UfllBflBtlBBBBIBBBBBBfBBBflBBBiBBfiBiBSgl 
I«bB5bbbb bbbbbbbbbbMbbbbbbBbbjbbBbBB 

^■i^HvlBBBaBBBBBBBBBBBBBBBBfiBBBBBBl 
^^^^■t’BBBaflflBBBBBBBBBBBBBfl'iBBBBBBl 
gUBflBBllBBaBBBBBBfflBBBBBBBBBBBflgBil 

^^^^^■^BfllHBBHBMiBBBlIBBBLBBUJBil 

bMB bbbbbBBbbbBBI 

■■■■■BBBBBBMiiBi 

SSSSmSSSbbbI 

WBBBil^ BBBBBfBBBB^^^BBBBBBBBli 
BBBBB HBBB^^HfliSSBBflE 
klBBP 5 bB 


4 X 



The curve so drawn is the required graph. 
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Note 1. If the unit for measuring y were the same as that for 
measuring x ( i.r . ’4 of an inch), the curve drawn would he the graph of the 
equation y ■— ^x 9 , or that of 2 y — x 9 . 

Note 2. Kvery chord drawn perpendicular to OY is bisected by it, 
as can be easily verified. Hence the curve is symmetrica? about the axis 
of y. This is also evident from the fact that if the paper be folded about 
OY the left-hand portion of the curve entirely coincides with the right-hand 
portion. 

Note 3. The curve lies entirely above the axis of :r, and extends 
upwards to infinity. It is easy to see that the graph of the equation 
y — x 9 would bo a curve lying entirely below the axis of x and extending 
downwards to infinity. 

Note 4. The abscissa of any point on the curve is evidently the 
square root of the ordinate. Hence when the graph of the equation 
y srac* is drawn, by measuring the abscissa of any point on the graph we 
can determine the square root of the number which represents the ordinate. 

Note 5. A curve of this class is called a Parabola* 

7. Draw the graph of the expression* 

3 - Ax- 2x 9 , 

\ 

The required graph is the same as that of the equation 
y » 3 - 4x - 2x a . 

It is easy to see that the following points are on the 
required graph :— 

x - °\ x - 1 \ * - 

y - 3/’ y - -3J • y - - 7 5/ * 

*™-l\ x = -3\ x ~ - 3 5\ 

F- 5J* y- 3/' y--8J* y --7 5/ 

Take one inch as the uuit for measuring x, and one-tenth 
of an inch as the unit for measuring y. ^ 

Let us now plot the above points and draw a curve through 
them free-hand, as in the following diagram : — 
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Note 1. Since 3 -4x-2x* = 3-2(at*+ 2x) = f» - 2(x*+ 2ae+1) 
= 5 - 2(x + l) a , the equation may also be writtep a* p 

y = 5- 2(x + l) a ; 

which shows that for all values of r, y is less than 5, except when x = — 1, 
and in this case y = 5. This is also clear from the curve (Irawn. Hence, 
the maximum value of y ( i.e that of the expression 3-4x-2x 9 ) is f». 

Note 2. If through the point (— 1, T») a straight line he drawn 
parallel to the axis of y t it is easy to see that the curve is symmetrical 
about this straight line. 

Note 3. From the figure it ih evident that y — 0 when x is appro¬ 
ximately equal to *6 or -2*6. Hence, 3-4r- 2x* 0 when x = *6 

or 2*0 approximately ; in other words, the roots of the equation 
3-4x- 2.r 9 -- 0 are *6 and --2*d approximately. From this it is clear that 
the roots of the equation 3 - \x 2r a - 0 are the abscissa of the points where 
the graph of ike. expression 3 - 4jc ~ 2r a nuts the axis of x. 

Note 4. The graph of any expression of the form ax* \-bx+c 
is a Parabola. 

8. Draw the graph of the equation xtj = l. 

It i« easy to see that the following points are on the 
required graph :— * 


X 


X = 

•21 


X = *41 

y 

- 10/ » 

V = 

5J 

1 

y - 2 f)J 

X 


x ~ *8\ 


x - 11 

X = 21 

y 

- 2 j * 

y - 1*2.5 / * 


y - 1/ ’ 

y = *5/ * 


Kvidcntly also the following points are on the required 
graph :— 

x *= — ‘1 \ x — -21 x =» - '41 

y - - 10/ * y = - 5/ ’ y « - 2*5/ * 

*--•51 -81 *--11 *--21 

y--2/' y--l-25/' y--l/> y-_-5/- 

T.et ono inch bo the unit for measuring * and one-tenth .of 
an inch the unit for measuring y. 1 

Let us now plot the points and draw a curve through them 
free-haud, as in the following diagram :— 
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114 



The curve so drawn is thewrequired graph. 
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Note 1 . As x diminishes from 1 to zero, y increases from 1 to 
infinity ; and as x diminishes from zero to - 1 . y increases from negative 
infinity to -1. 

Note 2. Ah x increases from 1 to infinity, y diminishes from 1 to 
zero ; and tvs x diminishes from -1 to negative infinity, y increases from 
-1 to zero. s 

Note 3. The graph consists of two branches, one lying between 
OX and OY, and the other between OX' and OY'. 

Note 4. The more we move towards the right or left of O, the 
nearer does the curve approach the axis of x ; whilst the more we move 
upwards or downwards from it, the nearer does the curve approach the 
axis of y. But in no case docs the curve mul the axes except at an infinite 
distance from O. Hence, each of the axes is said to be an asymptote 
to the curve. 

Note 5. A curve of this kind is called a Rectangular 

Hyperbola. 


Exercise (8.) 

Draw the graphs of the following equations :— 


1. 

x*+y* = 81. 




2. 

(x - 5)* + (y - 6) 3 = 40. 




3. 

(*+G)* + (y-7) a = 100. 



4. 

as* +y 8 - 8x - 14y + 1 = 

0. 



5. 

as* +y a + Has - 16y + 32 

= 0. 



0. 

x a +y a + 12as + 18y + 02 

= 0. 



7. 

as* +y 2 - 10js + 16y - 55 

= 0 . 



8. 

ar* -y s «= 0. 


9. 9* a -4y* - 

0 . 

10. 

9y* - 16a; 3 . 


11. 4as a 

9. 

12. 

25y a — 16. 


13. x“ + 4y a » 

4. 

14. 

4as a +9y a *= 1. 


15. 25as a +y a - 

25. 

16. 

I6jr a +9y a - 1. 


17. * a - 4y a = 

4. 

18. 

y 9 - x~ — 1, 


19. 4as* -y a = 

16. 

» 

20. 

y a - 9a; a = 9. 




21. 

In one and the same 

diagram draw the graphs 


4** - 9y a — 0 and 4** - 9y s = 36. 
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22. In one and the same diagram draw the graphs of 

9y 8 - 4x 2 *£ 0 and 9y 8 4a; 9 = 3G. 

23. Draw the graph of the equation 5y = x* - 10, 

taking the unit for measuring y five times as large as that 
for measuring x. 

24. Draw the graph of the equation x* - 4a; + 2y = 0, 

taking the unit for measuring y twice as large as that 
for measuring x. 

25. Draw the graph of the equation y* + x = 0, 

taking the unit for measuring x equal to half that for 
measuring y. 

26. Draw the graph of the equation 3y = x ~, 

taking the same unit for measuring both x and y. 

27. Find graphically, correct to the first figure after the 
decimaljpoint, the square roots of :— 

(i) 3; (ii) 5; (iii) 7. 

28. Find graphically the minimum value of the expression 

2x 2 - 6x + 7. 

29. Find graphically the maximum value of the expression 

l+2a?-2x a . 

30. Draw the graph of the equation xy = 4. 



CHAPTER III. 


Miscellaneous Examples. 


Example 1 . The salaries of the teachers of a certain 
school are increased ; so that a salary of lis. 60*is increased to 
Its. 70, and oue of Us. 00 to lis. 104. What then must be the 
relation between x and y, if x rupees be the old salary of a 
teacher whose new salary is y rupees 1 Hence deduce a graphical 
method of finding the now salary of a teacher whose old salary 
is given, and vice, versa. 

(0 Assume that the relation between x and y is 
y = ax + b, 

where a and b arc any two unknown constants. 

Then, by hypothesis, 

70 = 60a + b\ 

and 104 = 90 a + b) 

17 

whence, a — and b - 2. 

if) 


Hcnco the required relation is 


V 


17 * 4.9 

IB x + - 


(«) The graph of the above equation is surely a straight 

line. 

Let one-tenth of an inch, measured horizontally, represent 
one rupee of the old salary, and let one-tenth of an inch, measured 
vertically, represent oue rupee of the new salary. Then the 
meauing of the figures in the following diagram is clear, the origin 
being taken as the point whose co-ordinates are 60 and 60. 

The points (60, 70) and (DO, 104) satisfy the above equation. 
Hence the straight line joining these two points is the required 
graph. 

The co-ordinates of the point P on the graph are 75 and 
$7 ; this shews that Rs. 87 is the new salary of a teacher whose 
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old salary was Rs. 75. Again, if we take the point whoso 
abscissa is SO, we find that its ordinate is 92-| ; this shews that 
if the old salary of a teacher was Rs. 80, his new salary iB 92 
And so on. 



(•Hi 
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example 2. There is a group of 30 children before me, of 
whom some are boys and the rest ar&girls. If I get 3 rupees 
from each boy and give 2 rupees to each girl, I gain altogether 
Kh. 5. Find graphically the number of boys and girls in the 
group. ' 


Let one-tenth of an inch, measured horizontally, represent 
one child, and let one-tenth of an inch, measured vertically, 
represent one rupee. 
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OX representing the total number of children, the number 
of boys may be measured from 0 and the number of girls from X. 

Hence, if A be the point (5, 15) from O, the straight 
line OAB will be £he graph of the money received from tho 
boys ; and if C be the point (5, 10) from X, the straight lino 
XCL) will be the graph of the money given to the girls. 

Let KNM be an ordinate cutting the graphs at K and N. 
Then KM represents the money received from the boys whoso 
number is represented by OM, and NM represents the money 
given to the girls whose number is represented by XM, and 
therefore K.V represents the gain. 

Hence, if the ordinate be so drawn that the portion K N, 
intercepted between the two graphs, represents 5 rupees, then 
OM and XM will represent the required numbers of boys and 
girls respectively. 

We have therefore to find K by taking XII to represent 5 
rupees and drawing UK parallel to \1>. Now drawing the 
ordinate KM, we find that OM = 13 units of length and XM 
= 17 i(hits of length. 

Hence the number of boys in the group = 13, and tho 
number of girls = 17. 

Note. If Us. 2 were In hr not given to, hut tnbn from , each girl, 
the graph of the money received from the girls would have to he drawn 
below the line X< >. 

Example 3. 1* and Q can separately perform a certain work 

in 7 hours and 4 hours respectively. After P has worked for an 
hour and a half, Q joins. Find graphically the time 'in which 
they will together finish the work. 

Let ‘2 of an inch, measured horizontally, represent mi 
hear, and let one inch, measured vertically, represent the work. 

Let A be the point (7, 1) ; then the straight line OA is tho 
graph of the work done by P. 
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If the vertical through M (1.1, 0) meet OA in 13, then BM 
represents the work done by P in 1 7 1 hours. 

Draw 13C (horizontally) to represent 4 hours ; let the vertical 
through C meet OA in 1), and produce CD to E making DK 
equal to OK. 


Then CK represents the work done by P and Q in 4 hours. 
Hence the straight line BK is the graph of the work jointly 
done by P and Q. 

4 

Let BK cut the horizontal line through K in H. Then, 
since the co-ordinates of 11 are found to be 3£ and 1, it is clear 
that P and Q will together finish the work 3^ hours after P 
begins or 2 hours after Q joins. 

Example 4. The temperature of a patient was observed at 
intervals of 2 hours from 7 a.m. till 9 P.m. on a certain day, and 
the observations were recorded as follows :— 
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Time. 

7a.m. 

9a.m. 

11a.m. 

! 1p.m. 

3p.m. 

! i 

5p.m. 

i 

' 

7p.m. 

9p.m. 

i 

i 

Temper¬ 

ature. 

i— * 

© 

.<=> 

100°*7 

ior*i 

101°-4 

102 u 

101 u -8 

ior-5 

i 

) 

100 J 9 


Exhibit graphically the variation in temperature during the 
whole interval; and, from the graph drawn, lind the probablo 
time at which the temperature was a maximum, the probable 
maximum temperature and also the probable temperature at 
8 p.H. 

Let *2 of an inch, measured horizontally, represent an hour, 
and let one inch, measured vertically, represent a degree of 
temperature. The numbers 13, 15, 17, 19 and 21 may also be 
written for 1 p.m., 3 p.m., 5 p.m., 7 p.m., and 9 p.m. respectively. 
Hence the meaning of the figures along OX and OY is clear, 
the origin being taken as the point whose co-ordinates aro 7 and 
100 . 
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Lot 1\ Q, K, »S, T, \\ V denote the points (9, 100-7), 
(11, 101*1), (13, 101-4), (15, 102), (17, 1018), (19, 1015) and 
(21, 100'9) respectively. 


Let us now plot the points P, (), K, S, T, U, V and draw 
through them free hand a continuous curve, starting from O. 

The curve so drawn is the required graph. 


Now, it is evident from the diagram that the point on the 
curvo which has the greatest ordinate is the point (lo o, 102*1). 
Hence, the temperature reached its maximum at about 2-30 p.m. ; 
and the maximum temperature was approximately 102'1. 

The point on the curve which corresponds to 8 p.m. is the 
point whose abscissa is 20 and whoso ordinato is found to be 
101*25 approximately. Hence the probable tomporaturc at 
8 p.m. was 10r-25. 

Not©. It to ay In* reasonably supposed that the change iu temperature 
is gradual and not sudden; hence the necessity of drawing a continuous 
curve, that is, one not having sharp turns. 

Example 5. Solve graphically 

3 - 4* - 2** « 0. 

[One method of solution has been referred to in Note 3 
to Art. 7 of tho last chapter. A second method is given below.] 

We have 2x a «** 3 - 4x; 

** “ f-2x. 

Let us, first of all, draw the graph of the equation y - x*. 

Take *5 of an inch as the unit for measuring x, and *3 of 
an inch as the unit for measuring y. Then the graph will he as 
in the following diagram :— 



With the same units, now draw the graph of the equation 
y * 2 - 2x. The points A and H, whose co-ordinates are respect¬ 
ively ( - 1, 3£) and (2, - 2|), evidently lie on this graph. Hence 
the straight line All is the required graph. 

* Let this straight line cut the parabola in P and O. Then, 
*, y denote the co-ordinates of either 1* or Q, we must have 

y - **, 'if because each of these two 
and also y ~ 2x J * points lies on both the graphs. 

2—36 
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Hence, the abscissa of either P or Q will satisfy the equation 

* 9 - l-2x. 

Thus the abscissuj of the points 1* and (J are the roots of the 
given oquatiou. 

These abscissiu are found to be respectively equal to - 2'6 
and - C approximately, which therefore are the required roots. 

Note. The present method liaH thin advantage * hat the parabola 
jl = 3 r 8 being once drawn, any equation of the form bjr + c = o may be 

It (j 

immediately solved by simply drawing the straight lino // — - —x- a • 

6xample 0. Kind graphically the different pairs of values of 
x and y that simultaneously satisfy the following equations :— 

af a +y B * 25 \ 

xy - 12/* 

Lot us draw the graphs of the two equations, as in the 
following diagram, taking one-tenth of uu inch as the unit for 
measuring x and y :— 
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Let fcjie two graphs intersect each other at the points P, Q, 
R, S. Then the co ordinates of each of these points will satisfy 
both the equations. 

.Now, the coordinates of these points are found to be 
reapeetively*(3, 4), (4, 3), ( - 3, - 4) and ( - I, - 3). 

lienee tiie required solutions are 

x = 3\ x = 4\ x = x - -i\ 

y *■ 4/ y = 4/* y - -3J ' 

Exercise (9). 


AT, fi. The graphical method .‘should be iwm! in solving each of the 
following problems :— 

1. A can do a piece of work in 6 days, and B can do it in 
9 days ; if they work together, how many days will they take to 
finish it l 

2. A tap, which would till a cistern in 4 hours, and a plug, 
which would empty it in 0 hours, are both opened at the same 
instant, when the cistern is empty, flow long will they take to 
till th(£cistcru ? 

3. A cistern can be tilled by a pipe A in 2b minutcH, and 
by a pipe B in 15 minutes, while it can be emptied by a pipe (' in 
12 minutes ; if all three pipes are set running when the 
cistern is empty, in what time will it he tilled } 

4. A, B and (' can separately do a piece of work in 5, 8, 
and 3,’j days respectively ; if all three work together, how long 
will they take to finish the work 1 

5. At what time between 2 and 3 o'clock are the two 
hands of a watch (i) together, (ii) 5 minutedivisions apart ? 

6. Us. 45 is the price of *20 1 alls of which some are white and 
the rest black. If the price of each white ball be l!s. 3 and that 

of each black ball Bs. 2, how many of the balls are white '! 

m 

7. A servant makes a contract to get 4 annas for every 
day that he works, and to pay a fine of fi pice for every day 
that he is absent. If be altogether gets Hh. 3 S as after 25 
days, how many days was he absent from work ’■ 
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8. From the same spot on a circular course, one mile in 

length, two hoys A and II start at tin same moment to walk 
round it, travelling in the same direction. A walks at 4, and 
J! at 3, mill’s an hour ; how often will they meet if they walk 
fot two hours and a half ‘I * 

9. In the preceding example, if the hoys start in opposite 
directions, and walk respectively at 3 and 2 miles an hour, how 
often will they meet within half an hour? 

10, The highest and lowest marks obtained in an examin¬ 
ation are 2>S3 and 110 respectively ; the marks are reduced 
so that 2S3 becomes 100 and 110 becomes 00. Kind approxi¬ 
mately the numbers to which 2 IN and 121 arc respectively 
reduced. 

11. The temperature of a room taken at every hour of 
the day from 1) a.m. until 1 r.M. is given in the following table : — 


'I’ime. 

9 A.M. 

10 

11 

, 

! 12 

i 

i 

i 

! 

1 I’.M. 

1 

; 

o 

3 

i 4 

i 

r 

Temperature 

! r>« 

t 

1 

1 

i 

.V.) ’ 

f>2 

02 

1 

! til 

i 

1 

r>s 

i 

, 07 


Conslruet a graph to shew the variation of temperature, 
and ascertain from l he graph the temperature at 10-30 a.m. 

12. Kind the roots of the following equations, correct to 
the first figure after the decimal point :— 

(i) ** - 2 a = 4 ; 

<ii) -- + x- 2 ~ 0 ; 

(iii) 4.e* —ltkr+ 0 « 0. 

13. Kind the ditferent ptirs of values of x and y that 
satisfy both the equations x 2 ■+■ y* « 100 and x + y *=. 14. 

14. Kind the ditferent pairs of \ allies of a and y that 
satisfy both the equations r — y ** 3 ail 1 ay 4. 



CHAPTER IV. 


Graphs of Exponential and Logarithmic 

Functions. 


1. Draw the graph of the function 10 x . 

The required graph is the name an that of the equation 

y = ir 

It is easy to see that, among many, the following pairs of 
values of .«■ and y will satisfy the above equation :— 

= r = 1 \ •*■ =» 1) a; “ 2 l 

y»l/’ y — 3-16J • y « 10/ * y - 100/.* 



Let A, B, C, i), K denote the points whose co-ordinates are 
respectively ( - 2, 01), ( - 1, 1), (- J, *32), (0, 1) and (!, 316). 

Plot these points, taking one inch as the unit of length. 

Then the curve, drawn through the points thus plotted, is 
the required graph, as shewn in the following diagram : — 
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Note 1. For all ic.d value* of .*•, y i* positive. lienee, the curve 
lie* entirely above the axis of x 


Note 2. Ah x increase* from zero, y increases from 1 ; but the 
increment of y is much more rapid than that of x t *o that when a lart»e 
value i* given to .r, the corresponding value of y becomes comparatively 
very much larger. Hence, any straight line, that cuts OX or OX produced, 
and in also parallel to OY, tmul intersect the curve, although the point 
of intersection may be at a very great distance from OX. 
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Not© 3.* Ab x diminialifti from zero to negative infinity, y diunni«h- 
e-i from one to zero. Hence it is clear that the left portion of the curve 
gradually approaches OX' and ultimately meets it at infinity. Hence OX 
is an asymptote to the curve. 

Note 4. Krom the equation y - 10 x , we have x — log,,, y. That is, 
if we take any point on the curve, its abscissa will give the logarithm of 
its ordinate to the base 10. For instance, 1’ is the point whose ordinate is 
- and alncissa is approximately *d ; hence we at mue conclude tint log,„li 
= ‘M .ipproximatcly. 


2. Draw the graph of the function log! „jr. 


Tim required graph is the sumo as that of the equation 
y =. log,,,*. 

Since y — log 10 x, we have x = 10’. Hence, it is clear 
that, among many, the following pairs of values of x and y 
will satisfy the equation y = log,,,* ;— 


y ~ 0\ y * j \ 

£ - 1 ) * * - ;H6j » 


y a i | y - 2 \ 

* * 10 / ’ * * 100 / ’ 


y - -y = -i\ v - --1 
* - -32J 1 * = u ’ x - 01 / • 


Let A, H, C, I), K denote the points whose co-ordinates 
are respectively ('01, - 2), (1, - 1), (*32, - !), (1, 0) and (316, £). 


• Plot these pints, taking one inch as the unit of length. 


Then the curve, drawn through the points thus plotted, is 
the required graph, as shewn in the following diagram :— 
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Note 1. As x — 1C", it is clear that >/ may h<* positive or negatin', 
but x rail never be nryatiic, Honor the curve lies entirely on the right 
aide of the axis of y. 

Note 2. An y diminishes from zero to negative infinity, x diminish¬ 
es from one to zero. IMe.irly therefore the lower pnrtiou of the curve 
gradually approaches OY' mid ultimately meets it at infinity. Hence OY' 
18 an asymptote to the curve. 

Note 3. An y increases from zero, j* increases from 1, but the incre¬ 
ment of x is much more rapid than that of »/. ho that when a large value is 
given to v, the corresponding value of i x becomes comparatively very much 
larger. Hence nny straight line that cuts OY or OY produced, and is also 
parallel to OX, must intersect the curve, although the point of intersection 
may be at a very great distance from OY. 








IV.] 
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Note # 4. If any point be taken on the curve, its ordinate will give 
the logarithm of ita abscissa to the bane 10. For instance, (J is the point 
whose abscissa is ii‘i> and ordinate is *4 approximately ; hence wo at once 

conclude that log,„ ^'5 = “t approximately. 

• • 

Exercise (io). 

1. Solve graphically the following equations :— 

(i) 10' = 10a; ; (ii) log lu x = ; (iii) 10- '* « 6 x - 8 . 

2. I>raw I he graphs of the following functions, using 
Logarithmic Tables :— 

a, 

(i) (1 + x)' : (ii) 10 S . 


ANSWERS TO EXERCISES IX THE A1TKXD1X. 


1. [ Page 614.] 

2. Take HE equal to AD ; by guess let E he the middle 
point of DM. Then E is very approximately the middle point 
of AH, the error , if any, being indefinitely small. 


7.; 

2-50 

, I 6S, 

3-79 ; 2-39, 

1-40. 






2. 

[Pages 517, 518 ] 




i. 

6“ units of length. 2. 

71 feet. 

3. 

71 

yards. 

4. 

3 5 i 

nclies. S 

>. 3‘6 feet. 

6. >*, ft. 

7. 

5 

yards. 

8. 

65 feet. 9. 17 feet. 

10. 2H-3 

feet. 





4. 

[Pages 522 

— 524.] 




1. 

(i) 

(11, 7) ; 

(-9. 13); 

(-5,-7 

); 

('V 

- 10). 


(»>) 

(2-2, 1-4) 

; ( - I S, 2-6); (-1,- 

1-4; ; 

(M 

B, - 2). 

2. 

(3.?, 

2S) ; (- 

3, 4J); (-1 

a _<)h . 

<-’S. ■ 

-35 

)• 

6. 

20. 

6. 

13. 7. 

50. 

8. 

11 

; -13. 

9. 

17 5 

; 36. 

10. 

12; «. 






6. 

[Pages 530, 531.] 




7. 

0) 

6x - 5y i 

- 0; 

(2) 5x4- ’ 

- 

35 

J 


(3) 

x + y + 2 

- 0; ‘ 

(4) 2 lx - 

5y 4- 

121 

=» 0 ‘f. 


(5) 

5x + 9y 4 

-55 - 0. 
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6. [ Page 532. } 

1. x — 5, y =» 4, 2. «c = 7, y = — 5. 3. a? =* 8, 

y * fi. 4. a; = !), y = 11, 5. x *= 16 , y 13. * 

6. (Tako ten times the side of a small square as the . 

unit of length) x —1*2. . 

7. x — 7. 8. x = 7. 

7. [Pages 539, 540.] 

1 . 13 as. 3 pies ; 2 suers 11 ehattaeks. 

2. 1 lie. 9 as. 6 p. ; 19. 3. 3[ hours ; 19 miles. 

4. Hi; feet ; 4.1 cubits. 5. 21 hours after A starts ; 

7.1 miles from the place of starting. 

0. 4 hours after starting ; 12 miles from A. 

7. 1 He. 3 as. ; 39. 8. 5. 11. At 4-30 i\ m. ; 

13.1 miles from II. 

8. [Pages 552, 653. ] 

27. (i) 17 ; (ii) 2 2 ; <iii) (2*6). 

28. !|. 29. I 

9. [Pages 563, 564.] 

1. 3 0. days. 2. 12 hours. 3. 30 minutes. 

4. 16 days. 5. (i) At 10*9 minutes past 2 ; (ii) 

at 5-5 and 16*4 minutes past 2. 6. 5. 7. 8 days. 8. Twice. 

9. .Twice. 10. 90 ; 54. 12. (i) 3 2, - 12 ; (ii) 15, 

- 5'5 ; (iii) 3*3, -7. 13. * « 8, y-6;i-6,y-8. 

14. x - 4, y - 1 ; x - - 1, y - - 4. 

10. [Page 569.] 

(ii) 10; (iii) 1*4, 4 6. 


l. (0 i; 




ALGEBRA MADE EAST—VOL. 1. for schools. 

From Babu GAURY SANKAB DEY, m. a, /*«»/,«»,r of 

MathninMicx, tlcnernl .1 sSetnhly’a Institution , and a tnnnhi r of the Mathe¬ 
matical. Hoard of Studies, Calcutta f’nin riity. 

* “1 have looked thiotigh 15AHI' KAL! l'ADA HASC’S ‘Algebra Made 
Easy, \ ol. I.’ It js written on the same method as his 'Algebra Vol. II.’ 
and contains all that is required for the Entrance Examination. So far as 
I can judge it is superior to the existing treatises on the subject, in the illus¬ 
trative and typical examples worked out. It will be a very useful text book 
nfr the first, four classes ol our Higher Class Knghsh Schools." 

iVom Babu UMESH CHANDRA DUTTA, (The most dis¬ 
tinguished Si nior Scholar of his time i, l.ati Professor, Krishnaejhur College. 

“I have as yet read only the two fiist Chapters (of Algebra Made Easy 
for schools). That on f’nitx and Mmxnrtx is well worked out. and will 
materially assist students in mastering the elements of A rithnntic- and 
Algebra. I say Arithmetic because without a clear knowledge of units no 
one can master Arithmct ic as a xdi nee, The second Chapter gives a lucid 
idea of jmsitirc and montin quantities Todhunter di«l something in his 
Algebra to make his readers comprehend the meaning of these mysterious 
phrases, but in my opinion your explanations and illustrations surpass your 
predecessors’ in lucidity and appropriateness^ If \mir other Chapters aio ill 
keeping with these two they will amply justify the title given to your book -- 
‘Algebra Made Easy’. When I had finished your 1st Chapter, I involun¬ 
tarily grumbled doud ‘why was there not such a book ill existence when 
I began tlie^tudy of Algebiu >’ ” 

Flu Ml Babu N. L. Dey, m a., iu... Forme rig Professor of Mathematics, 

*1 c , triiural .1 sxi mUif't Imti hit ion, Calcutta. 

‘‘ # * It is really a beautiful book ; by the Use of which, I am fully 
persuaded, both boys and teachers ill our schools will prolit very inueh* 
Indeed I do not know whether there is any other similar production which 
can so eminently answer the purpose of helping the young student in master¬ 
ing the elementary piimiple* of Algebra. In the execution of thi- work 
you hate fully sustained the reputation which you have been for some time 
enjoying as the great friend of the mnthemati< al tyro." 

From Babu KSHETRA MOHUN BANERJI, m.a., Pm- 

fxfor of Mathematics, /Upon College and forme rhj of Mttropolitan Institution, 
Calcutta. 

“I have gone through BA HI* K. I*. EAST'S ‘Algebra Made Kasy, 
Vol. I.' It has the rare merit of being a Text book, as ordinarily under- 
stood, and a solution of Algebraic problems at the same lime. This novel 
feature of the I wok alone, not to speak of the judicious collections of examplea 
and intelligent solutions thereof, will make it highly UHcful to tliouc for whom 
it is intended." 

From Babu HARANATH BHATTACHARYYA, m.a., hi., 

Formerly Head Master, Hindu School. Calcutta. 

“HAHC K. I\ BASI S Algebra Made Easy, Hart I.' in a well-written 
treatise. The articles are well explained and amply illustrated. The model 
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solutions givcu uro neatly worked out, so as to meet the requirements of 
the dullest student. The examples, given for fcxereise, are good and are pro¬ 
gressively arranged. I have no doubt that the hook will prove a very suitable 
text book for our schools.” 

From Babu JAGADBANDHU BHADRA, PonacW.y Jhod 

Master, (iorcruincul School, Jensure. ' 

“I have carefully gone through tho volume (Algebra Made Easy far 
schools) and my deliberate opinion in that in more respects than one you 
have beaten hollow your predecessors on the subject. The method you have 
adopted to explain out and illustrate the theories is very good ayd 1 have 
not met with any other author who can be said to have excelled you on this 
point. In some places you seem to me quite original.” 

From Babu K. P. CHATTORAJ, m. a., Professor of Mat he- 
mo tics, City foil eye, Vo leu tin. 

11 1 have received a copy of A lyrhra Matte pony, I 'of. /, for Schools by 
Hahn K. 1*. Hasu, M. a., Mathematical Lecturer, Dacca ('ollege, and found 
it excellent as far as it goes. It is intended for the u*e of our Higher Clans 
English Schools, and the favourable reception it has met with, testifies to 
its usefulness as a text book. The principles of the subjects are explained in 
a manner which reconciles the nitet unwilling of students to it, and the 
graduated series of examples worked out in illustration of the articles con¬ 
tained in each chapter and of those set fot exercises on the pai t of the student 
at the end of it, earries him frum simple problems to harder ones without 
his being boggled at the latter. 11c should be thankful to the author for his 
inm niona and exhauatirt treat mint of the subject of Surds, to study whit h 
he cannot do better than buy a copy of the book Kveiything is done ia 
Strict arcortfaiicc with the standard of the I'lntranee Kx.nmn.tlion. Unnet e*. 
sary matter, which is of no use to candidates piepaiiug for the Entrance Kx.t- 
uiiimtion, but untoi-Lunatel) with which some books of the kind aiedo.ided, 
has no place in the book under review, so that the student tseopes tht trouhh 
of atporntiny the yea in from the husks. I congratulate the author on the i.ire 
gift he has, of presenting the driest things in the simplest and most attrac¬ 
tive way, and have no hesitation in recommending the book to the class ot 
students for whom it is intended. And I cannot better express my opinion 
of it than by saying that with a copy ot the book in his ]H>ssesnion, the 
student can master the subjects of Algebra up to the Entrance-Lindanl 
without the aid of a teacher.” 

The “Indian Engineering t Edited by l*at. Doyle, K>q., c. I-:. 

Ac.), dattd April Jtith, l$'•>(>, soys .— 

"AJqehrti Matlt Posy by K. V. HASU, M. a.. Ualculta, lMKb—In July 
1888, we had occasion to notice 'Algebra Made Easy for K. A. Students' 
by this same author, and of which work we spoke in uo unmeasured terms 
ill respect to its value for the purposes for which it was intended. We 
now liml our predictions verified—that hook having proved a practical 
success and already passed through a second edition. Emboldened by 
this assurance, Mr. K. I*. HASU has ventured on producing a mole rle- 
meulary work—adapted to the wants of beginners as well to supply all tlie 
needs of the University Kntrance student. He has done justice to his 
task, which he has accomplished fh 448 images of 8vo. letter-press ; and 
we can safely say, from a petusal of its contents, that the book has 
a wide sphore of usefulness liefore it and is sure to find favour in educa- 
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tional circles. It cannot fail to l>e of meat utility. It is well written 
throughout all difficulties leing carefully explained—nimplicity being its 
best feature Then* are a gioat number of illustrative examples clearly 
worked out, while a larger number are provided for exerci.se—well arranged 
and well-.selected lu brief we may say that we have not often met with au 
elementfcry work of such f»rnini*.o, and we can confidently recommend it.” 

The “Indtl Prokash.” (Intel Bointmif, the ~>th Matt, 1X90, thus 

ihriti'X — 

• 

"Alfft'hru .tf a*/r Km »v fur S> hoots.— This new work on Algebra will 
sustain Mr. BASIJ'S reputation for high mathematical attainments. We 
had the jfle.isure of reviewing a similar work composed by him for advanced 
('••liege students a year ago. and we are glad we are able to speak of the 
new ]iuhlication as highly as we did of the last. As pointed out by the 
author, Mathematics should be studied more as a subject of mental 
gymnastics than for anything el-e, and we ha\c no hesitation in saying 
that, the author has bestowed most con>ricntions care upon the work with 
a view to la< ililate tin- object oi mathematical .study. I’riiii-iplcs have 
been hi<■ i<Ii\ statid and illiMratcd by t\pical examples, wInch havi* been, 
in many instances. very skilfully and neatly worked out for guidance of 
the student. * * * " 

The ‘ Indian Nation” (Intel the oth Mty, is’hi, smi* 

‘*.1 tifhru Stmh Kmi/ by KALI I'ADA BASC, M. v, Mathematical 
l,< ct urcr, I >at ca < ‘liege, is inil a cram-hook, but is a sy ^Iclnalic treatise well 
c.ilculated to meet the wants <U beginners, I’hose reading for the Kntranco 
Kxamiiiation will find the whole <*f their course in this book which is sure to 
satisfy them, for it has all the merits of a good text book.” 

Tin* ‘‘Hop0 • f l’>t"l Aj*rit .‘fth, JSUU, thus ohticrrts — 

“The second <«i the exceptional school-books we have referred to is, as 
we haw- said, a treatise mi a department of Mathematics, and is entitled 
■Algebra Made Ka.y.' Tin* author isHAIIl’ KALI I’ADA BAND, w. a , of 
llicD.uca College, vvhose ‘Students' Mathematical Companion’has become 
such a favourite with laudnlates for the Cmvcrsity Kxatuinatinns. The 
present work anus at making the principles of Algebra eisy of compre- 
iiensioii and application in practice by Indian pupils ; and it eminently suc¬ 
ceeds in its purpose by a Jeirricss of explanation and aptness of illustration 
which are very rare mi works of the kind. The author seems to Ire 
thoroughly exporieined in teaching, and he !iah fully utilised his acquaint¬ 
ance of the Indian students’ needs and failings in de ding with his subject. 
* * * There is hardly a text-book which could letter serve the sjreeial 
purpose for which the present one is intended, namely, the help'ng of 
Kntranec students to master the elementary principles of Algebra." 



ALGEBRA MADE EAST—VOL. II. for Colleges. 

From JOHN ELIOT, Esqr., M. A.f Formerly Mctetirolofjical 
Reporter to the Government of India ; senior Prof nor of Math-math a and 
Phyttir.nl Brie net, President- 1 / Col Icy,, Calcutta . and a Mnnber of t/f Math 
matirid Board of Studio , Calcutta University. 

“ * * On glancing through the hook I wa*. h truck with the care 
you had taken iilanuiging the subjects and the effruis to make alt clear and 
plain to the students. It the mnttei came before me as a member of the 
Mathematical Hoard of Studies, 1 should have no hesitation in recommending 
it oh an alternative Text Hook on the subject." 

From Sir GURU DAS BANERJEE, M. A.. I *. I., Porvurly 

one of Hit Majesty's J ml yes in the I/iyh Court, ( alcutta . and late I'iec- 
Chanvcllur, Calcutta Uniiu rsity. 

"I have glanced over your ‘Algebra Made l-lasy for F. A. Students,’ a 
copy of which you have ho kindly presented to me, and I have no hesitation 
in Maying that it will prove useful to tlio-e tot whom it is intended. All 
those |MirtioiiM of tlie subject' which present dillicullics to the beginner have 
been fully and clearly explained and mpiou-ly illustrated by well chosen 
examples, and the solution-, given are neat ami suggestive. I may notice in 
particular tlie chapter on ‘IVimutations and ('oihhin.ilionV which is treated 
of much more fully than it is in ordinary text-honks.’' 

From Babu GAUR1 SANKAR DHY, M. A , Professor of 

MuthuiuUics, Gnnral AxsnnUt/'s Institution and a Mi m'ar of the Mathe¬ 
matical Hoard of .Studies, Calcutta Univi r.siti/. 

“Habu Kalipnd.v Hiwu’s 'Algelua Made Ku-y t’oj F. A. Student an 
excellent treatise Tin* author’s high attaini cuts m mathemati and long 
exjH*rience as a teacher have enabled him to write all the difficult portions 
of the honk in such a m inner as will enable a 'indent nt aveiage intcll'geuee 
to understand them without tin* U"d"«tance of a teacher The typical ex¬ 
amples ivoiked out in the book will be of gical help to the students, and 
the collection of examples given for solution has been judiciously selected.) j 

The book is a suitable text-book for the F A. .'students and should be 
extensively used in oui colleges " 

From Babu MOHENDRA NATH RAY, M. A.. H.L, Formerly 

Professor of Matin mat |V<, City t'olhy, , and a Mathematical Examiner, 
Calcuttji University. 

“ * * * 1 have examined Halm Kalipada Hasu’s ‘Algebra Made Kasy' 
with some care, and find that it is a publication which will prove very use¬ 
ful to the students for whom it is intended. It is much fuller than the 
corresponding portions of Todhuiitci'a Algebra .indeed, l do uat reanember 
having seen another book in which the important and ditlicult subjects of 
Permutations and t'oiubmat hms are so fully treated. A' some of the chafec- 
teristic features of this work, may be mentioned the insertion of the F. A. 

B ipers on the subject at the etui of the book, and also a short notice of 
haskaracharyya's method of solving a quadratic equation and of the pro¬ 
pertied of the cube roots of unity. * * " 
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From Babu SASI BHUSAN DUTTA, M. A., Late Prin> 
eipal, Betkwsc College, Calcutta. 

'‘1 have dipped into xotne portion# of your Kook (Algebra Made F.asy 
for Colleger), and I find that you have succeeded very admirably indeed 
la making difficult theorems easy—a faculty jKwauascd not by many men, 
I am aure." , 

From Babu KALI^ SANSAR SUKUL, M. A., Formerly 

J 1 riurifpal, Victoria Colley*, Xarnil. 

*“1 have in 119)1 pleasure in testifying to the excellence ol I»abu Kali Pads 
Basil's ‘Algebra Made Ivisy.' The hook-work as well as the examples are 
all, wh#/, they ought to he, lucidly done and progressively arranged. The 
hook. I doubt not, will Is* an excellent help to those for whom it is designed." 

From Babu BEPIN BEHARI GUPTA, M. A , Principal 

Jlttvi n»ha ii< (’nffrc/c, t’utlnc{ and for tin rly Proftxxnr of Mathematics, Presi¬ 
dency (.'Ocnttn 

“Algeliia Made F.ssy by Kalipada Bnsu, is a hook which ought to 
prove useful to F. A 'indent. The author lias considerable experience as 
a teacher in Indian Colleges and has been to a great extent successful in 
elucidating tho-c points which particularly puzzle the Indian student. The 
example* appi-mlcd tor 'oJutiou sccin to have been selected a it li care and 
judgment. * * V , 

"The “Indian Engineering" dated tin ;//1 July, tsss, sm/n — 

This hook is meant to atloid the F. A. Student all tin* information 


that he needs for that K.vimmation in the Cimer-ity oi (’alculta o| which 
the author is a di-i ingii 'licd aliiiniius. Mr. Basil, however, brings the 
additional advantage o| |..ng ami varied e\js*rieni e in Mat heuiatical tuition 
in Bengal to l**ar mi his task, and when we add that lie is the author of othei 
Stud tut* »d ids in the same hruncli of education, it u.ay he inferred that 
the re-ult is commcnsurately satisfactory Thai this is the tact we aie 
glad/v?i testify, and we can safely say that the hook will admit ably serve the 
purposes for which it. is intended 


„A novelty in the hook is the Chapter on Permutation- and Combinations,, 
which is explanatory to a tault But -m the nut hoi is acquainted with the 
failings of Indian Students, lie has hid, doubtless, good reasons for such 
fullness of illustrations m tins by no means simple subject, which ho often 
prove* a .stumbling blink to the beginner. 

The other Chapteis of the liook «.til tor no spei ial observation except 
that they display both care and disciimmatioii in the treatment of their 
subject mattei. 

The examples throughout the book are numerous and thc/hints' 
interspersed go far to make the judicious selection useful and instiuclive 
in a very high degree. 

We can strongly retoininciid the book, and Iiojk- that it may find a 
.place in the, educational curriculum of Bengal. It can ceilaiuly hold its 
ttnm with some text-books we have seen, and we wish it the success iu 
"merit* deserve.’* 

” * The “Indian Nation” dat'd the .">th A \ffuA, 1SS8, says «— 

"Algebra Made Easy for F. A. Students of Of Calcutta C nitrr sit y by 
P. Baeu, m‘. a., a text-1 ok which treat# .systematically and tlabo- 





*Wge ofl «f Algefra, The book hJdC*everai ffOdWtttnd^a^k^ 
plefc fare weU explained: they tore illustrated bf 
i«qt ; and a Urge number of exercise* are given. 


»Me w«U explained: they Are illustrate^ by 
'worked *iqt ; and a. large number of exercise* aro given. 

^Wl rabid Equations gives, among other things BhaskarM 

Sblvfng them We observe some originality m the treatment'of ‘PehuoW- 
? Signs ana Combinations ’ Tht book le intended mainly for F. A »Mi3«w| 
<4ftd for their benefit a large number of Calcutta University Exantyatlon 
faperf u inserted at the end There is hard]} anobhir-' text-book which 
would verve the Hpeual pufposo equally well We wish ther author hfuf 
devoted hta powers to the production of i lomprehensiv* treaii-^p on* 
Algebra.” 


* The "Indu Pvakash” dated Bombay, the Uth July, /S' -*9, thug 
iorife* 

"Aiiikhha Maiu- I \ i — I Iiih h the title of an educational wot k l fj 
Mr. kalipadt Bawi, m \ Matin loalual ijectuier, m the Dima College, 
The book ih npe< tall \ dusignnl fin '.tudcnU stud}nig tor the F A '"^lamina¬ 
tion of the Cahutta Umv« rsit\, and hmkuiIi will he found to be vet} useful fa 
out P. E .Students, tiicmt in* has evident)} been 1 estuwed on the VKMnC 
to make it auepbablo to stu 1» hIh and wo hope thit t)ie book will receive tte 
same am »unt ot large appn i ml ion m >thu pints nt Indu that it has received, 
m Bengal Not only h tin troatuunt ot tin suljett exiellent, but the 

S netalgit up ol th< I n»k ih ImiuUonu md ittiutm «ud we uingratufabrif 
e authm on Iiin nmk 


f 


The “Amrita Bazar PatnkA d >t, >i th, / th i uond, i ww, says «*• f * 

“Algebia Made Kwy lot F A Stwlf nts by Babu Kali Pada Basal 
The wotk is intended prim ipxll> to meet the iiquirenoMits of Indian studebt^ 
and we aro glad to mo that the authoi has been successful m lus effort^ 
It contains copious examples foi solution judu iousl} selected, while nyutyf 
typual examples ate winked out The author's high attainments in tf&taAiP 
inabics and long ovpuuuce is a teaehoi ha\e fitted him to do full p-s ttef 
to the aubjei t, and he has treited it in a waj whuh will prove easy Aro 
interesting to the students Phe work will do a veiy good text-bdok W 
Indian Colleges The git up is exit Unit ’ f 



